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ÏÐÅÄÈÑËÎÂÈÅ

Ðåøåíèå çàäà÷è Êîøè äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ ãèïåðáîëè÷åñêîãî òèïà ïðèâåëî Æàêà Àäàìàðà ê ââåäåíèþ
ñèíãóëÿðíûõ èíòåãðàëîâ îñîáîãî âèäà [1], [91]. Ïîçäíåå îíè ïîëó÷èëè íà-
çâàíèå èíòåãðàëîâ â ñìûñëå Àäàìàðà èëè èíòåãðàëîâ Àäàìàðà. Ïîìèìî
óðàâíåíèé ãèïåðáîëè÷åñêîãî òèïà èíòåãðàëû Àäàìàðà íàõîäÿò øèðîêîå
ïðèìåíåíèå â òåîðèè óïðóãîñòè, ýëåêòðîäèíàìèêå, àýðîäèíàìèêå [6], [7],
[37], [62], [64], [72], [93] è ðÿäå äðóãèõ âàæíûõ îáëàñòåé ìåõàíè-
êè è ôèçèêè. Ïðè ýòîì íàðÿäó ñ îïðåäåëåíèåì, ïðåäëîæåííûì Æàêîì
Àäàìàðîì, â ìàòåìàòè÷åñêóþ ëèòåðàòóðó áûëè ââåäåíû è äðóãèå òèïû
ñèíãóëÿðíûõ èíòåãðàëîâ, èìåþùèõ îñîáåííîñòü áîëåå âûñîêîãî ïîðÿäêà,
íåæåëè ðàçìåðíîñòü îáëàñòè èíòåãðèðîâàíèÿ. Âñå ýòè èíòåãðàëû ïîëó-
÷èëè íàçâàíèå ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ. Òî÷íîå âû÷èñëåíèå ãèïåð-
ñèíãóëÿðíûõ èíòåãðàëîâ âîçìîæíî òîëüêî â èñêëþ÷èòåëüíûõ ñëó÷àÿõ,
ïîýòîìó âîçíèêàåò íåîáõîäèìîñòü â ðàçðàáîòêå ïðèáëèæåííûõ ìåòîäîâ
âû÷èñëåíèÿ.

Â ïîñëåäíèå äåñÿòü-ïÿòíàäöàòü ëåò îòìå÷àåòñÿ óñòîé÷èâî âîçðàñòàþ-
ùèé èíòåðåñ ê ïðîáëåìàòèêå, ñâÿçàííîé ñ ïðèìåíåíèåì ãèïåðñèíãóëÿð-
íûõ èíòåãðàëîâ, à â ñâÿçè ñ ýòèì è ê çàäà÷àì èõ âû÷èñëåíèÿ. Îáçîðû
ìåòîäîâ âû÷èñëåíèÿ ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ, èçâåñòíûõ ê 2001 ã.,
ñîäåðæàòñÿ â [24], [75], [98], [103].

Â ïðåäëàãàåìîé ÷èòàòåëþ ìîíîãðàôèè ñäåëàíà ïîïûòêà îòðàçèòü ñî-
âðåìåííîå ñîñòîÿíèå ìåòîäîâ âû÷èñëåíèÿ ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ.
Îíà ÿâëÿåòñÿ âòîðîé ÷àñòüþ ìîíîãðàôèè àâòîðà "Ïðèáëèæåííûå
ìåòîäû âû÷èñëåíèÿ ñèíãóëÿðíûõ è ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ,"
ïåðâàÿ ÷àñòü êîòîðîé âûøëà èç ïå÷àòè â 2005 ã.

Âòîðàÿ ÷àñòü ñîñòîèò èç øåñòè ãëàâ. Â ïåðâîé ãëàâå äàåòñÿ îáçîð ïðè-
áëèæåííûõ ìåòîäîâ âû÷èñëåíèÿ ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ, ïðèâî-
äÿòñÿ ïîñòàíîâêè çàäà÷ ïîñòðîåíèÿ îïòèìàëüíûõ ìåòîäîâ âû÷èñëåíèÿ
ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ è âîññòàíîâëåíèÿ ñîïðÿæåííûõ ôóíêöèé,
ïðåäñòàâèìûõ ãèïåðñèíãóëÿðíûìè èíòåãðàëàìè; îïèñûâàþòñÿ êëàññû
ôóíêöèé, äëÿ êîòîðûõ ñòðîÿòñÿ îïòèìàëüíûå àëãîðèòìû.

Âòîðàÿ ãëàâà ïîñâÿùåíà èññëåäîâàíèþ ãëàäêîñòè ñîïðÿæåííûõ ôóíê-
öèé, ïðåäñòàâèìûõ ãèïåðñèíãóëÿðíûìè èíòåãðàëàìè.

Â òðåòüåé ãëàâå èçëàãàþòñÿ îïòèìàëüíûå àëãîðèòìû âû÷èñëåíèÿ ãè-
ïåðñèíãóëÿðíûõ èíòåãðàëîâ ñ ÿäðàìè Ãèëüáåðòà è Êîøè.
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Â ÷åòâåðòîé ãëàâå èññëåäóþòñÿ ìåòîäû ïîñòðîåíèÿ îïòèìàëüíûõ êó-
áàòóðíûõ ôîðìóë âû÷èñëåíèÿ ïîëèãèïåðñèíãóëÿðíûõ èíòåãðàëîâ ñ ÿä-
ðàìè Ãèëüáåðòà è Êîøè.

Â ïÿòîé ãëàâå èññëåäóþòñÿ ìåòîäû âû÷èñëåíèÿ ìíîãîìåðíûõ ãèïåð-
ñèíãóëÿðíûõ èíòåãðàëîâ.

Â øåñòîé ãëàâå èçëîæåíû ìåòîäû íàèëó÷øåãî ïðèáëèæåíèÿ ñîïðÿ-
æåííûõ ôóíêöèé, ïðåäñòàâèìûõ â âèäå ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ.

Êíèãà, â ïåðâóþ î÷åðåäü, àäðåñîâàíà ñïåöèàëèñòàì â îáëàñòè âû÷èñ-
ëèòåëüíîé ìàòåìàòèêè, ôèçèêè è ìåõàíèêè. Îíà òàêæå ìîæåò áûòü ïî-
ëåçíà èíæåíåðàì-èññëåäîâàòåëÿì, êîòîðûå â ñâîèõ ïðåäìåòíûõ îáëàñòÿõ
ñòàëêèâàþòñÿ ñ íåîáõîäèìîñòüþ âû÷èñëåíèÿ ãèïåðñèíãóëÿðíûõ èíòåãðà-
ëîâ.

Îòäåëüíûå ïàðàãðàôû êíèãè ìîãóò áûòü èñïîëüçîâàíû â êà÷åñòâå
ó÷åáíîãî ïîñîáèÿ ïî äèñöèïëèíàì "Êâàäðàòóðíûå ôîðìóëû"è "Ãðàíè÷-
íûå èíòåãðàëüíûå óðàâíåíèÿ"äëÿ ñòóäåíòîâ ñïåöèàëüíîñòè "Ïðèêëàä-
íàÿ ìàòåìàòèêà".

Èññëåäîâàíèÿ àâòîðà ïî ïðèáëèæåííûì ìåòîäàì âû÷èñëåíèÿ ñèíãó-
ëÿðíûõ è ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ áûëè ïîääåðæàíû Ðîññèéñêèì
ôîíäîì ôóíäàìåíòàëüíûõ èññëåäîâàíèé (ãðàíòû 94-01-00653, 97-01-00621),
Ìèíèñòåðñòâîì îáðàçîâàíèÿ ÐÔ (ãðàíòû ïî âû÷èñëèòåëüíîé ìàòåìàòèêå
1994 − 1996 ãã. è 1998 − 2000 ãã.), Ôåäåðàëüíûì àãåíòñòâîì ïî îáðàçî-
âàíèþ (2005 ã., ðåãèñòðàöèîííûé íîìåð 0120.0502705).
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Ãëàâà 1

ÂÂÅÄÅÍÈÅ

1. Îïðåäåëåíèå èíòåãðàëîâ Àäàìàðà
1.1. Îäíîìåðíûå èíòåãðàëû â ñìûñëå Àäàìàðà

Â ðàáîòå [91] Æ. Àäàìàð ââåë íîâûé òèï îñîáûõ èíòåãðàëîâ.
Îïðåäåëåíèå 1.1 [1], [91]. Èíòåãðàë âèäà

b∫

a

A(x) dx

(b− x)p+α
(1.1)

ïðè öåëîì p è 0 < α < 1 îïðåäåëÿåò âåëè÷èíó ("êîíå÷íóþ ÷àñòü") ðàñ-
ñìàòðèâàåìîãî èíòåãðàëà êàê ïðåäåë ïðè x→ b ñóììû

x∫

a

A(t) dt

(b− t)p+α
+

B(x)

(b− x)p+α−1 ,

åñëè ïðåäïîëîæèòü, ÷òî A(x) èìååò p ïðîèçâîäíûõ â îêðåñòíîñòè òî÷êè
b. Çäåñü B(x)− ëþáàÿ ôóíêöèÿ, íà êîòîðóþ íàëàãàþòñÿ äâà óñëîâèÿ:

à) ðàññìàòðèâàåìûé ïðåäåë ñóùåñòâóåò;
á) B(x) èìååò, ïî êðàéíåé ìåðå, p ïðîèçâîäíûõ â îêðåñòíîñòè òî÷êè

x = b.
Ïðîèçâîëüíûé âûáîð B(x) íèêàê íå âëèÿåò íà çíà÷åíèå ïîëó÷àåìîãî

ïðåäåëà: óñëîâèå à) îïðåäåëÿåò çíà÷åíèÿ p − 1 ïåðâûõ ïðîèçâîäíûõ îò
B(x) â òî÷êå b, òàê ÷òî ïðîèçâîëüíûé äîáàâî÷íûé ÷ëåí â ÷èñëèòåëå åñòü
áåñêîíå÷íî ìàëàÿ âåëè÷èíà, ïî ìåíüøåé ìåðå ïîðÿäêà (b− x)p.

Çàìå÷àíèå. Â êíèãå [2] Æ. Àäàìàð óâëåêàòåëüíî ðàññêàçûâàåò î
ðàçëè÷íûõ ñòîðîíàõ òâîð÷åñêîãî ïðîöåññà ïðè ðåøåíèè ìàòåìàòè÷åñêèõ
ïðîáëåì è, â ÷àñòíîñòè, îñòàíàâëèâàåòñÿ ( ñ. 104 ) íà îòêðûòèè èì ãè-
ïåðñèíãóëÿðíûõ èíòåãðàëîâ.

Æ. Àäàìàð íàçâàë ýòîò ïðåäåë "êîíå÷íîé ÷àñòüþ" èíòåãðàëà è îáî-
çíà÷èë ∣∣∣∣∣∣∣

b∫

a

A(x) dx

(b− x)p+α
.

Çíàê
∣∣∣∣∣
b∫
a
îçíà÷àåò êîíå÷íóþ ÷àñòü èíòåãðàëà. Â ñîâðåìåííîé ëèòåðà-

òóðå ÷àùå âñòðå÷àþòñÿ äðóãèå îáîçíà÷åíèÿ èíòåãðàëà Àäàìàðà:
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=
b∫

a

A(x) dx

(b− x)p+α

è
b∫

a

A(x) dx

(b− x)p+α
.

Â äàííîé ðàáîòå èñïîëüçóåòñÿ ïîñëåäíåå îáîçíà÷åíèå èíòåãðàëà Àäà-
ìàðà, òàê êàê èç êîíòåêñòà âñåãäà ÿñíî, ÿâëÿåòñÿ ëè äàííûé èíòåãðàë
ðåãóëÿðíûì, ñèíãóëÿðíûì èëè ãèïåðñèíãóëÿðíûì.

Íåòðóäíî óáåäèòüñÿ â âîçìîæíîñòè ðàñïðîñòðàíåíèÿ ïðîñòåéøèõ
ñâîéñòâ èíòåãðàëîâ â ñìûñëå Ðèìàíà íà èíòåãðàëû â ñìûñëå Àäàìàðà,
ââîäèìûå îïðåäåëåíèåì 1.1. Î÷åâèäíî, ÷òî ñïðàâåäëèâû ôîðìóëû

b∫

a

Aa(x)

(b− x)p+α
dx = A

b∫

a

a(x)

(b− x)p+α
dx, A = const;

b∫

a

a(x) + b(x)

(b− x)p+α
dx =

b∫

a

a(x)

(b− x)p+α
dx+

b∫

a

b(x)

(b− x)p+α
dx;

b∫

a

a(x)

(b− x)p+α
dτ =

c∫

a

a(x)

(b− x)p+α
dx+

b∫

c

a(x)

(b− x)p+α
dx, a < c < b,

è íåêîòîðûå äðóãèå.
Â ÷àñòíîñòè, â ìîíîãðàôèè [1] îòìå÷àåòñÿ, ÷òî â èíòåãðàëàõ Àäàìàðà

âèäà (1.1) ìîæíî äåëàòü çàìåíó ïåðåìåííûõ x = ϕ(τ) ïðè óñëîâèè, ÷òî
ôóíêöèÿ ϕ(τ) èìååò îòëè÷íóþ îò íóëÿ ïðîèçâîäíóþ â îêðåñòíîñòè òî÷êè
b (âêëþ÷àÿ òî÷êó b).

Èñïîëüçîâàíèå äðóãèõ, ïðèâû÷íûõ äëÿ èíòåãðàëîâ Ðèìàíà, ñâîéñòâ
òðåáóåò îñòîðîæíîñòè.

Íàïðèìåð, ê èíòåãðàëàì â ñìûñëå Àäàìàðà íåïðèìåíèìû ñòàíäàðò-
íûå òåîðåìû îá îöåíêå ìîäóëÿ îïðåäåëåííîãî èíòåãðàëà, òàê êàê äëÿ
îöåíêè ìîäóëÿ èíòåãðàëà Àäàìàðà íåäîñòàòî÷íî çíàíèÿ ìîäóëÿ ïîäûí-
òåãðàëüíîé ôóíêöèè A(x).

Îäèí èç ñïîñîáîâ âû÷èñëåíèÿ èíòåãðàëà Àäàìàðà çàêëþ÷àåòñÿ â ñëå-
äóþùåì. Ïðåäñòàâèì èíòåãðàë (1.1) â âèäå

b∫

a

A(x) dx

(b− x)p+α
=

b∫

a

A1(x) dx

(b− x)p+α
+
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+
b∫

a


A(b) +

A′(b)
1!

(x− b) + . . .+
A(p−1)(b)(x− b)p−1

(p− 1)!


 dx

(b− x)p+α
, (1.2)

ãäå

A1(x) = A(x)− A(b)− A′(b)
1!

(x− b)− . . .− A(p−1)(b)(x− b)p−1

(p− 1)!
.

Âû÷èñëÿÿ âòîðîé èç èíòåãðàëîâ, ñòîÿùèõ â ïðàâîé ÷àñòè (1.2) ïî îïðå-
äåëåíèþ 1.1, â êîòîðîì

B(x) = − A(b)

p+ α− 1
+

A′(b)(b− x)

(p+ α− 2)1!
+ . . .+

(−1)pA(p−1)(b)(b− x)p−1

α(p− 1)!
,

èìååì
b∫

a

A(x) dx

(b− x)p+α
= − A(b)

(p+ α− 1)(b− a)p+α−1 − . . .− (−1)p−1A(p−1)(b)

(p− 1)!α(b− a)α
+

+
b∫

a

A1(x) dx

(b− x)p+α
.

Äàííîå Àäàìàðîì îïðåäåëåíèå êîíå÷íîé ÷àñòè ðàñõîäÿùåãîñÿ èíòå-
ãðàëà ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì îáùåãî ïîíÿòèÿ ðåãóëÿðèçàöèè ðàñõî-
äÿùèõñÿ èíòåãðàëîâ.

Îïèøåì ðåãóëÿðèçàöèþ ðàñõîäÿùèõñÿ èíòåãðàëîâ, ñëåäóÿ [40].
Îïðåäåëåíèå 1.2 [40]. Ìíîæåñòâî K âñåõ âåùåñòâåííûõ ôóíêöèé

ϕ(x) (x = (x1, . . . , xn)), êàæäàÿ èç êîòîðûõ èìååò íåïðåðûâíûå ïðîèç-
âîäíûå âñåõ ïîðÿäêîâ è ôèíèòíà, ò. å. îáðàùàåòñÿ â íóëü âíå íåêîòîðîé
îãðàíè÷åííîé îáëàñòè (ñâîåé äëÿ êàæäîé ôóíêöèè ϕ(x)), íàçûâàåòñÿ îñ-
íîâíûì ïðîñòðàíñòâîì. Ñàìè ôóíêöèè ϕ(x) íàçûâàþòñÿ îñíîâíûìè.

Îïðåäåëåíèå 1.3 [40]. Ïîñëåäîâàòåëüíîñòü îñíîâíûõ ôóíêöèé
ϕ1(x), ϕ2(x), . . . , ϕn(x), . . . ñòðåìèòñÿ ê íóëþ â ïðîñòðàíñòâå K, åñëè âñå
ýòè ôóíêöèè îáðàùàþòñÿ â íóëü âíå îäíîé è òîé æå îãðàíè÷åííîé îáëà-
ñòè è ðàâíîìåðíî ñõîäÿòñÿ ê íóëþ (â îáû÷íîì ñìûñëå) òàê æå, êàê è èõ
ïðîèçâîäíûå ëþáîãî ïîðÿäêà.

Îïðåäåëåíèå 1.4 [40]. Ëèíåéíûé íåïðåðûâíûé ôóíêöèîíàë f çàäàí
íà îñíîâíîì ïðîñòðàíñòâå K, åñëè óêàçàíî ïðàâèëî, â ñèëó êîòîðîãî
êàæäîé îñíîâíîé ôóíêöèè ϕ(x) ñîïîñòàâëåíî íåêîòîðîå ÷èñëî (f, ϕ) è
ïðè ýòîì âûïîëíåíû ñëåäóþùèå óñëîâèÿ:
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a) äëÿ ëþáûõ äâóõ âåùåñòâåííûõ ÷èñåë α1, α2 è ëþáûõ äâóõ îñíîâíûõ
ôóíêöèé ϕ1(x), ϕ2(x) èìååò ìåñòî ðàâåíñòâî

(f, α1ϕ1 + α2ϕ2) = α1(f, ϕ1) + α2(f, ϕ2);

á) åñëè ïîñëåäîâàòåëüíîñòü îñíîâíûõ ôóíêöèé ϕ1, . . . , ϕn, . . . ñòðå-
ìèòñÿ ê íóëþ â ïðîñòðàíñòâå K, òî ïîñëåäîâàòåëüíîñòü ÷èñåë (f, ϕ1),
. . . , (f, ϕn), . . . ñõîäèòñÿ ê íóëþ.

Åñëè f(x) ëîêàëüíî èíòåãðèðóåìàÿ â Rn, òî ìîæíî îïðåäåëèòü ëèíåé-
íûé ôóíêöèîíàë

(f, ϕ) =
∫

Rn

f(x)ϕ(x) dx. (1.3)

Äàëåêî íå âñå ëèíåéíûå ôóíêöèîíàëû ïðåäñòàâèìû â âèäå (1.3). Â
÷àñòíîñòè, äåëüòà-ôóíêöèÿ íå ïðåäñòàâèìà â âèäå (1.3). Ëèíåéíûå ôóíê-
öèîíàëû, ïðåäñòàâèìûå â âèäå (1.3), íàçûâàþòñÿ ðåãóëÿðíûìè, âñå îñòàëü-
íûå � ñèíãóëÿðíûìè.

Îïðåäåëåíèå 1.5 [40]. Îáîáùåííîé ôóíêöèåé íàçûâàåòñÿ êàæäûé
ëèíåéíûé íåïðåðûâíûé ôóíêöèîíàë, îïðåäåëåííûé íà îñíîâíîì ïðî-
ñòðàíñòâå K.

Îïðåäåëåíèå 1.6 [40]. Ñîâîêóïíîñòü âñåõ îáîáùåííûõ ôóíêöèé îáî-
çíà÷àåòñÿ ÷åðåç K ′.

Ðàñïðîñòðàíèì ôóíêöèîíàë (1.3) íà ôóíêöèè, ëîêàëüíî èíòåãðèðóå-
ìûå âñþäó çà èñêëþ÷åíèåì êîíå÷íîãî ÷èñëà òî÷åê. Äëÿ îïðåäåëåííîñòè
îãðàíè÷èìñÿ ñëó÷àåì, êîãäà f(x) � ôóíêöèÿ, ëîêàëüíî èíòåãðèðóåìàÿ
âñþäó, êðîìå òî÷êè x0, â êîòîðîé îíà èìååò íåèíòåãðèðóåìóþ îñîáåí-
íîñòü. Òîãäà èíòåãðàë (1.3), ãäå ϕ(x) � îñíîâíàÿ ôóíêöèÿ, â îáùåì ñëó÷àå
ðàñõîäèòñÿ. Íî îí ñõîäèòñÿ, åñëè ϕ(x) ðàâíà íóëþ â îêðåñòíîñòè òî÷êè
x0. Âîçíèêàåò ïðîáëåìà ïîñòðîåíèÿ ôóíêöèîíàëà f ∈ K ′, êîòîðûé íà îñ-
íîâíûå ôóíêöèè ϕ(x), íåðàâíûå íóëþ â îêðåñòíîñòè òî÷êè x0, äåéñòâóåò
ïî ôîðìóëå (1.3). Âñÿêèé òàêîé ôóíêöèîíàë f íàçûâàåòñÿ ðåãóëÿðèçà-
öèåé ðàñõîäÿùåãîñÿ èíòåãðàëà (1.3), èëè ðåãóëÿðèçàöèåé ôóíêöèè f(x).

Ðåçóëüòàòû ðàçëè÷íûõ ðåãóëÿðèçàöèé ðàçëè÷àþòñÿ íà êîíñòàíòó.
Òåîðåìà 1.1 [40]. Åñëè f0 � ÷àñòíîå ðåøåíèå ïðîáëåìû ðåãóëÿðèçà-

öèè èíòåãðàëà (1.3), òî îáùåå ðåøåíèå f ïîëó÷àåòñÿ ïðèáàâëåíèåì ê f0

ëþáîãî ôóíêöèîíàëà, ñîñðåäîòî÷åííîãî â òî÷êå x0.
Âîïðîñ î âûáîðå ñðåäè ìíîãî÷èñëåííûõ ðåãóëÿðèçàöèé äàííîé ôóíê-

öèè åñòåñòâåííîé åå ðåãóëÿðèçàöèè îáñóæäàåòñÿ â � 3 ãëàâû 1 êíèãè [40].
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Ìû íå îñòàíàâëèâàåìñÿ íà ýòîì âîïðîñå, òàê êàê íà ïðîòÿæåíèè âñåé
ðàáîòû ðàññìàòðèâàþòñÿ òîëüêî èíòåãðàëû Àäàìàðà è èõ åñòåñòâåííûå
îáîáùåíèÿ.

Ïî ýòîé æå ïðè÷èíå çäåñü íå îáñóæäàåòñÿ âîïðîñ î ðåãóëÿðèçàöèè
ôóíêöèé ñî ñòåïåííûìè îñîáåííîñòÿìè àíàëèòè÷åñêèì ïðîäîëæåíèåì
ïî ïàðàìåòðó. Ýòà ðåãóëÿðèçàöèÿ ïîäðîáíî èññëåäîâàíà â [40].

Â ðàáîòå Ë. À. ×èêèíà [71] äàíî îïðåäåëåíèå èíòåãðàëà òèïà Êîøè −
Àäàìàðà, îáîáùàþùåå ïîíÿòèÿ èíòåãðàëà â ñìûñëå ãëàâíîãî çíà÷åíèÿ
Êîøè è èíòåãðàëà â ñìûñëå Àäàìàðà.

Îïðåäåëåíèå 1.7 [71]. Èíòåãðàëîì
b∫

a

ϕ(τ) dτ

(τ − c)p
, a < c < b,

â ñìûñëå ãëàâíîãî çíà÷åíèÿ Êîøè − Àäàìàðà áóäåì íàçûâàòü ñëåäóþ-
ùèé ïðåäåë:

b∫

a

ϕ(τ) dτ

(τ − c)p
= lim

v→0



c−v∫

a

ϕ(τ) dτ

(τ − c)p
+

b∫

c+v

ϕ(τ) dτ

(τ − c)p
+
ξ(v)

vp−1


 ,

ãäå ξ(v) � íåêîòîðàÿ ôóíêöèÿ, âûáðàííàÿ òàê, ÷òîáû óêàçàííûé ïðåäåë
ñóùåñòâîâàë.

Â êîíöåâûõ òî÷êàõ a è b ãèïåðñèíãóëÿðíûé èíòåãðàë ìîæåò áûòü
îïðåäåëåí ñëåäóþùèì îáðàçîì.

Îïðåäåëåíèå 1.8. Èíòåãðàëîì
b∫
a

ϕ(τ) dτ
(τ−a)p íàçûâàåòñÿ ïðåäåë

b∫

a

ϕ(τ) dτ

(τ − a)p
= lim

v→0




b∫

a+v

ϕ(τ) dτ

(τ − a)p
+
ξ(v)

vp−1 + ξ1(v) ln |v|

 ,

ãäå ξ(v)− íåêîòîðàÿ ôóíêöèÿ, èìåþùàÿ íåïðåðûâíûå ïðîèçâîäíûå äî
(p− 1)-ãî ïîðÿäêà, óäîâëåòâîðÿþùèå óñëîâèþ Äèíè − Ëèïøèöà; ξ1(v)−
íåêîòîðàÿ ôóíêöèÿ, óäîâëåòâîðÿþùàÿ óñëîâèþ Äèíè−Ëèïøèöà â îêðåñò-
íîñòè îò íóëÿ. Ôóíêöèè ξ(v) è ξ1(v) âûáèðàþòñÿ òàê, ÷òîáû óêàçàííûé
ïðåäåë ñóùåñòâîâàë.

Â ýòîì ñëó÷àå
b∫

a

ϕ(τ) dτ

(τ − a)p
= −

p−2∑

k=0

ϕ(k)(b)(p− k − 2)!

(b− a)p−1−k(p− 1)!
+
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+
ϕ(p−1)(b) ln(b− a)

(p− 1)!
−

b∫

a

ϕ(p)(τ) ln(τ − a)

(p− 1)!
dτ.

Ðàçëàãàÿ ôóíêöèþ ϕ(τ) ïî ôîðìóëå Òåéëîðà ñ îñòàòî÷íûì ÷ëåíîì â
èíòåãðàëüíîé ôîðìå è èñïîëüçóÿ îïðåäåëåíèÿ 1.1 è 1.8, èìååì:
ïðè p ∈ N = {1, 2, . . .}

b∫

a

ϕ(τ) dτ

(τ − a)p
=

p−2∑

k=0

ϕ(k)(a)(b− a)k+1−p

(k + 1− p)k!
+

+
ϕ(p−1)(a)

(p− 1)!
ln(b− a) +

b∫

a

1

(τ − a)p
Rp−1(τ, a)dτ ;

ïðè p 6∈ N
b∫

a

ϕ(τ) dτ

(τ − a)p
=

[p]−1∑

k=0

ϕ(k)(a)(b− a)k+1−p

(k + 1− p)k!
+

+
b∫

a

1

(τ − a)p
Rp−1(τ, a)dτ,

ãäå
Rp−1(τ, a) =

1

p!

τ∫

a

(τ − t)p−1ϕ(p)(t)dt.

Äàäèì, ñëåäóÿ [54], åùå îäíî îïðåäåëåíèå ãèïåðñèíãóëÿðíûõ èíòåãðà-
ëîâ, êîòîðîå ìîæåò áûòü ïîëåçíûì ïðè èíòåãðèðîâàíèè ïî êðèâûì ñ
óãëîâûìè òî÷êàìè â êîìïëåêñíîé îáëàñòè.

Ïðåäâàðèòåëüíî ïðèâåäåì íåñêîëüêî îïðåäåëåíèé, êîòîðûå ïîíàäî-
áÿòñÿ íèæå.

Ñëåäóÿ [44], íàçîâåì ïîâåðõíîñòÿìè Ëÿïóíîâà îáëàñòè, îãðàíè÷åí-
íûå êîíå÷íûì ÷èñëîì çàìêíóòûõ ïîâåðõíîñòåé, óäîâëåòâîðÿþùèì òðåì
óñëîâèÿì Ëÿïóíîâà:

1. Â êàæäîé òî÷êå ïîâåðõíîñòè ñóùåñòâóåò îïðåäåëåííàÿ êàñàòåëüíàÿ
ïëîñêîñòü è, ñëåäîâàòåëüíî, îïðåäåëåííàÿ íîðìàëü;

2. Åñëè θ åñòü óãîë ìåæäó íîðìàëÿìè â òî÷êàõ m1 è m2 è r åñòü
ðàññòîÿíèå ìåæäó ýòèìè òî÷êàìè, òî

θ < Arλ (0 < λ ≤ 1), (1.4)

ãäå A è λ− âïîëíå îïðåäåëåííûå ÷èñëà;
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3. Ñóùåñòâóåò ÷èñëî d, îäíî è òî æå äëÿ âñåõ òî÷åê ïîâåðõíîñòè è
îáëàäàþùåå ñâîéñòâîì: ïàðàëëåëè ê íîðìàëè â òî÷êå m ïîâåðõíîñòè ïå-
ðåñåêàþò íå áîëåå ÷åì â îäíîé òî÷êå ÷àñòü ïîâåðõíîñòè, íàõîäÿùóþñÿ
âíóòðè ñôåðû ðàäèóñà d è ñ öåíòðîì â m.

Îïðåäåëåíèå 1.9 [44]. Ôóíêöèÿ f(x, y, z) ïðèíàäëåæèò êëàññó
H(s, A, α) (0 < α ≤ 1) â îáëàñòè D, åñëè îíà â ýòîé îáëàñòè îãðàíè÷åíà
è èìååò îãðàíè÷åííûå íåïðåðûâíûå ïðîèçâîäíûå ïîðÿäêà s, óäîâëåòâî-
ðÿþùèå óñëîâèþ Ãåëüäåðà ñ ïîêàçàòåëåì α è êîíñòàíòîé A, ò. å.

∣∣∣∣∣
∂rf

∂xr1∂yr2∂zr3

∣∣∣∣∣ ≤ A, (1.5)

ãäå r1 + r2 + r3 = r, r = 0, 1, . . . , s, è äëÿ ëþáîé ïàðû òî÷åê m1,m2 ∈
∈ D, ðàññòîÿíèå r12 ìåæäó êîòîðûìè ìåíüøå íåêîòîðîãî ÷èñëà r0 ≤ 1,
ñïðàâåäëèâî íåðàâåíñòâî

∣∣∣∣∣∣

∣∣∣∣∣
∂sf

∂xs1∂ys2∂zs3

∣∣∣∣∣
m1

− ∂sf

∂xs1∂ys2∂zs3

∣∣∣∣∣∣
m2

∣∣∣∣∣∣∣
< Arα12. (1.6)

Ïóñòü S− ïîâåðõíîñòü Ëÿïóíîâà è N− âíåøíÿÿ íîðìàëü ê íåé. Ïðî-
èçâîëüíóþ òî÷êóm0 íà S ïðèìåì çà íà÷àëî ìåñòíîé äåêàðòîâîé ñèñòåìû
êîîðäèíàò (χ, η, ζ), íàïðàâèâ îñü ζ ïî íîðìàëè N0 â òî÷êå m0 è çàôèêñè-
ðîâàâ êàê-íèáóäü îñè χ, η â êàñàòåëüíîé ïëîñêîñòè. Â äîñòàòî÷íî ìàëîé
îêðåñòíîñòè òî÷êè m0 óðàâíåíèå ïîâåðõíîñòè S â ìåñòíîé ñèñòåìå êîîð-
äèíàò (χ, η, ζ) èìååò âèä

ζ = F (χ, η). (1.7)

Îïðåäåëåíèå 1.10 [44]. Ïîâåðõíîñòü S ïðèíàäëåæèò êëàññó Lk(B,α),
åñëè F (χ, η) ∈ H(k,B, α) è êîíñòàíòû B è α íå çàâèñÿò îò âûáîðà òî÷êè
m0.

Âåðíåìñÿ ê îïðåäåëåíèþ ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ íà ãëàäêèõ
êðèâûõ.

Ïóñòü (a, b)− äîñòàòî÷íî ãëàäêàÿ äóãà â êîìïëåêñíîé ïëîñêîñòè. Ðàñ-
ñìîòðèì èíòåãðàë âäîëü íåå:

(J1ϕ)(a) =
b∫

a

ϕ(τ)

(τ − a)p+α
dτ, (1.8)

ãäå p − öåëîå ÷èñëî, p = 1, 2, . . . , 0 ≤ α < 1.
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Òàê êàê îïðåäåëåíèå ãèïåðñèíãóëÿðíîãî èíòåãðàëà ïðîâîäèòñÿ ïðè
α = 0 è ïðè α 6= 0 ïî îäíîé è òîé æå ñõåìå, îãðàíè÷èìñÿ ðàññìîòðåíèåì
ïåðâîãî ñëó÷àÿ.

Ïóñòü α = 0. Âîñïîëüçóåìñÿ îïðåäåëåíèåì Àäàìàðà êîíå÷íîé ÷àñòè
èíòåãðàëà. Ïóñòü t1− òî÷êà, ðàñïîëîæåííàÿ íà äóãå (a, b) íà ðàññòîÿíèè
ε1 îò òî÷êè a. Èíòåãðàë (J1ϕ)(a) îïðåäåëèì êàê ïðåäåë

(J1ϕ)(a) = lim
t1→a



b∫

t1

ϕ(τ)

(τ − a)p
+

B(t1)

(t1 − a)p−1


 , (1.9)

ãäå ôóíêöèÿ B(t) èìååò ïðîèçâîäíûå äî (p− 1)-ãî ïîðÿäêà, ïðè÷åì
(p− 1)-ÿ ïðîèçâîäíàÿ óäîâëåòâîðÿåò óñëîâèþ Äèíè − Ëèïøèöà è âûáè-
ðàåòñÿ òàêèì îáðàçîì, ÷òîáû ïðåäåë ñóùåñòâîâàë.

Èíòåãðèðóÿ ïî ÷àñòÿì èíòåãðàë â (1.9), èìååì

(J1ϕ)(a) = lim
t1→a



b∫

t1

ϕ(τ)

(τ − a)p
dτ +

B(t1)

(t1 − a)p−1


 =

= lim
t1→a





 1

(p− 1)!
ϕ(p−1)(τ) ln |τ − a|−

− 1

(p− 1)!

ϕ(p−2)(τ)

(τ − a)
− · · · − 1

(p− 1)

ϕ(τ)

(τ − a)(p−1)


 |bt1−

− 1

p!

b∫

t1

ϕ(p)(τ) ln(τ − a)dτ +
B(t1)

(t1 − a)p−1


 . (1.10)

Ïîëàãàÿ
B(t1)

(t1 − a)(p−1) = −

 1

(p− 1)!
ϕ(p−1)(t1) ln |t1 − a| − 1

(p− 1)!

ϕ(p−2)(t1)

t1 − a
− · · ·−

− 1

(p− 1)

ϕ(t1)

(t1 − a)(p−1)


 , (1.11)

ïðèõîäèì ê ñëåäóþùåìó îïðåäåëåíèþ.
Îïðåäåëåíèå 1.11 [54]. Èíòåãðàë (J1ϕ)(a) îïðåäåëÿåòñÿ âûðàæåíè-

åì
(J1ϕ)(a) =

b∫

a

ϕ(τ)

(τ − a)p
dτ ≡ − 1

(p− 1)!
ϕ(p−1)(a)iαa+
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+
1

(p− 1)!
ϕ(p−1)(b) ln(b− a)− 1

(p− 1)!

ϕ(p−2)(b)

(b− a)
− · · ·−

− 1

(p− 1)(p− 2)

ϕ′(b)
(b− a)p−2 −

1

(p− 1)

ϕ(b)

(b− a)p−1−

− 1

(p− 1)!

b∫

a

ϕ(p)(τ) ln(τ − a)dτ, (1.12)

ãäå αa− ïðåäåëüíîå çíà÷åíèå àðãóìåíòà t1 − a ïðè t1 → a, ò. å. óãîë,
îáðàçîâàííûé êàñàòåëüíîé â òî÷êå a ñ îñüþ x.

Â ñëó÷àå, êîãäà ñèíãóëÿðíàÿ òî÷êà íàõîäèòñÿ íà âåðõíåì ïðåäåëå èí-
òåãðèðîâàíèÿ, àíàëîãè÷íûì îáðàçîì ââîäèòñÿ è ñëåäóþùåå îïðåäåëåíèå.

Îïðåäåëåíèå 1.12 [54]. Èíòåãðàë (J1ϕ)(b) îïðåäåëÿåòñÿ âûðàæåíèåì

(J1ϕ)(b) =
b∫

a

ϕ(τ)

(τ − b)p
dτ ≡ 1

(p− 1)!
ϕ(p−1)(b)iαb− 1

(p− 1)!
ϕ(p−1)(a) ln(b−a)+

+
1

(p− 1)!

ϕ(p−2)(a)

(a− b)
+ · · ·+

+
1

(p− 1)(p− 2)

ϕ′(a)
(a− b)p+2 +

1

(p− 1)

ϕ(a)

(a− b)(p−1)−

− 1

(p− 1)!

b∫

a

ϕ(p)(τ) ln(τ − b)dτ, (1.13)

ãäå αb− óãîë, îáðàçîâàííûé êàñàòåëüíîé (â íàïðàâëåíèè äâèæåíèÿ) â
òî÷êå b ñ îñüþ x.

Ðàññìîòðèì èíòåãðàë

(J1g)(t) =
b∫

a

g(τ)

(τ − t)p
dτ, t ∈ (a, b). (1.14)

Îïðåäåëåíèå 1.13 [54]. Ïóñòü t ∈ (a, b) è ïóñòü â òî÷êå t âûïîë-
íÿþòñÿ ðàâåíñòâà ϕ(j)(t + 0) = ϕ(j)(t − 0) = ϕ(j)(t), j = 0, 1, . . . , p − 1.
Èíòåãðàë (J1ϕ)(t) îïðåäåëÿåòñÿ âûðàæåíèåì

(J1ϕ)(t) =
b∫

a

ϕ(τ)

(τ − t)p
dτ ≡ 1

(p− 1)!
ϕ(p−1)(t)i(α2 − α1)+

+
1

(p− 1)!
[ϕ(p−1)(b) ln(b− t)− ϕ(p−1)(a) ln(t− a)]−
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− 1

(p− 1)!
[
ϕ(p−2)(b)

(b− t)
− ϕ(p−2)(a)

(a− t)
]− · · ·−

− 1

(p− 1)(p− 2)
[

ϕ′(b)
(b− t)p−2 −

ϕ′(a)
(a− t)p−2 ]−

− 1

(p− 1)
[

g(b)

(b− t)p−1 −
g(a)

(a− t)p−1 ]−
1

(p− 1)!

b∫

a

[ϕ(p)(τ) ln(τ − t)]dτ, (1.15)

ãäå α1 è α2− óãëû, îáðàçîâàííûå â òî÷êå t êàñàòåëüíûìè ê äóãå (a, b) ñ
îñüþ x ïðè äâèæåíèè ïî äóãå îò òî÷êè a ê òî÷êå b.

1.2. Ìíîãîìåðíûå èíòåãðàëû â ñìûñëå Àäàìàðà

Ïåðâîå îïðåäåëåíèå ìíîãîìåðíûõ èíòåãðàëîâ â ñìûñëå Àäàìàðà äàíî
â ìîíîãðàôèÿõ [1], [91], ãäå áûëè îïðåäåëåíû èíòåãðàëû âèäà

∫ ∫ ∫

T

A(x, y, z)

(G(x, y, z))p+α
dxdydz, p = 3, 4, . . . , 0 < α < 1, (1.16)

ïðè óñëîâèè, ÷òî îáëàñòü T ÿâëÿåòñÿ öèëèíäðè÷åñêîé îáëàñòüþ ñ íèæ-
íèì îñíîâàíèåì S, ðàñïîëîæåííûì íà êîîðäèíàòíîé ïëîñêîñòè 0XY, è
âåðõíèì îñíîâàíèåì, ÿâëÿþùèìñÿ ïîâåðõíîñòüþ Ëÿïóíîâà G = 0. Ïðåä-
ïîëàãàåòñÿ, ÷òî ïîâåðõíîñòü G íå ñîäåðæèò îñîáûõ òî÷åê, ò. å. íè â îäíîé
èç åå òî÷åê ïåðâûå ÷àñòíûå ïðîèçâîäíûå G íå îáðàùàþòñÿ â íóëü îäíî-
âðåìåííî.

Ýòî îïðåäåëåíèå èíòåãðàëà Àäàìàðà ìîæíî ðàñïðîñòðàíèòü è íà áî-
ëåå îáùèå ñëó÷àè.

Ïóñòü T = [0, 1]2, p = 1, 2, . . . , 0 < α < 1. Ðàññìîòðåíèå èíòåãðàëà
∫ ∫

T

A(x, y)dxdy

xp+αyp+α
(1.17)

íà÷íåì ñ òîãî, ÷òî îãðàíè÷èì îáëàñòü èíòåãðèðîâàíèÿ: x ≥ ε1, y ≥ ε2,
îáîçíà÷èâ ÷åðåç ε1 è ε2 äâà ìàëûõ ïîëîæèòåëüíûõ ÷èñëà. Ïîñëå ýòîãî
èíòåãðàë ìîæíî ñäåëàòü êîíå÷íûì, åñëè âû÷èñëèòü èíòåãðàë (1.17) ïî
÷àñòÿì è îòáðîñèòü ñëàãàåìûå, ñòðåìÿùèåñÿ ê áåñêîíå÷íîñòè ïðè ñòðåì-
ëåíèè ε1 è ε2 ê íóëþ.

Ââåäåì îáëàñòü Tε1,ε2 = [ε1, 1; ε2, 1], ε1, ε2 > 0.
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Îïðåäåëåíèå 1.14. Ïóñòü p = 1, 2, . . . , 0 < α < 1. Êîíå÷íîé ÷àñòüþ
èíòåãðàëà (1.17) íàçûâàåòñÿ ïðåäåë

∫ ∫

T

A(x, y)dxdy

xp+αyp+α
=

= lim
ε1→0,ε2→0




∫ ∫

Tε1,ε2

A(x, y)dxdy

xp+αyp+α
+

B(ε1, ε2)

εp+α−1
1 εp+α−1

2


 , (1.18)

â êîòîðîì ôóíêöèÿ B(ε1, ε2) èìååò ÷àñòíûå ïðîèçâîäíûå äî (2p − 2)-ãî
ïîðÿäêà è ïîäáèðàåòñÿ òàêèì îáðàçîì, ÷òîáû ïðåäåë ñóùåñòâîâàë.

Ââåäåì îáëàñòü Tε = [ε, 1; ε, 1], ε > 0.
Îïðåäåëåíèå 1.15. Ïóñòü p = 2, 3, . . . Êîíå÷íîé ÷àñòüþ èíòåãðàëà

∫ ∫
T

A(x,y)dxdy
xpyp íàçûâàåòñÿ ïðåäåë

∫ ∫

T

A(x, y)dxdy

xpyp
=

= lim
ε→0




∫ ∫

Tε

A(x, y)dxdy

xpyp
+
B(ε)

ε2p−2 + C(ε) ln(ε) +D(ε) ln2(ε)


 , (1.19)

ãäå ôóíêöèÿ B(ε) èìååò ïðîèçâîäíûå äî (2p− 1)-ãî ïîðÿäêà, à ôóíêöèè
C(ε), D(ε) èìåþò ïðîèçâîäíûå ïåðâîãî ïîðÿäêà. Ôóíêöèè B(ε), C(ε) è
D(ε) ïîäáèðàþòñÿ òàêèì îáðàçîì, ÷òîáû ïðåäåë ñóùåñòâîâàë.

Ðàñïðîñòðàíèì ïðèâåäåííîå âûøå îïðåäåëåíèå íà ïîëèãèïåðñèíãó-
ëÿðíûå èíòåãðàëû ñ ïåðåìåííûìè ñèíãóëÿðíîñòÿìè. Äëÿ ïðîñòîòû îáî-
çíà÷åíèé îãðàíè÷èìñÿ áèãèïåðñèíãóëÿðíûì èíòåãðàëîì

Bϕ =
∫

γ1

∫

γ2

ϕ(τ1, τ2)dτ1dτ2
(τ1 − t1)p1(τ2 − t2)p2

,

ãäå γi− çàìêíóòûé îãðàíè÷åííûé êîíòóð â ïëîñêîñòè êîìïëåêñíîé ïå-
ðåìåííîé zi, i = 1, 2. Áóäåì ñ÷èòàòü, ÷òî γi, i = 1, 2,− ãëàäêèå êîíòóðû,
óäîâëåòâîðÿþùèå óñëîâèÿì Ëÿïóíîâà.

Ïîñòðîèì îêðóæíîñòü ñ öåíòðîì â òî÷êå t1 ñòîëü ìàëîãî ðàäèóñà ρ1,

÷òî îíà ïåðåñåêàåò êîíòóð γ1 òîëüêî â äâóõ òî÷êàõ t′1 è t1′′. ×àñòü êîíòóðà
γ1, çàêëþ÷åííîãî ìåæäó òî÷êàìè t′1 è t1′′, îáîçíà÷èì ÷åðåç l1.

Àíàëîãè÷íîå ïîñòðîåíèå ïðîâåäåì è íà êîíòóðå γ2, è ÷àñòü êîíòóðà
γ2, ðàñïîëîæåííîãî ìåæäó òî÷êàìè t′2 è t2′′, îáîçíà÷èì ÷åðåç l2.
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Èíòåãðàë Bϕ îïðåäåëÿåòñÿ âûðàæåíèåì

Bϕ = lim
ρ1→0,ρ2→0




∫

γ1\l1

∫

γ2\l2

ϕ(τ1, τ2)dτ1dτ2
(τ1 − t1)p1(τ2 − t2)p2

− Γ(ρ1, ρ2)

ρp1−1
1 ρp2−1

2


 ,

ãäå Γ(ρ1, ρ2)− ôóíêöèÿ, èìåþùàÿ íåïðåðûâíî äèôôåðåíöèðóåìûå ïðî-
èçâîäíûå äî p1 − 1 ïîðÿäêà ïî ïåðåìåííîé ρ1 è äî p2 − 1 ïîðÿäêà ïî
ïåðåìåííîé ρ2.

Ôóíêöèÿ Γ(ρ1, ρ2) âûáèðàåòñÿ òàêèì îáðàçîì, ÷òîáû ïðåäåë ñóùåñòâî-
âàë è áûë åäèíñòâåííûì.

Îòìåòèì, ÷òî â ñîîòâåòñòâèè ñ ïðèíÿòûì â ðàáîòå ñïîñîáîì îïðåäå-
ëåíèÿ ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ äëÿ íàõîæäåíèÿ ôóíêöèè Γ(ρ1, ρ2)
íóæíî âû÷èñëèòü ïî ÷àñòÿì ïîñëåäíèé èíòåãðàë è èç ðåçóëüòàòà âû÷åñòü
ñëàãàåìûå, ñòðåìÿùèåñÿ ê áåñêîíå÷íîñòè, êîãäà ρi → 0, i = 1, 2.

Äàäèì, ñëåäóÿ ðàáîòå [77], îïðåäåëåíèå ðåãóëÿðèçàöèè ïî Àäàìàðó
ìíîãîìåðíûõ èíòåãðàëîâ îò ôóíêöèé ñî ñòåïåííûìè îñîáåííîñòÿìè. Ïðè
ýòîì îãðàíè÷èìñÿ ñëó÷àåì ôóíêöèé äâóõ ïåðåìåííûõ, òàê êàê îïðåäåëå-
íèå è âñå ïîñëåäóþùèå ðåçóëüòàòû äîñëîâíî ðàñïðîñòðàíÿþòñÿ íà ñëó-
÷àé ìíîãîìåðíûõ èíòåãðàëîâ ëþáîé êîíå÷íîé ðàçìåðíîñòè.

Ðàññìîòðèì èíòåãðàë

Lϕ ≡
∫ ∫

G

ϕ(τ1, τ2)dτ1dτ2
((τ1 − t1)2 + (τ2 − t2)2)p/2

,

ãäå (t1, t2)− òî÷êà îáëàñòè G; p (p > 2)− öåëîå ÷èñëî.
Îáîçíà÷èì ÷åðåç R(t, ε), t = (t1, t2) êðóã ñ öåíòðîì â òî÷êå t è ñ ðàäè-

óñîì ε.

Îïðåäåëåíèå 1.16. Ðåãóëÿðèçàöèåé èíòåãðàëà Lϕ ïðè p ≥ 3 íàçû-
âàåòñÿ ïðåäåë

Lϕ = lim
ε→0




∫ ∫

G\R(t,ε)

ϕ(τ1, τ2)dτ1dτ2
((τ1 − t1)2 + (τ2 − t2)2)p/2

− B(ε)

εp−2 − C(ε) ln ε


 ,

ãäå B(x), C(x)− ëþáûå ôóíêöèè, íà êîòîðûå íàëàãàþòñÿ ñëåäóþùèå
óñëîâèÿ:

à) ðàññìàòðèâàåìûé ïðåäåë ñóùåñòâóåò;
á) B(x) èìååò íåïðåðûâíûå ïðîèçâîäíûå äî p−2-ãî ïîðÿäêà â îêðåñò-

íîñòè òî÷êè t;
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â) ôóíêöèÿ C(x) èìååò ïðîèçâîäíûå ïåðâîãî ïîðÿäêà â îêðåñòíîñòè
íóëÿ.

Äîñòàòî÷íîñòü ýòîãî îïðåäåëåíèÿ âûòåêàåò èç ñëåäóþùèõ ñîîáðàæå-
íèé.

Ïóñòü t = (t1, t2)− òî÷êà, ëåæàùàÿ âíóòðè èëè íà ãðàíèöå îáëàñòè G.
Ââåäåì ïîëÿðíûå êîîðäèíàòû ñ öåíòðîì â òî÷êå (t1, t2). Èìååì

Lϕ(t) = lim
ε→0

∫ ∫

G\R(t,ε)

ϕ(τ1, τ2)dτ1dτ2
((τ1 − t1)2 + (τ2 − t2)2)p/2

=

= lim
ε→0

ω∫

0

A(ω)∫

ε

ϕ∗(ρ, θ)ρdρ
ρp

dθ = lim
ε→0

ω∫

0



A(ω)∫

ε

ϕ∗(ρ, θ)
ρp−1 dρ


 dθ.

Çäåñü 0 ≤ ω < 2π, åñëè òî÷êà t ëåæèò íà ãðàíèöå îáëàñòè G, ω = 2π,
åñëè òî÷êà t ëåæèò âíóòðè îáëàñòè G.

Èíòåãðèðóÿ âíóòðåííèé èíòåãðàë ïî ÷àñòÿì, èìååì:

Lϕ(t) =
ω∫

0



p−3∑

k=0
Ak
∂kϕ∗

∂ρk
(ρ, θ)ρ1+k−(p−1) + Ap−2

∂p−2

∂ρp−2 (ρ, θ) ln ρ

∣∣∣∣∣∣

A(ε)

ε

dθ =

=
p−3∑

k=0


Ak



ω∫

0

ϕ∗(k)(A(ω), θ)dΘ


 (A(ω))2+k−p−

−Ak



ω∫

0

ϕ∗(k)(ε, θ)dθ


 ε2+k−p


 +

+Ap−2



ω∫

0

ϕ∗(p−2)(A(ω), θ)dθ


 lnA(ω)− Ap−2



ω∫

0

ϕ∗(p−2)(ε, θ)dθ


 ln ε.

Ïåðåõîäÿ çäåñü ê ïðåäåëó è âûäåëÿÿ "êîíå÷íóþ" ÷àñòü, ïðèõîäèì ê
îïðåäåëåíèþ 1.16.

Çàìå÷àíèå. Â ðÿäå ñëó÷àåâ áîëåå óäîáíî èñïîëüçîâàòü ñëåäóþùåå îïðå-
äåëåíèå ãèïåðñèíãóëÿðíîãî èíòåãðàëà:

Lϕ = lim
h→0




∫ ∫

Ω\Ω1

ϕ(τ1, τ2)dτ1dτ2
((τ1 − t1)2 + (τ2 − t2)2)p

− B(t)

h2p−2


 ,

ãäå Ω1 = [t1 − h, t1 + h; t2 − h, t2 + h].
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Äîêàæåì ýêâèâàëåíòíîñòü äâóõ ïîñëåäíèõ îïðåäåëåíèé. Äëÿ ýòîãî äî-
ñòàòî÷íî ïîêàçàòü, ÷òî

∣∣∣∣∣∣∣∣

∫ ∫

Ω1\R(0,ρ)

ϕ(τ1, τ2)dτ1dτ2
((τ1 − t1)2 + (τ2 − t2)2)p

∣∣∣∣∣∣∣∣
= O

(
1

h2p−2

)
.

Çäåñü R(0, ρ)− êðóã, âïèñàííûé â êâàäðàò Ω1, t = (t1, t2).
Íåòðóäíî âèäåòü, ÷òî

∣∣∣∣∣∣∣∣

∫ ∫

R(0,h)\R(0,ρ)

ϕ(τ1, τ2)dτ1dτ2
((τ1 − t1)2 + (τ2 − t2)2)p

∣∣∣∣∣∣∣∣
≤

≤M
2π∫

0

h∫

ρ

dρdϕ

ρ2p−1 =
M1

ρ2p−2 .

Òàêèì îáðàçîì, ýêâèâàëåíòíîñòü îïðåäåëåíèé äîêàçàíà.
Îïðåäåëèì ãèïåðñèíãóëÿðíûå èíòåãðàëû ñ îñîáåííîñòÿìè íà ïðîèç-

âîëüíûõ êîíòóðàõ, îãðàíè÷èâøèñü äëÿ ïðîñòîòû äâóìåðíûì ñëó÷àåì.
Ê ýòèì èíòåãðàëàì ñâîäÿòñÿ çàäà÷è ìåõàíèêè êîìïîçèòíûõ ìàòåðèàëîâ
[76].

Ðàññìîòðèì èíòåãðàë H(f, γ) ≡ ∫ ∫
R2

f(t1,t2)
γ(t1,t2)

dt1dt2,

ãäå γ(t1, t2)− ãëàäêàÿ ôóíêöèÿ. Â áîëüøèíñòâå ñëó÷àåâ áóäåì ñ÷èòàòü,
÷òî γ(t1, t2)− ïîëèíîì r-ãî ïîðÿäêà ïî ïåðåìåííûì t1 è t2. Ïóñòü êîíòóð
γ îïðåäåëÿåòñÿ óðàâíåíèåì γ(t1, t2) = 0, à ε− ïðîèçâîëüíîå ìàëîå ÷èñëî.

Îáîçíà÷èì ÷åðåç Γε îáëàñòü, ñîñòîÿùóþ èç òî÷åê, ðàññòîÿíèå îò êîòî-
ðûõ äî êîíòóðà γ íå ïðåâîñõîäèò ε. Ðàññòîÿíèå ìåæäó òî÷êàìè îáëàñòè
Γε è êîíòóðîì γ áóäåì âû÷èñëÿòü â åâêëèäîâîé ìåòðèêå.

Ïóñòü êàæäàÿ òî÷êà êîíòóðà γ áóäåò íóëåì íå âûøå r-ãî ïîðÿäêà
ôóíêöèè γ(t1, t2). Ïóñòü Lε− ãðàíèöà îáëàñòè Γε.

Îïðåäåëåíèå 1.17 [77]. Êîíå÷íîé ÷àñòüþ èíòåãðàëà

H(f, γ) =
∫ ∫

R2

f(t1, t2)

γ(t1, t2)
dt1dt2 (1.20)

íàçîâåì ïðåäåë

H(f, γ) = lim
ε→0




∫ ∫

R2\Γε

f(t1, t2)

γ(t1, t2)
dt1dt2 − Fγ,ε(ε)

εr−1


 , (1.21)
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ãäå Fγ,ε(ε)− ôóíêöèÿ, óäîâëåòâîðÿþùàÿ äâóì óñëîâèÿì:
1) â îáëàñòè Γε ôóíêöèÿ Fγ,ε(ε) èìååò ïðîèçâîäíûå äî r-ãî ïîðÿäêà;
2) ïðåäåë ñóùåñòâóåò.
Ìîæíî ïîêàçàòü, ÷òî ïðåäåë íå çàâèñèò îò âèäà ôóíêöèè Fγ,ε(ε).
Îòìåòèì, ÷òî äàííîå âûøå îïðåäåëåíèå ìíîãîìåðíûõ ãèïåðñèíãóëÿð-

íûõ èíòåãðàëîâ äîïóñêàåò ðàñïðîñòðàíåíèå íà ñëó÷àé, êîãäà óðàâíåíèå
γ(t1, t2) = 0 îïðåäåëÿåò êîíòóð, ñîñòîÿùèé èç ïåðåñåêàþùèõñÿ äóã.

Ïðèâåäåì ïðîñòîé ïðèìåð èñïîëüçîâàíèÿ ýòîãî îïðåäåëåíèÿ.
Ïðèìåð. Ðàññìîòðèì ñëåäóþùèé èíòåãðàë:

∫ ∫

R2

x2 + y2

(x2 + y2 − 25)3dxdy. (1.22)

Ïóñòü γ− îêðóæíîñòü ñ öåíòðîì â íà÷àëå êîîðäèíàò è ðàäèóñîì,
ðàâíûì 5. Îáîçíà÷èì ÷åðåç γ+ è γ− îêðóæíîñòè ñ ðàäèóñàìè, ðàâíûìè
5+ε è 5−ε, è öåíòðîì â íà÷àëå êîîðäèíàò. Îáîçíà÷èì ÷åðåç Γε îáëàñòü,
ðàñïîëîæåííóþ ìåæäó γ+ è γ−.

Âû÷èñëèì ïðåäåë
∫ ∫

R2\Γε

x2 + y2

(x2 + y2 − 25)3dxdy =

=
∫ ∫

G1

x2 + y2

(x2 + y2 − 25)3dxdy +
∫ ∫

G2

x2 + y2

(x2 + y2 − 25)3dxdy =

=
2π∫

0

∞∫

5+ε

ρdρdϕ

(ρ2 − 25)2 +
2π∫

0

5−ε∫

0

ρdρdϕ

(ρ2 − 25)2+

+25
2π∫

0

∞∫

5+ε

ρdρdϕ

(ρ2 − 25)3 +
2π∫

0

5−ε∫

0

ρdρdϕ

(ρ2 − 25)3 =

= − π

50
+
π

2

(
1

ε2 + 10ε
− 1

ε2 − 10ε

)
+

25π

4


 1

(ε2 + 10ε)2 −
1

(ε2 − 10ε)2


 ,

ãäå G1 − îáëàñòü âíå γ+ è G2 − îáëàñòü âíóòðè γ−. Ïóñòü

Fγ,ε = ε2


π

2

(
1

ε2 + 10ε
− 1

ε2 − 10ε

)
+

25π

4


 1

(ε2 + 10ε)2 −
1

(ε2 − 10ε)2





 .

Òîãäà ãèïåðñèíãóëÿðíûé èíòåãðàë ðàâåí −π/50.
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Ïðèâåäåì åùå îäíî îïðåäåëåíèå ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ, óäîá-
íîå â òåõ ñëó÷àÿõ, êîãäà îñîáåííîñòÿìè ÿâëÿþòñÿ êóñî÷íî-ãëàäêèå ëèíèè
è èññëåäóþòñÿ ïðèáëèæåííûå ìåòîäû âû÷èñëåíèÿ ýòèõ èíòåãðàëîâ.

Ïóñòü â êîíå÷íîé ÷àñòè ïëîñêîñòè E2 èìååòñÿ ãëàäêèé êîíòóð γ, îïè-
ñûâàåìûé óðàâíåíèåì γ(x1, x2) = 0. Ïîëîæèì, äëÿ îïðåäåëåííîñòè

γ(x1, x2) = a00 + a10x1 + a20x2 + · · ·+ an0x
n
1+

+an−1,1x
n−1
1 x2 + · · ·+ a1,n−1x1x

n−1
2 + a0nx

n
2 .

Êðîìå òîãî, ïðåäïîëîæèì âíà÷àëå, ÷òî óðàâíåíèå γ(x1, x2) = 0 îïðå-
äåëÿåò çàìêíóòûé îãðàíè÷åííûé êîíòóð, êàæäàÿ òî÷êà êîòîðîãî ÿâëÿ-
åòñÿ íóëåì ïîðÿäêà íå âûøå r, r ≥ 1. Ìû áóäåì ãîâîðèòü, ÷òî ôóíêöèÿ
γ(x1, x2) èìååò â òî÷êå (x0

1, x
0
2) íóëü r-ãî ïîðÿäêà, åñëè â ðàçëîæåíèè ýòîé

ôóíêöèè â ðÿä Òåéëîðà ïî ñòåïåíÿì (x1 − x0
1) è (x2 − x0

2) îòñóòñòâóþò
÷ëåíû íèæå r-ãî ïîðÿäêà , ò. å.

γ(x1, x2) = ar0(x1 − x0
1)
r + ar−1,1(x1 − x0

1)
r−1(x2 − x0

2)+

+ar−2,2(x1−x0
1)
r−2(x2−x0

2)
2+ar−3,3(x1−x0

1)
r−3(x2−x0

2)
3+· · ·+a0r(x−x0

2)
r+

+ ÷ëåíû áîëåå âûñîêîãî ïîðÿäêà.
Áóäåì âû÷èñëÿòü èíòåãðàë (1.20) ïî ôîðìóëå

Hϕ = lim
h→0

1

2




∫ ∫

E2

ϕ(x1, x2)

γ(x1, x2) + ih
dx1dx2+

+
∫ ∫

E2

ϕ(x1, x2)

γ(x1, x2)− ih
dx1dx2


 , (1.23)

ãäå ôóíêöèÿ F (h) ïîäáèðàåòñÿ òàê, ÷òîáû ïðåäåë ñóùåñòâîâàë.
Ïîêàæåì, ÷òî âû÷èñëåíèå èíòåãðàëîâ âèäà (1.20) ïî ôîðìóëàì (1.21)

è (1.23) ýêâèâàëåíòíû.
Â ñàìîì äåëå, ïóñòü ñóùåñòâóåò èíòåãðàë (1.20). Òîãäà ïî äàííîìó

âûøå îïðåäåëåíèþ 1.17 èíòåãðàëà Àäàìàðà, äëÿ ëþáîãî ε (ε > 0) ñóùå-
ñòâóåò òàêîå δ, ÷òî

∣∣∣∣∣∣∣∣

∫ ∫

E2\Γδ

ϕ(x1, x2)

γ(x1, x2)
dx1dx2 − F (δ)

δr−1

∣∣∣∣∣∣∣∣
< ε,
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ãäå Γδ− îáëàñòü, ÿâëÿþùàÿñÿ δ-îêðåñòíîñòüþ êðèâîé γ, îïðåäåëÿåìîé
óðàâíåíèåì γ(x1, x2) = 0.

Ðàññìîòðèì òåïåðü ðåãóëÿðèçàöèþ èíòåãðàëà (1.20) ïî ôîðìóëå (1.23).
Ïîëîæèì h = δ2r.

Ïðåäñòàâèì ïðàâóþ ÷àñòü ôîðìóëû (1.23) â âèäå

1

2




∫ ∫

E2\Γδ

ϕ(x1, x2)

γ(x1, x2) + ih
dx1dx2 +

∫ ∫

E2\Γδ

ϕ(x1, x2)

γ(x1, x2)− ih
dx1dx2+

+
∫ ∫

Γδ

ϕ(x1, x2)


 1

γ(x1, x2) + ih
+

1

γ(x1, x2)− ih


 dx1dx2


 .

Ðàññìîòðèì ðàçíîñòü
∣∣∣∣∣∣∣∣




∫ ∫

E2\Γδ

ϕ(x1, x2)

γ(x1, x2)
dx1dx2 − F1(δ)

δr−1


−

−1

2




∫ ∫

E2\Γδ

ϕ(x1, x2)


 1

γ(x1, x2) + ih
+

1

γ(x1, x2)− ih


 dx1dx2+

+
∫ ∫

Γδ

ϕ(x1, x2)


 1

γ(x1, x2) + ih
+

1

γ(x1, x2)− ih


 dx1dx2




∣∣∣∣∣∣∣
.

Ïðè ñäåëàííûõ âûøå ïðåäïîëîæåíèÿõ âíà÷àëå îöåíèì âûðàæåíèå
∣∣∣∣∣∣∣

∫ ∫

Γδ

ϕ(x1, x2)


 1

γ(x1, x2) + ih
+

1

γ(x1, x2)− ih


 dx1dx2

∣∣∣∣∣∣∣
≤ A

δr−1 ≤

≤ A

h(r−1)/2r .

Òàê êàê âûðàæåíèÿ
F1(δ)

δr−1 ,
A)

h(r−1)/2r

ïîäáèðàþòñÿ òàêèì îáðàçîì, ÷òîáû ñîîòâåòñòâóþùèå ïðåäåëû áûëè êî-
íå÷íû, òî äëÿ äîêàçàòåëüñòâà ýêâèâàëåíòíîñòè ôîðìóë (1.21) è (1.23)
äîñòàòî÷íî äîêàçàòü ñïðàâåäëèâîñòü ôîðìóëû

lim
h→0

∣∣∣∣∣∣∣∣

∫ ∫

E2\Γδ

ϕ(x1, x2)


 1

γ(x1, x2)
−
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−1

2


 1

γ(x1, x2) + ih
+

1

γ(x1, x2)− ih





 dx1dx2

∣∣∣∣∣∣ = 0.

Â ñàìîì äåëå, ∣∣∣∣∣∣∣∣

∫ ∫

E2\Γδ

ϕ(x1, x2)


 1

γ(x1, x2)
−

−1

2


 1

γ(x1, x2) + ih
+

1

γ(x1, x2)− ih





 dx1dx2

∣∣∣∣∣∣ ≤

≤
∫ ∫

E2\Γδ

h2ϕ(x1, x2)dx1dx2

γ(x1, x2)(γ2(x1, x2) + h2)
≤

≤ Ah
∫ ∫

E2\Γδ

hdx1dx2

γ3(x1, x2)
≤ Ah

∫ ∫

E2\Γδ

dx1dx2

γ2(x1, x2)
≤

≤ Ahδ−(2r−1) ≤ Aδ.

Èç ïîëó÷åííûõ ñîîòíîøåíèé ñëåäóåò, ÷òî ñïîñîáû âû÷èñëåíèÿ èíòå-
ãðàëà (1.20) ïî ôîðìóëàì (1.21) è (1.23) ýêâèâàëåíòíû.

Çàìå÷àíèå. Äàííîå âûøå îïðåäåëåíèå ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ
(ñì. îïðåäåëåíèå 1.16) ìîæåò áûòü ïåðåíåñåíî íà ìíîãîìåðíûå ñèíãóëÿð-
íûå èíòåãðàëû. Ýòî ïîçâîëÿåò ââåñòè îïðåäåëåíèå ìíîãîìåðíûõ ñèíãó-
ëÿðíûõ èíòåãðàëîâ, íå èñïîëüçóþùåå ïîíÿòèÿ õàðàêòåðèñòèêè è íå òðå-
áóþùåå âûïîëíåíèÿ äîñòàòî÷íî æåñòêîãî óñëîâèÿ ñóùåñòâîâàíèÿ ìíî-
ãîìåðíûõ ñèíãóëÿðíûõ èíòåãðàëîâ.

Íàïîìíèì êëàññè÷åñêîå îïðåäåëåíèå ìíîãîìåðíûõ ñèíãóëÿðíûõ èí-
òåãðàëîâ [59], îãðàíè÷èâøèñü äëÿ ïðîñòîòû îáîçíà÷åíèé äâóìåðíûì ñëó-
÷àåì.

Ïóñòü Ω̄− îáëàñòü â E2. Îáëàñòü Ω̄ ìîæåò áûòü êàê êîíå÷íîé, òàê è
áåñêîíå÷íîé.

Îïðåäåëåíèå 1.18 [59]. Ìíîãîìåðíûé ñèíãóëÿðíûé èíòåãðàë

Mϕ =
∫

Ω̄

f(θ, t, τ)ϕ(τ)

r2(t, τ)
dτ1dτ2, t ∈ Ω, (1.24)

îïðåäåëÿåòñÿ ôîðìóëîé

Mϕ = lim
ε→0

∫

Ω̄\S(t,ε)

f(θ, t, τ)ϕ(τ)

r2(t, τ)
dτ1dτ2, t ∈ Ω,
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ãäå S(t, ε)− êðóã ðàäèóñà ε ñ öåíòðîì â òî÷êå t, t = (t1, t2), r
2(t, τ) =

=
∑2
k=1(tk − τk)

2, θ = (t− τ)/r(t, τ).
Íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå ñóùåñòâîâàíèÿ èíòåãðàëà (1.24)

çàêëþ÷àåòñÿ â âûïîëíåíèè ðàâåíñòâà
∫

S

f


 t− τ

r(t, τ)
, t, τ


 ds = 0

â êàæäîé âíóòðåííåé òî÷êå îáëàñòè Ω̄. Çäåñü S− åäèíè÷íàÿ îêðóæíîñòü
ñ öåíòðîì â òî÷êå t, êîòîðóþ ïðîáåãàåò òî÷êà Θ, Θ = (t− τ)/r(t, τ).

Ðàññìîòðèì òåïåðü ìíîãîìåðíûé ñèíãóëÿðíûé èíòåãðàë

Mϕ =
∫

Ω

ϕ(τ)

r2(t, τ)
dτ, t ∈ Ω̄,

â êîòîðîì íå èñïîëüçóåòñÿ ïîíÿòèå õàðàêòåðèñòèêè.
Ïóñòü t− ïðîèçâîëüíàÿ òî÷êà, ëåæàùàÿ â îáëàñòè Ω̄. Îáîçíà÷èì ÷åðåç

S(t, ε) êðóã ðàäèóñà ε ñ öåíòðîì â òî÷êå t, ðàñïîëîæåííûé â ïëîñêîñòè
E2, à ÷åðåç S∗(t, ε)− ïåðåñå÷åíèå êðóãà S(t, ε) ñ îáëàñòüþ Ω.

Îïðåäåëåíèå 1.19. Ìíîãîìåðíûì ñèíãóëÿðíûì èíòåãðàëîìMϕ íà-
çûâàåòñÿ ïðåäåë ïðè ε→ 0 âûðàæåíèÿ

Mϕ = lim
ε→0




∫

Ω̄\S∗(t,ε)

ϕ(τ)

r2(t, τ)
dτ − F (ε) ln ε


 ,

ãäå íà ôóíêöèþ F (ε) íàëàãàþòñÿ ñëåäóþùèå óñëîâèÿ:
1) ôóíêöèÿ F (ε) óäîâëåòâîðÿåò óñëîâèþ Ãåëüäåðà;
2) ïðåäåë ñóùåñòâóåò è íå çàâèñèò îò ôóíêöèè F (ε).
Äàííîå âûøå îïðåäåëåíèå ïîçâîëÿåò ðàññìàòðèâàòü ìíîãîìåðíûå ñèí-

ãóëÿðíûå èíòåãðàëû ïðè çíà÷åíèÿõ t, ëåæàùèõ íà ãðàíèöå îáëàñòè Ω̄.
Çàêàí÷èâàÿ ýòîò ðàçäåë, áîëåå ïîäðîáíî îñòàíîâèìñÿ íà îïðåäåëåíèÿõ

ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ â ñëó÷àå, êîãäà îñîáàÿ òî÷êà ëåæèò íà
ãðàíèöå îáëàñòè. Ïðè ýòîì áóäåì ñëåäîâàòü ðàáîòå [29].

Äëÿ ïðîñòîòû îáîçíà÷åíèé â ýòîì è ñëåäóþùèõ ðàçäåëàõ áóäåì ðàñ-
ñìàòðèâàòü áèãèïåðñèíãóëÿðíûå èíòåãðàëû. Èç ïðèâåäåííûõ íèæå îïðå-
äåëåíèé è ôîðìóë ñëåäóåò, ÷òî îíè ëåãêî ðàñïðîñòðàíÿþòñÿ íà ïîëèãè-
ïåðñèíãóëÿðíûå èíòåãðàëû ëþáîé êîíå÷íîé ðàçìåðíîñòè.

Ðàññìîòðèì èíòåãðàë

Bf =
1∫

0

1∫

0

f (τ1, τ2) dτ1dτ2
τ p1
1 τ

p2
2

. (1.25)
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Ïóñòü ôóíêöèÿ f (t1, t2) ∈ W r1, r2 (1), ãäå r1 ≥ p1, r2 ≥ p2, p1 ≥ 2,
p2 ≥ 2.

Ââåäåì îáîçíà÷åíèÿ: Ω = [0, 1]2, Ωη = [η, 1]2, ãäå η (η > 0)− äîñòà-
òî÷íî ìàëîå âåùåñòâåííîå ÷èñëî.

Îïðåäåëåíèå 1.20 [29]. Êîíå÷íîé ÷àñòüþ èíòåãðàëà Bf íàçûâàåòñÿ
ïðåäåë

Bf =
1∫

0

1∫

0

f (τ1, τ2) dτ1dτ2
τ p1
1 τ

p2
2

=

= lim
η→0




∫∫

Ωη

f (τ1, τ2) dτ1dτ2
τ p1
1 τ

p2
2

− g (η)

ηp1+p2−2 − g1(η) ln |η| − g2(η) ln2 η


 , (1.26)

ãäå g(η), g1(η), g2(η)− ôóíêöèè, óäîâëåòâîðÿþùèå ñëåäóþùèì óñëîâèÿì:
1) ïðåäåë ñóùåñòâóåò;
2) ôóíêöèÿ g (η) èìååò, ïî êðàéíåé ìåðå, p1 + p2 − 1 ïðîèçâîäíóþ â

îêðåñòíîñòè íóëÿ;
3) ôóíêöèè g1(η), g2(η), ïî êðàéíåé ìåðå, óäîâëåòâîðÿþò óñëîâèþ Äèíè�

Ëèïøèöà.
Ðàññìîòðèì èíòåãðàë

Df =
1∫

0

1∫

0

f (τ1, τ2) dτ1dτ2

(τ 2
1 + τ 2

2 )
p/2 .

Ïóñòü η (η > 0)− äîñòàòî÷íî ìàëîå âåùåñòâåííîå ÷èñëî. Ââåäåì îáî-
çíà÷åíèå Ωη = [η, 1]× [η, 1] .

Îïðåäåëåíèå 1.21 [29]. Êîíå÷íîé ÷àñòüþ èíòåãðàëà Df íàçûâàåòñÿ
ïðåäåë

Df =
1∫

0

1∫

0

f (τ1, τ2) dτ1dτ2

(τ 2
1 + τ 2

2 )
p/2 = lim

η→0




∫∫

Ωη

f (τ1, τ2) dτ1dτ2

(τ 2
1 + τ 2

2 )
p/2 − g (η)

ηp−2−

−g1(η) ln |τ | − g2(η) ln2 |τ |] , (1.27)

ãäå g (η) g1(η), g2(η) � ôóíêöèè, óäîâëåòâîðÿþùèå ñëåäóþùèì óñëîâèÿì:
1) ïðåäåë (1.27) ñóùåñòâóåò;
2) ôóíêöèÿ g (η) èìååò ïðîèçâîäíûå, ïî êðàéíåé ìåðå, äî (p− 1)-ãî

ïîðÿäêà â îêðåñòíîñòè íóëÿ;
3) ôóíêöèè gi(t)(i = 1, 2) óäîâëåòâîðÿþò óñëîâèþ Ãåëüäåðà Hα ïðè

0 < α ≤ 1.
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Â ðÿäå ñëó÷àåâ óäîáíûì ÿâëÿåòñÿ ñëåäóþùåå îïðåäåëåíèå. Ïóñòü Ω∗
η =

= Ω\R (0, η), ãäå R (0, η) � êðóã ðàäèóñà η ñ öåíòðîì â íà÷àëå êîîðäèíàò.
Îïðåäåëåíèå 1.22 [29]. Êîíå÷íîé ÷àñòüþ èíòåãðàëà Df íàçûâàåòñÿ

ïðåäåë

Df =
1∫

0

1∫

0

f (τ1, τ2) dτ1dτ2

(τ 2
1 + τ 2

2 )
p/2 =

= lim
η→0




∫∫

Ω∗η

f (τ1, τ2) dτ1dτ2

(τ 2
1 + τ 2

2 )
p/2 − g (η)

ηp−2 − g1(η) ln η


 . (1.28)

Çäåñü íà ôóíêöèè g (η) , g1(η) íàëàãàþòñÿ ñëåäóþùèå óñëîâèÿ:
1) ïðåäåë (1.28) ñóùåñòâóåò;
2) ôóíêöèÿ g (η) èìååò ïðîèçâîäíûå, ïî êðàéíåé ìåðå, äî (p− 1)-ãî

ïîðÿäêà â îêðåñòíîñòè íóëÿ;
3) ôóíêöèÿ g1(η) óäîâëåòâîðÿåò óñëîâèÿì Äèíè − Ëèïøèöà.
Äîêàæåì ýêâèâàëåíòíîñòü äâóõ ïîñëåäíèõ îïðåäåëåíèé. Äëÿ ýòîãî äî-

ñòàòî÷íî ïîêàçàòü, ÷òî
∣∣∣∣∣∣∣

∫∫

G

f (τ1, τ2) dτ1dτ2

(τ 2
1 + τ 2

2 )
p/2

∣∣∣∣∣∣∣
= O

(
1

ηp−2

)
, G = Ωη \ Ω∗

η.

Íåòðóäíî âèäåòü, ÷òî
∣∣∣∣∣∣∣

∫∫

G

f (τ1, τ2) dτ1dτ2

(τ 2
1 + τ 2

2 )
p/2

∣∣∣∣∣∣∣
≤

∫∫

G1

|f (τ1, τ2)| dτ1dτ2
(τ 2

1 + τ 2
2 )
p/2 ≤M

∫∫

G1

dτ1dτ2

(τ 2
1 + τ 2

2 )
p/2 ≤

≤Mπ
ρ2−p

2− p

∣∣∣∣∣∣

√
2η

η

=
Mπ

p− 2

(
1

ηp−2 −
1

2(p−2)/2ηp−2

)
=

A

ηp−2 ,

ãäå G1 = R
(
0,
√

2η
) \R (0, η).

Òàêèì îáðàçîì, ýêâèâàëåíòíîñòü îïðåäåëåíèé 1.21 è 1.22 äîêàçàíà.
Ðàññìîòðèì ãèïåðñèíãóëÿðíûé èíòåãðàë

Ef =
∫∫

∆

f (τ1, τ2) dτ1dτ2

(τ 2
1 + τ 2

2 )
p/2 ,

ãäå ∆ � òðåóãîëüíèê ABC ñ âåðøèíàìè â òî÷êàõ A (0, 0), B (b, 0),
C (c, d), 0 < c ≤ b, 0 < d. Äëÿ îïðåäåëåííîñòè áóäåì ðàññìàòðèâàòü
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ïðÿìîóãîëüíûé òðåóãîëüíèê ñ ïðÿìûì óãëîì â òî÷êå B. Ýòî îáñòîÿ-
òåëüñòâî, â ñâÿçè ñî ñâîéñòâîì àääèòèâíîñòè ïî îáëàñòè èíòåãðèðîâàíèÿ
ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ, íå íàëàãàåò íèêàêèõ îãðàíè÷åíèé íà ðàñ-
ñìàòðèâàåìûå èíòåãðàëû.

Ïóñòü 0 < b1 < b. Îáîçíà÷èì ÷åðåç ∆η A1B1C1 òðåóãîëüíèê, ïîäîá-
íûé òðåóãîëüíèêó ∆ABC, ñ âåðøèíàìè â òî÷êàõ A1 (0, 0), B1 (b1, 0),
C1 (b1, d1) , ïåðèìåòð êîòîðîãî ðàâåí η.

Îïðåäåëåíèå 1.23. Ïóñòü f (t1, t2) ∈ Cr
2 (1), r ≥ p. Êîíå÷íîé ÷àñòüþ

èíòåãðàëà Ef íàçûâàåòñÿ ïðåäåë

Ef =
∫∫

∆

f (τ1, τ2) dτ1dτ2

(τ 2
1 + τ 2

2 )
p/2 =

= lim
η→0




∫∫

∆1

f (τ1, τ2) dτ1dτ2

(τ 2
1 + τ 2

2 )
p/2 − g (η)

ηp−2 − g1(η) ln η


 , (1.29)

ãäå ∆1 = ∆\∆η A1B1C1. Íà ôóíêöèè g (η) , g1(η) íàëàãàþòñÿ ñëåäóþùèå
óñëîâèÿ:

1) â âûðàæåíèè (1.29) ïðåäåë ñóùåñòâóåò;
2) ôóíêöèÿ g (η) èìååò ïðîèçâîäíûå, ïî êðàéíåé ìåðå, äî (p− 1)-ãî

ïîðÿäêà â îêðåñòíîñòè íóëÿ;
3) ôóíêöèÿ g1(η) óäîâëåòâîðÿåò óñëîâèÿì Äèíè − Ëèïøèöà.
Çàìå÷àíèå. Â ñëó÷àå, åñëè äëÿ ìíîãîìåðíûõ ñèíãóëÿðíûõ èíòåãðà-

ëîâ èñïîëüçóåòñÿ îïðåäåëåíèå 1.15, òî ðåçóëüòàòû, èçëîæåííûå â êíèãå,
ðàñïðîñòðàíÿþòñÿ è íà ìíîãîìåðíûå ñèíãóëÿðíûå èíòåãðàëû.

2. Ïîñòàíîâêà çàäà÷è ïîñòðîåíèÿ îïòèìàëüíûõ àëãîðèòìîâ
âû÷èñëåíèÿ ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ

Ïîñòàíîâêà çàäà÷è ïîñòðîåíèÿ îïòèìàëüíûõ êâàäðàòóðíûõ è êóáà-
òóðíûõ ôîðìóë âû÷èñëåíèÿ ñèíãóëÿðíûõ èíòåãðàëîâ èçëîæåíà â ïåðâîé
÷àñòè äàííîé êíèãè. Íèæå èçëàãàåòñÿ ïîñòàíîâêà çàäà÷è ïîñòðîåíèÿ îï-
òèìàëüíûõ êâàäðàòóðíûõ è êóáàòóðíûõ ôîðìóë âû÷èñëåíèÿ ãèïåðñèí-
ãóëÿðíûõ èíòåãðàëîâ ðàçëè÷íûõ âèäîâ.

Ïîñòàíîâêà çàäà÷è ïîñòðîåíèÿ îïòèìàëüíûõ êâàäðàòóðíûõ ôîðìóë
ïðèíàäëåæèò À. Í. Êîëìîãîðîâó .

Â äàëüíåéøåì Í. Ñ. Áàõâàëîâ [4] ñôîðìóëèðîâàë çàäà÷ó ïîñòðîåíèÿ
îïòèìàëüíûõ, àñèìïòîòè÷åñêè îïòèìàëüíûõ è îïòèìàëüíûõ ïî ïîðÿäêó
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àëãîðèòìîâ ðåøåíèÿ çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè, èç êîòîðîé ñëåäî-
âàëà ïîñòàíîâêà çàäà÷è ïîñòðîåíèÿ îïòèìàëüíûõ, àñèìïòîòè÷åñêè îïòè-
ìàëüíûõ è îïòèìàëüíûõ ïî ïîðÿäêó êâàäðàòóðíûõ ôîðìóë.

Âíà÷àëå äàäèì îïðåäåëåíèÿ îïòèìàëüíûõ, àñèìïòîòè÷åñêè îïòèìàëü-
íûõ è îïòèìàëüíûõ ïî ïîðÿäêó êâàäðàòóðíûõ ôîðìóë âû÷èñëåíèÿ ãè-
ïåðñèíãóëÿðíûõ èíòåãðàëîâ (èíòåãðàëîâ Àäàìàðà) ñ ôèêñèðîâàííîé îñî-
áåííîñòüþ. Îñòàíîâèìñÿ íà èíòåãðàëå

Jϕ =
1∫

−1

ϕ(τ)

τ p
dτ, p = 2, 3, . . . , (2.1)

êîòîðûé áóäåì âû÷èñëÿòü ïî êâàäðàòóðíîé ôîðìóëå

Jϕ =
N∑

k=1

ρ∑

l=0
pklϕ

(l)(sk) +RN(sk, pkl, ϕ) (2.2)

ñ óçëàìè sk è êîýôôèöèåíòàìè pkl, k = 1, 2, . . . , N, l = 0, 1, . . . , ρ, ãäå
0 ≤ ρ, ρ− ôèêñèðîâàííîå öåëîå ÷èñëî, îïðåäåëÿåìîå ãëàäêîñòüþ êëàññà
ôóíêöèé, ê êîòîðîìó ïðèíàäëåæèò ϕ(τ). Çäåñü |RN(sk, pkl, ϕ)|− ïîãðåø-
íîñòü êâàäðàòóðíîé ôîðìóëû (ê.ô.) (2.2).

Åñëè Ψ− íåêîòîðûé êëàññ çàäàííûõ íà ñåãìåíòå [−1, 1] ôóíêöèé, òî
ïîëîæèì

RN(sk, pkl,Ψ) = sup
ϕ∈Ψ

|RN(sk, pkl, ϕ)|.

×åðåç ζN [Ψ] îáîçíà÷èì âåëè÷èíó ζN [Ψ] = inf
(sk,pkl)

RN(sk, pkl,Ψ), â êîòî-
ðîé íèæíÿÿ ãðàíü áåðåòñÿ ïî âñåâîçìîæíûì N óçëàì sk è êîýôôèöèåí-
òàì pkl, k = 1, 2, . . . , N, l = 0, 1, . . . , ρ.

Êâàäðàòóðíóþ ôîðìóëó (2.2), ïîñòðîåííóþ íà óçëàõ s∗k è âåñàõ p∗kl
(k = 1, 2, . . . , N , l = 0, 1, . . . , ρ), áóäåì íàçûâàòü îïòèìàëüíîé, àñèìïòî-
òè÷åñêè îïòèìàëüíîé, îïòèìàëüíîé ïî ïîðÿäêó, åñëè

RN (s∗k, p
∗
kl,Ψ)

ζN [Ψ]
= 1, lim

N→∞
RN (s∗k, p

∗
kl,Ψ)

ζN [Ψ]
= 1,

RN (s∗k, p
∗
kl,Ψ) ³ ζN [Ψ]

ñîîòâåòñòâåííî. Çíàê ³ (ñëàáàÿ ýêâèâàëåíòíîñòü) îçíà÷àåò, ÷òî èìåþòñÿ
äâå êîíñòàíòû A è B (0 < A,B <∞), íå çàâèñÿùèå îò N è òàêèå, ÷òî

AζN [Ψ] < RN (s∗k, p
∗
kl,Ψ) < BζN [Ψ].
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Â ïðèìåíåíèè ê ãèïåðñèíãóëÿðíûì èíòåãðàëàì ñ ïåðåìåííîé îñîáåí-
íîñòüþ çàäà÷à ïîñòðîåíèÿ îïòèìàëüíûõ êâàäðàòóðíûõ ôîðìóë çàêëþ-
÷àåòñÿ â ñëåäóþùåì. Ðàññìîòðèì èíòåãðàë

Aϕ =
b∫

a

ϕ(τ) dτ

(τ − t)p
, a ≤ t ≤ b, p− öåëîå, (2.3)

êîòîðûé áóäåì âû÷èñëÿòü ïî êâàäðàòóðíîé ôîðìóëå

Aϕ =
N∑

k=1

ρ∑

l=0
ϕ(l)(sk)pkl(t) +RN (t, sk, pkl(t), ϕ) (2.4)

ñ óçëàìè sk è âåñàìè pkl(t) (k = 1, 2, . . . , N , l = 0, 1, . . . , ρ,), ãäå ρ−
ôèêñèðîâàííîå íåîòðèöàòåëüíîå öåëîå ÷èñëî, îïðåäåëÿåìîå ãëàäêîñòüþ
êëàññà ôóíêöèé, ê êîòîðîìó ïðèíàäëåæèò ϕ(t).

Ïîä ïîãðåøíîñòüþ êâàäðàòóðíîé ôîðìóëû (2.4) áóäåì ïîíèìàòü âå-
ëè÷èíó

RN(sk, pkl, ϕ) = sup
t
|RN(t, sk, pkl(t), ϕ)|.

Åñëè Ψ � íåêîòîðûé êëàññ çàäàííûõ íà ñåãìåíòå [a, b] ôóíêöèé, òî
ïîëîæèì

RN(sk, pkl,Ψ) = sup
ϕ∈Ψ

|RN(sk, pkl, ϕ)|.

×åðåç ζN [Ψ] îáîçíà÷èì âåëè÷èíó

ζN [Ψ] = inf
(sk,pkl)

RN(sk, pkl,Ψ),

â êîòîðîé íèæíÿÿ ãðàíü áåðåòñÿ ïî âñåâîçìîæíûì N óçëàì sk è âåñàì
pkl(t) (k = 1, 2, . . . , N, l = 0, 1, . . . , ρ). Êâàäðàòóðíóþ ôîðìóëó (2.4), ïî-
ñòðîåííóþ íà óçëàõ s∗k è âåñàõ p∗kl(t) (k = 1, 2, . . . , N , l = 0, 1, . . . , ρ),
áóäåì íàçûâàòü îïòèìàëüíîé, àñèìïòîòè÷åñêè îïòèìàëüíîé, îïòèìàëü-
íîé ïî ïîðÿäêó, åñëè

RN (s∗k, p
∗
kl,Ψ)

ζN [Ψ]
= 1, lim

N→∞
RN (s∗k, p

∗
kl,Ψ)

ζN [Ψ]
= 1,

RN (s∗k, p
∗
kl,Ψ) ³ ζN [Ψ]

ñîîòâåòñòâåííî.
Çàìå÷àíèå. Âî ìíîãèõ ðàáîòàõ ïî ÷èñëåííîìó àíàëèçó äëÿ îïðåäå-

ëåíèÿ ýôôåêòèâíîñòè àëãîðèòìîâ èñïîëüçóåòñÿ êîíñòàíòà Ïåàíî. Â ðà-
áîòå [81] îòìå÷àåòñÿ åå âàæíàÿ ðîëü â êëàññè÷åñêîé òåîðèè ÷èñëåííûõ
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ìåòîäîâ.Â ñëó÷àå âû÷èñëåíèÿ ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ êîíñòàíòà
Ïåàíî îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì.

Ïóñòü Ψ = W r(1), ãäå W r(1)− ìíîæåñòâî îïðåäåëåííûõ íà ñåãìåíòå
[a, b] ôóíêöèé, èìåþùèõ íåïðåðûâíûå ïðîèçâîäíûå äî (r−1)-ãî ïîðÿäêà
è êóñî÷íî-íåïðåðûâíóþ ïðîèçâîäíóþ r-ãî ïîðÿäêà, óäîâëåòâîðÿþùóþ
íåðàâåíñòâó ‖f (r)(t)‖C[a,b] = 1.

Ðàññìîòðèì èíòåãðàë (2.1) ñ ïîäûíòåãðàëüíîé ôóíêöèåé ϕ ∈ W r(1),
êîòîðûé áóäåì âû÷èñëÿòü ïî êâàäðàòóðíîé ôîðìóëå

JNϕ =
N∑

k=1

ρ∑

l=0
pklϕ

(l)(tk),

0 ≤ ρ ≤ r, c ôèêñèðîâàííûì íàáîðîì óçëîâ tk, k = 1, 2, . . . , N, è êîýô-
ôèöèåíòîâ pkl, k = 1, 2, . . . , N, l = 0, 1, . . . , ρ.

Íàèìåíüøàÿ êîíñòàíòà c, îïðåäåëÿåìàÿ íåðàâåíñòâîì

|Jϕ− JNϕ| ≤ c‖ϕ(r)‖C[−1,1],

íàçûâàåòñÿ êîíñòàíòîé Ïåàíî.
Î÷åâèäíî, ôóíêöèîíàë RN(tk, pkl,Ψ), Ψ = W r(1) ýêâèâàëåíòåí êîí-

ñòàíòå Ïåàíî.
Èç ñðàâíåíèÿ îïðåäåëåíèé êîíñòàíò Ïåàíî è îïòèìàëüíûõ, àñèìïòî-

òè÷åñêè îïòèìàëüíûõ, îïòèìàëüíûõ ïî ïîðÿäêó êâàäðàòóðíûõ ôîðìóë
ñëåäóåò, ÷òî êîíñòàíòû Ïåàíî îïðåäåëÿþò òî÷íîñòü îïòèìàëüíûõ ïî ïî-
ðÿäêó êâàäðàòóðíûõ ôîðìóë ïðè ôèêñèðîâàííûõ óçëàõ è êîýôôèöèåí-
òàõ.

Îòìåòèì òàêæå, ÷òî êîíñòàíòà Ïåàíî ìîæåò áûòü îïðåäåëåíà äëÿ
ìíîãîìåðíûõ èíòåãðàëîâ Àäàìàðà.

Â äàííîé êíèãå ñòðîÿòñÿ àñèìïòîòè÷åñêè îïòèìàëüíûå, îïòèìàëüíûå
ïî ïîðÿäêó êâàäðàòóðíûå è êóáàòóðíûå ôîðìóëû âû÷èñëåíèÿ ãèïåðñèí-
ãóëÿðíûõ èíòåãðàëîâ ñ ôèêñèðîâàííûìè îñîáåííîñòÿìè è îïòèìàëüíûå
ïî ïîðÿäêó êâàäðàòóðíûå è êóáàòóðíûå ôîðìóëû âû÷èñëåíèÿ îäíîìåð-
íûõ è ìíîãîìåðíûõ ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ ñ ïåðåìåííûìè îñî-
áåííîñòÿìè. Òàêèì îáðàçîì, çíà÷åíèÿ êîíñòàíòû Ïåàíî äëÿ ðàçëè÷íûõ
òèïîâ ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ è ðàçëè÷íûõ êëàññîâ ôóíêöèé ñëå-
äóþò èç îöåíîê ïîãðåøíîñòè îïòèìàëüíûõ êâàäðàòóðíûõ ôîðìóë.

Ïîñòàíîâêó çàäà÷è â ñëó÷àå ïîëèãèïåðñèíãóëÿðíûõ èíòåãðàëîâ îïè-
øåì íà ïðèìåðå ãèïåðñèíãóëÿðíîãî èíòåãðàëà ñëåäóþùåãî âèäà:
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Bϕ =
1∫

−1

1∫

−1

ϕ(τ1, τ2)dτ1dτ2
τ p1
1 τ

p2
2

, (2.5)

p1, p2 = 2, 3, . . . , êîòîðûé áóäåì âû÷èñëÿòü ïî êóáàòóðíîé ôîðìóëå

Bϕ =
n1∑

k1=1

n2∑

k2=1

ρ1∑

l1=0

ρ2∑

l2=0
pk1k2l1l2ϕ

(l1,l2)(sk1
, sk2

)+

+Rn1n2
(sk1

, sk2
, pk1k2l1l2, ϕ), (2.6)

ãäå ρ1, ρ2 − íåîòðèöàòåëüíûå öåëûå ÷èñëà, îïðåäåëÿåìûå ãëàäêîñòüþ
ôóíêöèè ϕ(t1, t2); ϕ

(l1,l2)(t1, t2) = ∂l1+l2ϕ(t1, t2)/(∂t
l1
1 ∂t

l2
1 ); pk1k2l1l2, 1 ≤ ki ≤

≤ ni, 0 ≤ li ≤ ρi, i = 1, 2,− êîýôôèöèåíòû, à (sk1
, sk2

), −1 ≤ ski
≤ 1,

i = 1, 2− óçëû êóáàòóðíîé ôîðìóëû.
Ïîä ïîãðåøíîñòüþ êóáàòóðíîé ôîðìóëû ïîíèìàåòñÿ âåëè÷èíà

|Rn1n2
(sk1

, sk2
, pk1k2l1l2, ϕ)|.

Åñëè Ψ− íåêîòîðûé êëàññ ôóíêöèé, òî ïîä Rn1n2
(sk1

, sk2
, pk1k2l1l2,Ψ)

ïîíèìàåòñÿ âåëè÷èíà

Rn1n2
(sk1

, sk2
, pk1k2l1l2,Ψ) = sup

ϕ∈Ψ
|Rn1n2

(sk1
, sk2

, pk1k2l1l2, ϕ)|.

Ââåäåì ôóíêöèîíàë

ζn1n2
[Ψ] = inf

sk1
,sk2

,pk1k2l1l2

Rn1n2
(sk1

, sk2
, pk1k2l1l2,Ψ).

Êóáàòóðíóþ ôîðìóëó (2.6), ïîñòðîåííóþ íà âåêòîðàõ (s∗k1
, s∗k2

; p∗k1k2l1l2
),

áóäåì íàçûâàòü îïòèìàëüíîé, àñèìïòîòè÷åñêè îïòèìàëüíîé, îïòèìàëü-
íîé ïî ïîðÿäêó, åñëè

Rmn

(
x∗k1
, x∗k2

; p∗k1k2l1l2
,Ψ

)

ζmn[Ψ]
= 1, lim

m→∞,n→∞
Rmn

(
x∗k1
, x∗k2

; p∗k1k2l1l2
,Ψ

)

ζmn[Ψ]
= 1,

Rmn

(
x∗k1
, x∗k2

; p∗k1k2l1l2
,Ψ

) ³ ζmn[Ψ].

Çàìå÷àíèå. Â âûðàæåíèè lim
m→∞,n→∞ = A ïðåäåë ïîíèìàåòñÿ â ñëåäó-

þùåì ñìûñëå: äëÿ ëþáîãî, êàê óãîäíî ìàëîãî ε(ε > 0) ñóùåñòâóåò òàêîå
N(N(ε)), ÷òî ïðè m ≥ N, n ≥ N

|Amn − A| < ε.
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Íàðÿäó ñ êóáàòóðíûìè ôîðìóëàìè (2.6) ÷àñòî èñïîëüçóþòñÿ êóáàòóð-
íûå ôîðìóëû âèäà

Bϕ =
N∑

k=1

ρ1∑

l1=0

ρ2∑

l2=0
pkl1l2ϕ

(l1,l2)(Mk) +RN(Mk, pkl1l2, ϕ), (2.7)

ãäå ρ1, ρ2− íåîòðèöàòåëüíûå öåëûå ÷èñëà; pkl1l2− êîýôôèöèåíòû, 1 ≤
≤ k ≤ N, 0 ≤ li ≤ ρi, i = 1, 2, à Mk, k = 1, 2, . . . , N− óçëû êóáàòóðíîé
ôîðìóëû, Mk = (xk, yk), −1 ≤ xk, yk ≤ 1, k = 1, 2, . . . , N.

Ïîä ïîãðåøíîñòüþ êóáàòóðíîé ôîðìóëû (2.7) ïîíèìàåòñÿ âåëè÷èíà

|RN(Mk, pkl1l2, ϕ)|.
Åñëè Ψ− íåêîòîðûé êëàññ ôóíêöèé, òî ïîä RN(Mk, pkl1l2,Ψ) ïîíèìà-

åòñÿ âåëè÷èíà

RN(Mk, pkl1l2,Ψ) = sup
ϕ∈Ψ

|RN(Mk, pkl1l2, ϕ)|.

Ââåäåì ôóíêöèîíàë

ζN [Ψ] = inf
pkl1l2

,Mk

RN(Mk, pkl1,l2,Ψ),

ãäå íèæíÿÿ ãðàíü áåðåòñÿ ïî âñåâîçìîæíûì êîýôôèöèåíòàì pkl1l2, k =
= 1, 2, . . . , N, 0 ≤ li ≤ ρi, i = 1, 2, è óçëàì Mk, k = 1, 2, . . . , N.

Àíàëîãè÷íûì îáðàçîì îïðåäåëÿþòñÿ îïòèìàëüíûå, àñèìïòîòè÷åñêè
îïòèìàëüíûå è îïòèìàëüíûå ïî ïîðÿäêó êóáàòóðíûå ôîðìóëû âû÷èñ-
ëåíèÿ ìíîãîìåðíûõ ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ ñ ôèêñèðîâàííûìè
îñîáåííîñòÿìè âèäà

1∫

−1

1∫

−1

ϕ(τ1, τ2)dτ1dτ2
(τ 2

1 + τ 2
2 )p/2

ïðè p = 3, 4, . . . .
Áèãèïåðñèíãóëÿðíûå èíòåãðàëû ñ ïåðåìåííûìè îñîáåííîñòÿìè

Iϕ =
b1∫

a1

b2∫

a2

ϕ(τ1, τ2)

(τ1 − t1)p1(τ2 − t2)p2
dτ1dτ2, ai ≤ ti ≤ bi, i = 1, 2, (2.8)

áóäåì âû÷èñëÿòü ïî êóáàòóðíûì ôîðìóëàì

Iϕ =
m∑

k=1

n∑

l=1

ρ1∑

i=0

ρ2∑

j=0
pklij(t1, t2)ϕ

(i,j)(xk, yl)+Rmn(t1, t2, xk, yl; pklij, ϕ), (2.9)
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îïðåäåëÿåìûì óçëàìè a1 ≤ x1 < x2 < . . . < xm ≤ b1, a2 ≤ y1 < y2 <

< . . . < yn ≤ b2 è êîýôôèöèåíòàìè pklij (1 ≤ k ≤ m, 1 ≤ l ≤ n,
i = 0, 1, . . . , ρ1, j = 0, 1, . . . , ρ2, ). Çíà÷åíèÿ ρi, i = 1, 2, îïðåäåëÿþòñÿ
ãëàäêîñòüþ ôóíêöèè ϕ.

Ïîä ïîãðåøíîñòüþ êóáàòóðíîé ôîðìóëû (2.9) áóäåì ïîíèìàòü âåëè-
÷èíó

Rmn(xk, yl; pklij, ϕ) = sup
t1,t2

|Rmn(t1, t2;xk.yl; pklij, ϕ)|.

Åñëè Ψ � íåêîòîðûé êëàññ çàäàííûõ íà ïðÿìîóãîëüíèêå [a1, b1; a2, b2]
ôóíêöèé, òî ïîëîæèì

Rmn(xk, yl; pklij,Ψ) = sup
ϕ∈Ψ

Rmn(xk, yl; pklij, ϕ).

×åðåç ζmn[Ψ] îáîçíà÷èì âåëè÷èíó

ζmn[Ψ] = inf
(k,l;klij)

Rmn(xk, yl; pklij,Ψ),

â êîòîðîé íèæíÿÿ ãðàíü áåðåòñÿ ïî âñåâîçìîæíûì âåêòîðàì (k, l; klij)
óçëîâ è âåñîâ (k = 1, 2, . . . ,m, l = 1, 2, . . . , n). Êóáàòóðíóþ ôîðìóëó
(2.9), ïîñòðîåííóþ íà âåêòîðàõ (x∗k, y

∗
l ; p

∗
klij), áóäåì íàçûâàòü îïòèìàëü-

íîé, àñèìïòîòè÷åñêè îïòèìàëüíîé, îïòèìàëüíîé ïî ïîðÿäêó, åñëè

Rmn

(
x∗k, y

∗
l ; p

∗
klij,Ψ

)

ζmn[Ψ]
= 1, ≡ 1,³ 1.

Èíòåãðàë Iϕ ìîæíî âû÷èñëÿòü ïî êóáàòóðíîé ôîðìóëå

Iϕ =
N∑

k=1
pk(t1, t2)ϕ(Mk) +RN(t1, t2,Mk, pk, ϕ), (2.10)

èñïîëüçóþùåé N çíà÷åíèé ïîäûíòåãðàëüíîé ôóíêöèè. Çäåñü Mk =
= (ζk, ηk) � óçëû êóáàòóðíîé ôîðìóëû (2.10), ïðè÷åì õàðàêòåð ðàñïî-
ëîæåíèÿ óçëîâ â ïðÿìîóãîëüíèêå [a1, b1; a2, b2] ïðîèçâîëüíûé. ×èñëîâûå
õàðàêòåðèñòèêè ïîãðåøíîñòè îïðåäåëÿþòñÿ ïî ôîðìóëàì

RN(Mk, pk, ϕ) = sup
t1,t2

|RN(t1, t2;Mk, pk, ϕ)|;

RN(Mk, pk,Ψ) = sup
ϕ∈Ψ

RN(Mk, pk, ϕ), ζN [Ψ] = inf
(Mk,pk)

RN(Mk, pk,Ψ).
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Êóáàòóðíàÿ ôîðìóëà (2.10), ïîñòðîåííàÿ íà âåêòîðàõ {M ∗
k , p

∗
k} óçëîâ

è êîýôôèöèåíòîâ íàçûâàåòñÿ îïòèìàëüíîé, àñèìïòîòè÷åñêè îïòèìàëü-
íîé, îïòèìàëüíîé ïî ïîðÿäêó, åñëè âûïîëíåíû ñîîòíîøåíèÿ

RN(M ∗
k , p

∗
k,Ψ)

ζN [Ψ]
= 1,∼ 1,³ 1.

Îïòèìàëüíûå, àñèìïòîòè÷åñêè îïòèìàëüíûå, îïòèìàëüíûå ïî ïîðÿä-
êó êóáàòóðíûå ôîðìóëû âû÷èñëåíèÿ ìíîãîìåðíûõ ãèïåðñèíãóëÿðíûõ
èíòåãðàëîâ

b∫

a

d∫

c

ϕ(τ1, τ2)dτ1dτ2
((τ1 − t1)2 + (τ2 − t2)2)p/2

, p > 2, (t1, t2) ∈ [a, b; c, d],

îïðåäåëÿåòñÿ òî÷íî òàê æå, êàê äëÿ èíòåãðàëîâ âèäà (2.8).
Çàìå÷àíèå 1.Àíàëîãè÷íûì îáðàçîì îïðåäåëÿþòñÿ îïòèìàëüíûå êâàä-

ðàòóðíûå è êóáàòóðíûå ôîðìóëû âû÷èñëåíèÿ ãèïåðñèíãóëÿðíûõ èíòå-
ãðàëîâ ñ íåöåëîé îñîáåííîñòüþ:

1∫

−1

ϕ(τ)

|τ |p+λdτ, p = 1, 2, . . . , 0 < λ ≤ 1,

1∫

−1

ϕ(τ)dτ

|τ − t|p+λ , p = 1, 2, . . . , 0 < λ ≤ 1,

1∫

−1

1∫

−1

ϕ(τ1, τ2)dτ1dτ2
|τ1 − t1|p1+λ1|τ2 − t2|p2+λ2

, p1, p2 = 1, 2, . . . , 0 < λ1, λ2 ≤ 1,

1∫

−1

1∫

−1

ϕ(τ1, τ2)dτ1dτ2
((τ1 − t1)2 + (τ2 − t2|2)p+λ , p = 1, 2, . . . , 0 < λ ≤ 1.

Çàìå÷àíèå 2. Îïðåäåëåíèå îïòèìàëüíûõ êóáàòóðíûõ ôîðìóë äëÿ âû-
÷èñëåíèÿ ïîëèãèïåðñèíãóëÿðíûõ èíòåãðàëîâ ïðèâåäåíî äëÿ ïðîñòîòû
îáîçíà÷åíèé íà ïðèìåðå äâóìåðíûõ èíòåãðàëîâ. Íåòðóäíî âèäåòü, ÷òî
âñå ýòè îïðåäåëåíèÿ ñïðàâåäëèâû äëÿ ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ ëþ-
áîé êîíå÷íîé êðàòíîñòè.

Ãèïåðñèíãóëÿðíûå èíòåãðàëû ñ ïåðåìåííîé îñîáåííîñòüþ ìîæíî ðàñ-
ñìàòðèâàòü êàê ôóíêöèè, îïðåäåëåííûå â îáëàñòè èçìåíåíèÿ ïàðàìåòðà
t â îäíîìåðíîì ñëó÷àå èëè ïàðàìåòðîâ (t1, t2) â äâóìåðíîì ñëó÷àå.
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Â ýòîì ñëó÷àå èíòåãðàë Aϕ, îïðåäåëåííûé ôîðìóëîé (2.3), áóäåì
ðàññìàòðèâàòü êàê ñîïðÿæåííóþ ôóíêöèþ, îïðåäåëåííóþ â îáëàñòè
(−∞, a)∪ (a, b)∪ (b,∞). Ýòó ôóíêöèþ áóäåì îáîçíà÷àòü ϕ̃(t). (Îòìåòèì,
÷òî åñëè ãèïåðñèíãóëÿðíûé èíòåãðàë áóäåì ïîíèìàòü â ñìûñëå îïðåäå-
ëåíèÿ 1.8, ïðèâåäåííîãî â ïðåäûäóùåì ðàçäåëå, òî ôóíêöèþ ϕ̃(t) ìîæíî
ðàññìàòðèâàòü â îáëàñòè (−∞,∞)).

Àíàëîãè÷íûì îáðàçîì ââîäÿòñÿ ñîïðÿæåííûå ôóíêöèè ϕ̃L(t1, t2) è
ϕ̃H(t1, t2), ïðåäñòàâèìûå èíòåãðàëàìè Lϕ è Hϕ. Ôóíêöèè ϕ̃L(t1, t2) è
ϕ̃H(t1, t2) îïðåäåëåíû â îáëàñòè Ω∗ = (−∞,∞)2\Γ, ãäå Γ = ∂Ω− ãðàíè-
öà îáëàñòè Ω = [a1, b1; a2, b2]. (Â ñëó÷àå, åñëè èñïîëüçóåòñÿ îïðåäåëåíèå
1.14, ôóíêöèÿ ϕ̃L(t1, t2) ñóùåñòâóåò â îáëàñòè (−∞,∞)2).

Â äàëüíåéøåì èç êîíòåêñòà áóäåò ÿñíî, êàêèì èíòåãðàëîì îïðåäåëÿ-
åòñÿ ñîïðÿæåííàÿ ôóíêöèÿ, è íèæíèé èíäåêñ â îáîçíà÷åíèÿõ ϕ̃L è ϕ̃H
áóäåò îïóñêàòüñÿ.

Çàìå÷àíèå 3. Â ñëó÷àå, åñëè ðàññìàòðèâàþòñÿ îäíîìåðíûå ãèïåðñèí-
ãóëÿðíûå èíòåãðàëû ñ íåöåëîé îñîáåííîñòüþ, òî ñîïðÿæåííàÿ ôóíêöèÿ
ϕ̃(t) îïðåäåëåíà â îáëàñòè (−∞,∞). Àíàëîãè÷íî, åñëè ðàññìàòðèâàþòñÿ
ïîëèãèïåðñèíãóëÿðíûå èëè ìíîãîìåðíûå ãèïåðñèíãóëÿðíûå èíòåãðàëû
ñ íåöåëûìè îñîáåííîñòÿìè, òî ñîîòâåòñòâóþùèå ñîïðÿæåííûå ôóíêöèè
îïðåäåëåíû â îáëàñòè (−∞,∞)l, ãäå l− ðàçìåðíîñòü èíòåãðàëà.

Èçëîæèì íà ïðèìåðå ãèïåðñèíãóëÿðíîãî èíòåãðàëàAϕ (ôîðìóëà (2.3))
ïîñòàíîâêó çàäà÷è ïîñòðîåíèÿ îïòèìàëüíîãî àëãîðèòìà àïïðîêñèìàöèè
ñîïðÿæåííûõ ôóíêöèé.

Ïóñòü èíòåãðàë (Aϕ)(t) ïðè t ∈ Ω âû÷èñëÿåòñÿ â ïðåäïîëîæåíèè,
÷òî ôóíêöèÿ ϕ(t) ∈ Ψ, ãäå Ψ− íåêîòîðîå ôóíêöèîíàëüíîå ìíîæåñòâî. Â
êà÷åñòâå ìíîæåñòâà Ω ìîæíî âçÿòü ñåãìåíò [a, b], èíòåðâàë (a, b), ìíîæå-
ñòâî òî÷åê (−∞, a) ∪ (b,∞) èëè âñþ ÷èñëîâóþ îñü (−∞,∞). Òðåáóåòñÿ,
çíàÿ çíà÷åíèÿ N ôóíêöèîíàëîâ îò ôóíêöèè ϕ ∈ Ψ, ïîñòðîèòü îïòèìàëü-
íûé àëãîðèòì àïïðîêñèìàöèè ñîïðÿæåííîé ôóíêöèè ϕ̃ = Aϕ, ϕ ∈ Ψ, íà
ìíîæåñòâå Ω.

Â äàííîé ðàáîòå ïîä çíà÷åíèÿìè N ôóíêöèîíàëîâ îò ôóíêöèè ϕ(t)
ìû áóäåì ïîíèìàòü N çíà÷åíèé ôóíêöèè ϕ(t).

Ðåøåíèå ñôîðìóëèðîâàííîé âûøå çàäà÷è ñîñòîèò èç ïÿòè ýòàïîâ:
1) ïîñòðîåíèå îïòèìàëüíîãî àëãîðèòìà âû÷èñëåíèÿ èíòåãðàëà Aϕ íà

êëàññå Ψ ïðè t ∈ Ω. (Â äàííîé ðàáîòå â êà÷åñòâå ýòîãî àëãîðèòìà ðàñ-
ñìàòðèâàþòñÿ êâàäðàòóðíûå ôîðìóëû);
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2) îïðåäåëåíèå ôóíêöèîíàëüíîãî ìíîæåñòâà Ψ̃, ê êîòîðîìó ïðèíàä-
ëåæàò ôóíêöèè ϕ̃(t) = (Aϕ)(t) ïðè t ∈ Ω, ϕ ∈ Ψ;

3) âû÷èñëåíèå ïîïåðå÷íèêîâ Áàáåíêî è Êîëìîãîðîâà ôóíêöèîíàëüíî-
ãî ìíîæåñòâà Ψ̃;

4) ïîñòðîåíèå ìåòîäà íàèëó÷øåãî ïðèáëèæåíèÿ ôóíêöèîíàëüíîãî ìíî-
æåñòâà Ψ̃, èìåþùåãî îöåíêó ïîãðåøíîñòè, ñîâïàäàþùóþ ñ âåëè÷èíîé
ïîïåðå÷íèêà. (Áóäåò ïîêàçàíî, ÷òî íàèëó÷øåå ïðèáëèæåíèå îñóùåñòâ-
ëÿåòñÿ ëîêàëüíûìè ñïëàéíàìè);

5) ïîñòðîåíèå îïòèìàëüíîãî àëãîðèòìà. Ýòî ïîñòðîåíèå çàêëþ÷àåòñÿ
â ñëåäóþùåì. Â óçëàõ ëîêàëüíîãî ñïëàéíà ϕ̃N(t), àïïðîêñèìèðóþùåãî
ñîïðÿæåííóþ ôóíêöèþ ϕ̃(t), ïî îïòèìàëüíûì êâàäðàòóðíûì ôîðìóëàì
âû÷èñëÿåòñÿ èíòåãðàë Aϕ. Çàòåì, èñïîëüçóÿ ïîëó÷åííûå çíà÷åíèÿ èíòå-
ãðàëà (Aϕ)(t) â óçëàõ ñïëàéíà ϕ̃N(t), ñòðîèòñÿ ñàì ñïëàéí ϕ̃N(t).

Ïðè ïîñòðîåíèè îïòèìàëüíîãî àëãîðèòìà âîññòàíîâëåíèÿ ñîïðÿæåí-
íûõ ôóíêöèé èñïîëüçóþòñÿ ïîïåðå÷íèêè Áàáåíêî è Êîëìîãîðîâà. Ïðè-
âåäåì îïðåäåëåíèÿ ýòèõ ïîïåðå÷íèêîâ.

Ïóñòü B− áàíàõîâî ïðîñòðàíñòâî, X ⊂ B− êîìïàêò, Π : X → X̄−
ïðåäñòàâëåíèå êîìïàêòà X ⊂ B êîíå÷íîìåðíûì ïðîñòðàíñòâîì X̄.

Îïðåäåëåíèå 2.1 [69]. Ïóñòü Ln− ìíîæåñòâî n-ìåðíûõ ëèíåéíûõ
ïîäïðîñòðàíñòâ ïðîñòðàíñòâà B. Âûðàæåíèå

dn(X,B) = inf
Ln

sup
x∈X

inf
u∈Ln

‖x− u‖,

ãäå ïîñëåäíèé inf áåðåòñÿ ïî âñåì ïîäïðîñòðàíñòâàì Ln ðàçìåðíîñòè n,
îïðåäåëÿåò n-ïîïåðå÷íèê Êîëìîãîðîâà.

Îïðåäåëåíèå 2.2 [69]. Ïóñòü χ− ìíîæåñòâî âñåõ n-ìåðíûõ ëè-
íåéíûõ ïîäïðîñòðàíñòâ ïðîñòðàíñòâà B,Map(X,χ)− ñîâîêóïíîñòü âñåõ
íåïðåðûâíûõ îòîáðàæåíèé âèäà Π : X → X̄, ãäå X̄ ∈ χ. Âûðàæåíèå

d′n(X,B) = inf
(Ln,Π)

sup
x∈X

‖x− Π(x)‖,

ãäå inf áåðåòñÿ ïî âñåâîçìîæíûì ïàðàì (Ln,Π), ñîñòîÿùèì èç n-ìåðíîãî
ëèíåéíîãî ïðîñòðàíñòâà Ln ⊂ B è íåïðåðûâíîãî îòîáðàæåíèÿ Π : X →
→ Ln, îïðåäåëÿåò ëèíåéíûé n-ïîïåðå÷íèê Êîëìîãîðîâà.

Îïðåäåëåíèå 2.3 [69]. Ïóñòü χ ∈ Rn. Âûðàæåíèå

δn(X) = inf
(Π:X→Rn)

sup
x∈X

diamΠ−1Π(x),
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ãäå inf áåðåòñÿ ïî âñåì íåïðåðûâíûì îòîáðàæåíèÿì Π : X → Rn, îïðå-
äåëÿåò n-ïîïåðå÷íèê Áàáåíêî.

Â ãëàâå 6 áóäåò íåîäíîêðàòíî èñïîëüçîâàòüñÿ ñëåäóþùåå óòâåðæäå-
íèå, ñâÿçûâàþùåå âåëè÷èíû ïîïåðå÷íèêîâ Áàáåíêî è Êîëìîãîðîâà.

Ëåììà 2.1 [69]. Ïóñòü B− áàíàõîâî ïðîñòðàíñòâî, X ⊂ B− êîìïàêò.
Âåëè÷èíû ïîïåðå÷íèêîâ Áàáåíêî è Êîëìîãîðîâà ñâÿçàíû íåðàâåíñòâîì

δn(X) ≤ 2dn(X,B).

3. Êëàññû ôóíêöèé

Íèæå îïèñûâàþòñÿ êëàññû ôóíêöèé, íà êîòîðûõ èññëåäóþòñÿ àëãî-
ðèòìû âû÷èñëåíèÿ èíòåãðàëîâ Àäàìàðà.

Êëàññ W r(M ; [a, b]) ñîñòîèò èç ôóíêöèé, çàäàííûõ íà îòðåçêå [a, b],
íåïðåðûâíûõ è èìåþùèõ íåïðåðûâíûå ïðîèçâîäíûå äî (r − 1)-ãî ïî-
ðÿäêà âêëþ÷èòåëüíî è êóñî÷íî-íåïðåðûâíóþ ïðîèçâîäíóþ r-ãî ïîðÿäêà,
óäîâëåòâîðÿþùóþ íà ýòîì îòðåçêå íåðàâåíñòâó |f (r)(x)| ≤M .

Êëàññ Ŵ r
q (M ; [a, b]) ñîñòîèò èç ôóíêöèé f(x), âõîäÿùèõ â êëàññ

W r(M ; a, b) è óäîâëåòâîðÿþùèõ äîïîëíèòåëüíûì óñëîâèÿì: f (v)(a) =
= f (v)(b) = 0, v = 0, 1, · · · , q.

Êëàññ ôóíêöèé Ãåëüäåðà Hα(M ; [a, b]) (0 < α ≤ 1) ñîñòîèò èç çàäàí-
íûõ íà îòðåçêå [a, b] ôóíêöèé f(x), óäîâëåòâîðÿþùèõ âî âñåõ òî÷êàõ x′
è x′′ ýòîãî îòðåçêà íåðàâåíñòâó |f(x′)− f(x′′)| ≤ |x′ − x′′|α.

×åðåç W rHα(M ; [a, b]) (r = 1, 2, . . . ; 0 < α ≤ 1) îáîçíà÷àåì êëàññ
ôóíêöèé f(x), èìåþùèõ íà îòðåçêå [a, b] ïðîèçâîäíûå r-ãî ïîðÿäêà, óäî-
âëåòâîðÿþùèå óñëîâèþ |f (r)(x′)− f (r)(x′′)| ≤ M |x′ − x′′|α ïðè ëþáûõ
x′, x′′ íà [a, b].

Êëàññ Ŵ r
qHα(M ; [a, b]) ñîñòîèò èç ôóíêöèé f(x), âõîäÿùèõ â êëàññ

W rHα(M ; a, b) è óäîâëåòâîðÿþùèõ äîïîëíèòåëüíûì óñëîâèÿì: f (v)(a) =
= f (v)(b) = 0, v = 0, 1, · · · , q.

Êëàññ W r
Lp

(M ; [a, b]) ñîñòîèò èç ôóíêöèé, çàäàííûõ íà [a, b], èìåþ-
ùèõ àáñîëþòíî íåïðåðûâíóþ ïðîèçâîäíóþ ïîðÿäêà r−1 è ïðîèçâîäíóþ
f (r)(x) ïîðÿäêà r, òàêóþ, ÷òî [

b∫
a
|f (r)(x)|pdx]1/p ≤ M (1 ≤ p ≤ ∞), ãäå

èíòåãðàë ïîíèìàåòñÿ â ñìûñëå Ëåáåãà. Äëÿ ïðîñòîòû îáîçíà÷åíèé íèæå
âìåñòî W r

Lp
(M ; [a, b]) áóäåì ïèñàòü W r

p (M).

×åðåç W̃ r
p (M ; [a, b]) îáîçíà÷åí êëàññ ïåðèîäè÷åñêèõ ôóíêöèé ñ ïå-

ðèîäîì (b− a), âõîäÿùèõ â êëàññ W r
p (M ; [a, b]).
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×åðåç W r
ρ (1) îáîçíà÷åí êëàññ ôóíêöèé f(t), ïðåäñòàâèìûõ â âèäå

f(t) = ϕ(x)/ρ(x), ãäå ϕ(x) ∈ W r(1), ρ(x)− âåñîâàÿ ôóíêöèÿ.
×åðåç Hω1ω2

(D) îáîçíà÷åí êëàññ îïðåäåëåííûõ íà D = {a ≤ x ≤ b,

c ≤ y ≤ d} ôóíêöèé f(x, y), òàêèõ, ÷òî äëÿ ëþáûõ òî÷åê (x′, y′) è (x′′, y′′)
èç D |f(x′, y′)−f(x′′, y′′)| ≤ ω1(|x′−x′′|)+ω2(|y′−y′′|), ãäå ω1(δ) è ω2(δ)−
çàäàííûå ìîäóëè íåïðåðûâíîñòè. Â ñëó÷àå, êîãäà ωi(x) = xαi (i = 1, 2),
èñïîëüçóåòñÿ îáîçíà÷åíèå Hα1α2

(D).
Íàðÿäó ñ îáîçíà÷åíèåì Hα1α2

(D) èñïîëüçóåòñÿ îáîçíà÷åíèå Hα1,α2
(1)

äëÿ êëàññà ôóíêöèé f(x1, x2), óäîâëåòâîðÿþùèõ ïî êàæäîé ïåðåìåííîé
óñëîâèþ Ãåëüäåðà ñ ïîêàçàòåëåì α è êîýôôèöèåíòîì, ðàâíûì åäèíèöå.
W r,s(D,M), D = [a, b; c, d], 0 < M < ∞ îçíà÷àåò êëàññ îïðåäåëåííûõ

íà D ôóíêöèé f(x, y), èìåþùèõ ÷àñòíûå ïðîèçâîäíûå f (α,β)(x, y) =
= ∂α+βf(x, y)/∂xα∂yβ (0 ≤ α ≤ r, 0 ≤ β ≤ s), ïðè÷åì ‖f (r,s)(x, y)‖C(D) ≤
≤M, ‖f (r,j)(x, 0)‖C(D) ≤M, j = 0, 1, · · · , s− 1, ‖f (i,s)(0, y)‖C(D) ≤M,

i = 0, 1, · · · , r − 1.
×åðåç Ŵ r,s

q (D,M), D = [a, b; c, d], 0 < M < ∞, q − öåëîå ÷èñëî, îáî-
çíà÷åíî ìíîæåñòâî ôóíêöèé f(x, y), ïðèíàäëåæàùèõ êëàññó ôóíêöèé
W r,s(D,M) è óäîâëåòâîðÿþùèõ äîïîëíèòåëüíîìó óñëîâèþ:
∂i+jf(x, y)/∂xi∂yj = 0, 0 ≤ i, j ≤ q.

W r,sHω1,ω2
(D) îçíà÷àåò êëàññ îïðåäåëåííûõ íà D ôóíêöèé f(x, y),

èìåþùèõ ïðîèçâîäíûå f (α,β)(x, y) = ∂α+βf(x, y)/∂xα∂yβ (0 ≤ α ≤ r,

0 ≤ β ≤ s), ïðè÷åì f (r,s) ∈ Hω1ω2
.

×åðåç W̃ r,sHω1,ω2
(D), D = [a, b; a, b] îáîçíà÷åíî ìíîæåñòâî ôóíêöèé

f(x, y), ïðèíàäëåæàùèõ êëàññó ôóíêöèéW r,sHω1,ω2
(D) è ïåðèîäè÷åñêèõ

ñ ïåðèîäîì b− a ïî êàæäîé ïåðåìåííîé.
×åðåç W r1,r2(1) îáîçíà÷åí êëàññ ôóíêöèé ϕ(x, y), èìåþùèõ ÷àñòíûå

ïðîèçâîäíûå ïî ïåðåìåííûì x è y äî r1-ãî è r2-ãî ïîðÿäêà âêëþ÷èòåëüíî,
ïðè÷åì ‖ϕ(r1,0)(x, y)‖C ≤ 1, ‖ϕ(0,r2)(x, y)‖C ≤ 1, ‖ϕ(r1,r2)(x, y)‖C ≤ 1.

×åðåç Cr
l (Ω, 1),Ω = [a1, b1; · · · ; al, bl] îáîçíà÷åí êëàññ ôóíêöèé l íåçà-

âèñèìûõ ïåðåìåííûõ, ó êîòîðûõ ñóùåñòâóþò è îãðàíè÷åíû ïî ìîäóëþ
åäèíèöåé âñå ÷àñòíûå ïðîèçâîäíûå äî r-ãî ïîðÿäêà âêëþ÷èòåëüíî.

×åðåç Cr
l,q(Ω, 1) îáîçíà÷åíû ôóíêöèè f(x1, · · · , xl) l íåçàâèñèìûõ ïåðå-

ìåííûõ, âõîäÿùèå â êëàññ ôóíêöèé Cr
l (1) è óäîâëåòâîðÿþùèå äîïîëíè-

òåëüíûì óñëîâèÿì: f (v1,v2,···,vl)(x1, · · · , xl) = 0, 0 ≤ |v1|+|v2|+· · ·+|vl| ≤ q,

(x1, · · · , xl) ∈ Γ = ∂Ω.
Â ðàáîòå Ê. È. Áàáåíêî [3] ââåäåí êëàññ ôóíêöèé Qr(Ω,M).
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Îïðåäåëåíèå 3.1 [3]. Ïóñòü Ω = [−1, 1]l, l = 1, 2, . . . . Ôóíêöèÿ
ϕ(x1 . . . , xl) ïðèíàäëåæèò êëàññó Qr(Ω,M), åñëè âûïîëíåíû óñëîâèÿ

max
x∈Ω

|∂|v|ϕ(x1, . . . , xl)/∂x
v1
1 · · · ∂xvl

l | ≤M

ïðè 0 ≤ |v| ≤ r,

|∂|v|ϕ(x1, . . . , xl)/∂x
v1
1 · · · ∂xvl

l | ≤M/(d(x,Γ))|v|−r, x ∈ Ω \ ∂Ω,

ïðè r < |v| ≤ 2r + 1,
ãäå x = (x1, . . . , xl), v = (v1, . . . , vl), |v| = v1+· · ·+vl, d(x,Γ)− ðàññòîÿíèå
îò òî÷êè x äî ãðàíèöû Γ îáëàñòè Ω, âû÷èñëÿåìîå ïî ôîðìóëå d(x,Γ) =
= min1≤i≤l min(|1 + xi|, |1− xi|).

Îáîáùåíèåì êëàññà Qr(Ω,M) ÿâëÿþòñÿ ñëåäóþùèå êëàññû ôóíêöèé.
Îïðåäåëåíèå 3.2 [11], [13]. Ïóñòü Ω = [−1, 1]l, l = 1, 2, . . . , u−

íàòóðàëüíîå ÷èñëî. Ôóíêöèÿ ϕ(x1 . . . , xl) ïðèíàäëåæèò êëàññóQu
r,γ(Ω,M),

åñëè âûïîëíåíû óñëîâèÿ

max
x∈Ω

|∂|v|ϕ(x)/∂xv11 · · · ∂xvl
l | ≤M

ïðè 0 ≤ |v| ≤ r,

|∂|v|ϕ(x)/∂xv11 · · · ∂xvl
l | ≤M(1+ | lnu d(x,Γ)|)/(d(x,Γ))|v|−r−ζ , x ∈ Ω\∂Ω

ïðè r < |v| ≤ s, ãäå s = r+[γ]+1, γ = [γ]+µ, 0 < µ < 1, ζ = 1−µ
ïðè γ− íåöåëîì, s = r + γ ïðè γ− öåëîì.

Îïðåäåëåíèå 3.3 [11], [13]. Ïóñòü Ω = [−1, 1]l, l = 1, 2, . . . , γ−
öåëîå ÷èñëî, s = r+γ.Ôóíêöèÿ ϕ(x1, . . . , xl) ïðèíàäëåæèò êëàññó Q̄u

r,γ(Ω,M),
åñëè âûïîëíåíû óñëîâèÿ

max
x∈Ω

|∂|v|ϕ(x)/∂xv11 · · · ∂xvl
l | ≤M

ïðè 0 ≤ |v| ≤ r − 1,

|∂|v|ϕ(x)/∂xv11 · · · ∂xvl
l | ≤M(1 + | lnu d(x,Γ)|), x ∈ Ω \ ∂Ω

ïðè |v| = r,

|∂|v|ϕ(x)/∂xv11 · · · ∂xvl
l | ≤M(1 + | lnu−1 d(x,Γ)|)/(d(x,Γ))v−r, x ∈ Ω \ ∂Ω

ïðè r < |v| ≤ s.
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Îïðåäåëåíèå 3.4 [11], [13]. Ïóñòü Ω = [−1, 1]l, l = 1, 2, . . . . Ôóíê-
öèÿ ϕ(x1, . . . , xl) ïðèíàäëåæèò êëàññó Qr,γ,p(Ω,M) (r = 1, 2, . . . , 1 ≤
≤ p <∞), åñëè âûïîëíåíû óñëîâèÿ

max
x∈Ω

|∂|v|ϕ(x1, . . . , xl)/∂x
v1
1 · · · ∂xvl

l | ≤M

ïðè |v| ≤ r,




∫ ∫

Ω

|d|v|−r−ζ(x,Γ)∂|v|ϕ(x1, . . . , xl)/∂x
v1
1 · · · ∂xvl

l |pdx1 · · · dxl



1/p

≤M

ïðè r < |v| ≤ s, ãäå s = r+ γ, ζ = 0, åñëè r+ γ− öåëîå; s = r+ [γ] + 1,
γ = [γ] + µ, 0 < µ < 1, ζ = 1− µ, åñëè r + γ− íåöåëîå.

Îïðåäåëåíèå 3.5. Ïóñòü Ω = [−1, 1]l, l = 1, 2, . . . , γ− öåëîå ÷èñ-
ëî. Ôóíêöèÿ ϕ(x1, . . . , xl) ïðèíàäëåæèò êëàññó Q̄r,γ,p(Ω,M)(r = 1, 2, . . . ,
1 ≤ p <∞), åñëè âûïîëíåíû óñëîâèÿ

max
x∈Ω

|∂|v|ϕ(x1, . . . , xl)/∂x
v1
1 · · · ∂xvl

l | ≤M

ïðè 0 ≤ |v| ≤ r − 1,

|∂|v|ϕ(x)/∂xv11 · · · ∂xvl
l | ≤M(1 + | ln d(x,Γ)|), x ∈ Ω \ ∂Ω

ïðè |v| = r,




∫ ∫

Ω

|d|v|−r(x,Γ)∂|v|ϕ(x1, . . . , xl)/∂x
v1
1 · · · ∂xvl

l |pdx1 · · · dxl



1/p

≤M

ïðè r < |v| ≤ s, ãäå s = r + γ.

Îïðåäåëåíèå 3.6 [11], [13]. Ïóñòü Ω = [−1, 1]l, l = 1, 2, . . . , r =
= 1, 2, . . . , 0 < γ ≤ 1. Ôóíêöèÿ f(x1, . . . , xl) ïðèíàäëåæèò êëàññó
Br,γ(Ω,M), åñëè âûïîëíåíû óñëîâèÿ

max
x∈Ω

|ϕ(x1, . . . , xl)| ≤M ;

max
x∈Ω

|∂|v|ϕ(x1, . . . , xl)/∂x
v1
1 · · · ∂xvl

l | ≤M |v||v||v|

ïðè 1 ≤ |v| ≤ r,
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|∂|v|ϕ(x1, . . . , xl)/∂x
v1
1 · · · ∂xvl

l | ≤M |v||v||v|/(d(x,Γ))|v|−r−1+γ, x ∈ Ω \ ∂Ω

ïðè r < |v| ≤ ∞.

Îïðåäåëåíèå 3.7. Ïóñòü Ω = [−1, 1]l, l = 1, 2, . . . , r = 1, 2, . . . ,
γ = 1. Ôóíêöèÿ f(x1, . . . , xl) ïðèíàäëåæèò êëàññó B̄r,γ(Ω,M), åñëè âû-
ïîëíåíû óñëîâèÿ

max
x∈Ω

|ϕ(x1, . . . , xl)| ≤M ;

max
x∈Ω

|∂|v|ϕ(x1, . . . , xl)/∂x
v1
1 · · · ∂xvl

l | ≤M |v||v||v|

ïðè 1 ≤ |v| ≤ r − 1,

|∂|v|ϕ(x)/∂xv11 · · · ∂xvl
l | ≤M(|1 + ln d(x,Γ)|), x ∈ Ω \ ∂Ω

ïðè |v| = r,

|∂|v|ϕ(x1, . . . , xl)/∂x
v1
1 · · · ∂xvl

l | ≤ AM |v||v||v|/(d(x,Γ))|v|−r−1+γ, x ∈ Ω\∂Ω

ïðè r < |v| ≤ ∞.

Îïðåäåëåíèå 3.8. Ïóñòü Ω = [−1, 1]l, l = 1, 2, . . . , r, s = 0, 1, . . . , γ−
âåùåñòâåííîå ÷èñëî, 0 < γ. Ôóíêöèÿ ϕ(x1, . . . , xl) ïðèíàäëåæèò êëàññó
L0,s,γ(Ω,M), åñëè âûïîëíåíû óñëîâèÿ

|∂|v|ϕ(x1, . . . , xl)/∂x
v1
1 · · · ∂xvl

l | ≤M/(d(x,Γ))|v|+γ, x ∈ Ω\∂Ω

ïðè 0 ≤ |v| ≤ s.
Îïðåäåëåíèå 3.9. Ïóñòü Ω = [−1, 1]l, l = 1, 2, . . . , s = 0, 1, . . . , γ−

âåùåñòâåííîå ÷èñëî, 0 < γ. Ôóíêöèÿ ϕ(x1, . . . , xl) ïðèíàäëåæèò êëàññó
L̄0,s,γ(Ω,M), åñëè âûïîëíåíû óñëîâèÿ

|ϕ(x1, . . . , xl)| ≤M(1 + | ln d(x,Γ)|), x ∈ Ω\∂Ω,

|∂|v|ϕ(x1, . . . , xl)/∂x
v1
1 · · · ∂xvl

l | ≤M/(d(x,Γ))|v|+γ−1, x ∈ Ω\∂Ω

ïðè 0 < |v| = s.

4. Âñïîìîãàòåëüíûå ïðåäëîæåíèÿ
Â ðàçäåëå 3 ãëàâû 1 ïåðâîé ÷àñòè êíèãè ïðèâåäåí ðÿä óòâåðæäåíèé

èç òåîðèè ïðèáëèæåíèé è òåîðèè êâàäðàòóð, èñïîëüçóåìûõ êàê â ïåð-
âîé, òàê è âî âòîðîé ÷àñòÿõ êíèãè. Ïîìèìî ýòèõ óòâåðæäåíèé âî âòîðîé
÷àñòè êíèãè íàì ïîíàäîáÿòñÿ äîïîëíèòåëüíûå ñâåäåíèÿ èç òåîðèè ïðè-
áëèæåíèé. Èçëîæåíèþ ýòèõ ðåçóëüòàòîâ ïîñâÿùåí äàííûé ðàçäåë.
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4.1. Àïïðîêñèìàöèÿ àëãåáðàè÷åñêèìè ïîëèíîìàìè

Â ýòîì ïóíêòå ïðèâîäèòñÿ ðÿä îöåíîê äëÿ àïïðîêñèìàöèè àëãåáðàè÷å-
ñêèìè ïîëèíîìàìè íåïðåðûâíûõ ôóíêöèé íà ñåãìåíòå [−1, 1]. Ïîëó÷åí-
íûå îöåíêè áóäóò ñóùåñòâåííî èñïîëüçîâàíû íèæå ïðè îöåíêàõ òî÷íî-
ñòè âû÷èñëåíèÿ ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ. Ðåçóëüòàòû, âêëþ÷åííûå
â äàííûé ðàçäåë, ðàíåå îïóáëèêîâàíû â ðàáîòå àâòîðà [8]. Ñëó÷àé ïåðè-
îäè÷åñêèõ ôóíêöèé èññëåäîâàí â ðàáîòàõ Ñ. Á. Ñòå÷êèíà [68] è D. Gaier
[90].

Ïóñòü Hα− ìíîæåñòâî íåïðåðûâíûõ ôóíêöèé, çàäàííûõ íà ñåãìåíòå
[−1, 1] è óäîâëåòâîðÿþùèõ óñëîâèþ Ãåëüäåðà ñ ïîêàçàòåëåì α. Èçâåñòíî
[61], ÷òî åñëè íà ñåãìåíòå [−1, 1] ââåñòè íîðìó äëÿ ôóíêöèé x ∈ Hα

ñëåäóþùèì îáðàçîì:

‖x‖ = ‖x‖α = M(x) +H(x;α) = max−1≤t≤1
|x(t)|+ sup

t2 6=t1

|x(t2)− x(t1)|
|t2 − t1|α ,

òî ïðîñòðàíñòâî Hα îáðàùàåòñÿ â B-ïðîñòðàíñòâî.
Èìååò ìåñòî ñëåäóþùàÿ
Òåîðåìà 4.1 [8]. Ïóñòü x ∈ WmHα(1; [−1, 1]). Òîãäà, åñëè äëÿ íåêî-

òîðîãî ïîëèíîìà Fn(t) ñòåïåíè íå âûøå n âûïîëíÿåòñÿ íåðàâåíñòâî

|x(t)− Fn(t)| ≤ A

nm+σ


(
√

1− t2)m+σ +
|t|

nm+σ


 (σ ≤ α), (4.1)

òî äëÿ ëþáîãî r(r ≤ m) ñïðàâåäëèâî ñîîòíîøåíèå

|x(r)(t)− F (r)
n (t)| ≤ B

nm−r+σ


(
√

1− t2)m−r+σ +
|t|

nm−r+σ


 , (4.2)

ãäå A,B− ïîñòîÿííûå, íå çàâèñÿùèå îò x(t) è n.
Äîêàçàòåëüñòâî. Òàê êàê x(t) ∈ WmHα(1; [−1, 1]), òî äëÿ ëþáîãî

íàòóðàëüíîãî n ñóùåñòâóåò [70, ñ. 276] àëãåáðàè÷åñêèé ïîëèíîì ñòåïåíè
íå âûøå n, òàêîé, ÷òî

|x(t)− Pn(t)| ≤ C

nm+α



√

1− t2 +
|t|
n



m+α

. (4.3)

Çàìå÷àíèå. Â ýòîì ðàçäåëå ÷åðåç C îáîçíà÷åíû ðàçëè÷íûå êîíñòàíòû,
íå çàâèñÿùèå îò n è x. Çíà÷åíèÿ ýòèõ êîíñòàíò íå âûïèñûâàþòñÿ, òàê
êàê îíè äîñòàòî÷íî ãðîìîçäêè.

43



Èñõîäÿ èç (4.1) è (4.3), ðàçíîñòü x(t) − Pn(t) ìîæíî, ñëåäóÿ ìåòîäó,
èñïîëüçîâàííîìó Ñ. Í. Áåðíøòåéíîì, ïðè äîêàçàòåëüñòâå îáðàòíûõ òåî-
ðåì êîíñòðóêòèâíîé òåîðèè ôóíêöèé [63] ïðåäñòàâèòü â âèäå

x(t)− Pn(t) =
∞∑

k=1
uk(t), uk(t) = P2kn(t)− P2k−1n(t). (4.4)

Îöåíèì ìíîãî÷ëåíû uk, ïîëàãàÿ â (4.4) Pn = Fn :
à) k = 1.

|u1(t)| ≤ |P2n(t)− x(t)|+ |x(t)− Fn(t)| ≤

≤ C(1 + 2m+σ)

(2n)m+σ



√

1− t2 +
|t|

(2n)



m+σ

;

á) k ≥ 2.

|uk(t)| ≤ |P2kn(t)− x(t)|+ |x(t)− P2k−1n(t)| ≤

≤ C(1 + 2m+α)

(2kn)m+α



√

1− t2 +
|t|

(2kn)



m+α

. (4.5)

Íàì ïîíàäîáèòñÿ ñëåäóþùåå óòâåðæäåíèå.
Òåîðåìà 4.2 [70, ñ. 234]. Åñëè àëãåáðàè÷åñêèé ìíîãî÷ëåí Pn(x) âñþäó

íà îòðåçêå −1 ≤ x ≤ 1 óäîâëåòâîðÿåò íåðàâåíñòâó

|Pn(x)| ≤ 1

nr
(
√

1− x2 +
1

n
)rω

[
1

n
(
√

1− x2 +
1

n
)

]

ïðè öåëîì r ≥ 0, òî

|P ′n(x)| ≤
C

nr−1 (
√

1− x2 +
1

n
)r−1ω

[
1

n
(
√

1− x2 +
1

n
)

]
,

ãäå C− êîíñòàíòà, íå çàâèñÿùàÿ îò x è n; ω(u) − íåêîòîðûé ìîäóëü
íåïðåðûâíîñòè.

Èç ýòîãî íåðàâåíñòâà ñëåäóåò, ÷òî |u′k| ≤ C
(2kn)m+σ−1

[√
1− t2 + |1|

2kn

]m−1+σ
.

Òàê êàê ðÿä
∞∑
k=1

|u′k| ðàâíîìåðíî ñõîäèòñÿ, òî ðÿä
∞∑
k=1

|uk(t)| ìîæíî
ïî÷ëåííî äèôôåðåíöèðîâàòü. Ïîýòîìó

|x′(t)− F ′
n(t)| =

∣∣∣∣∣∣

∞∑

k=1
u′k(t)

∣∣∣∣∣∣ ≤
∞∑

k=1
|u′k(t)|.
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Îòñþäà è èç (4.5), ïðèìåíÿÿ âûøåóïîìÿíóòîå íåðàâåíñòâî À. Ô. Òè-
ìàíà, ïîëó÷àåì îöåíêó

|x′(t)− F ′
n(t)| ≤

≤ C(1 + 2m+α)

nm−1+σ

∞∑

k=1




(√
1− t2

)m−1+σ

(2k)m−1+σ +
1

(2k)m−1+σ


 ≤

≤ C(1 + 2m+α)

(2m+σ−1 − 1)

1

nm+σ−1

[(√
1− t2

)m+σ−1
+

1

nm+σ−1

]
.

Ïðîäîëæàÿ äîêàçàòåëüñòâî ïî èíäóêöèè, ïðèõîäèì ê (4.2).
Òåîðåìà äîêàçàíà.
Ïåðåéäåì òåïåðü ê îöåíêå àïïðîêñèìàöèè íåïðåðûâíûõ ôóíêöèé àë-

ãåáðàè÷åñêèìè ïîëèíîìàìè. Ñïðàâåäëèâà
Òåîðåìà 4.3. Ïóñòü ôóíêöèÿ x(t) ∈ WmHα(1; [−1, 1]), m = 0, 1, . . . ,

0 < α ≤ 1. Òîãäà ñóùåñòâóåò òàêîé àëãåáðàè÷åñêèé ïîëèíîì Pn(t) ñòåïå-
íè íå âûøå n, ÷òî

|x(t)− Pn(t)| ≤ AH(x(m);α)

nm+α

[(√
1− t2

)m+α
+

1

nm+α

]
(4.6)

(m = 0, 1, . . . ;n = 0, 1, . . .);

åñëè ïðîèçâîëüíîå ÷èñëî β òàêîâî, ÷òî 0 < β < α
2 , òî ïðè m = 0 ñïðà-

âåäëèâû îöåíêè

H(x− Pn; β) ≤ ACH(x;α)

n(α/2−β) , n = 1, 2, . . . ,

‖x− Pn‖ ≤ ACH(x;α)

n(α/2−β) , n = 1, 2, . . . ;

åñëè ïðîèçâîëüíîå ÷èñëî β òàêîâî, ÷òî 0 < β ≤ α, òî ñïðàâåäëèâû
îöåíêè

H(x− Pn; β) ≤ ACH(x(m);α)

nm+α−β (m = 1, . . . ;n = 1, . . .), (4.7)

‖x− Pn‖ ≤ ACH(x(m);α)

nm+α−β (m = 1, . . . ;n = 1, . . .). (4.8)

Äîêàçàòåëüñòâî. Â ñëó÷àå x(t) ∈ WmHα(1; [−1, 1]) îöåíêà (4.6) ñëå-
äóåò, êàê ÷àñòíûé ñëó÷àé, èç [70, ñ. 276]. Êàê è â ïðåäûäóùåé òåîðåìå,
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ðàçíîñòü x(t)− Pn(t) ïðåäñòàâëÿåòñÿ â âèäå

x(t)− Pn(t) =
∞∑

k=1
uk(t),

ãäå
uk(t) = P2kn − P2k−1n(t).

Èç (4.5) ñëåäóåò, ÷òî

|uk(t)| ≤ CH(x(m);α)(1 + 2m+α)

(2kn)m+α




(√
1− t2

)m+α
+

1

(2kn)m+α


 .

Ïóñòü 2s ≤ n < 2s+1. Òîãäà ïðè êàæäîì íàòóðàëüíîì k

∞∑

i=k
|ui(t)| ≤ C

(√
1− t2

)m+α ∞∑

i=k

1

(2in)m+α+

+C
∞∑

i=k

1

(2in)2m+2α ≤
2m+αC

(√
1− t2

)m+α

(2m+α − 1)(2k+s)m+α+

+
4m+αC

4m+α − 1

1

(2k+s)2m+2α . (4.9)

Ïîëîæèì, ïðè ëþáîì âåùåñòâåííîì h è t

∆(h, t) = |x(t+ h)− Pn(t+ h)− x(t) + Pn(t)| =

=

∣∣∣∣∣∣

∞∑

k=1
uk(t+ h)− uk(t)

∣∣∣∣∣∣ . (4.10)

Ìîæíî ñ÷èòàòü, ÷òî h > 0, è ðàññìîòðåòü äâà ñëó÷àÿ:
1

n
< h ≤ 1

2
, 0 < h ≤ 1

n
.

1-é ñëó÷àé: h > 1
n .

Î÷åâèäíî,
∆(h, t) ≤ 2 max |x(t)− Pn(t)| ≤

≤ 2CH(x(m);α)

nm+α ≤ 2CH(x(m);α)(nh)β

nm+α ≤ 2CH(x(m);α)

nm+α−β hβ. (4.11)

2-é ñëó÷àé: h ≤ 1
n .

Ðàññìîòðèì ñíà÷àëà ñëó÷àé, êîãäà m = 0.
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Áóäåì ñ÷èòàòü, ÷òî h > 0 è t ∈ [0, 1], òàê êàê îñòàëüíûå ñëó÷àè ñâî-
äÿòñÿ ê ýòîìó.

Âûáåðåì íàòóðàëüíîå ÷èñëî k òàê, ÷òîáû

2k ≤ 1√
h
< 2k+1. (4.12)

Êîíñòàíòû k è s ìîãóò áûòü ñâÿçàíû ìåæäó ñîáîé îäíèì èç äâóõ
íåðàâåíñòâ: s ≥ k è s < k.

Ïóñòü âûïîëíÿåòñÿ íåðàâåíñòâî s ≥ k.
Òîãäà èç (4.9), (4.12) ñëåäóåò, ÷òî

∆(h, t) ≤ 2
∞∑

i=1
|ui(t)| ≤ 21+αC

(2α − 1)(2s+1)α
≤ Chα/2. (4.13)

Ïðè âûïîëíåíèè íåðàâåíñòâà s < k

∆(h, t) ≤
k−s∑

i=1
|ui(t+ h)− ui(t)|+

+
∞∑

i=k−s+1
|ui(t+ h)|+

∞∑

i=k−s+1
|ui(t)|. (4.14)

Îöåíèì ïåðâóþ ñóììó, èñïîëüçóÿ ïîñëåäîâàòåëüíî òåîðåìó î ñðåäíåì
Ëàãðàíæà è íåðàâåíñòâî À. À. Ìàðêîâà [63]. Â ðåçóëüòàòå èìååì

k−s∑

i=1
|ui(t+ h)− ui(t)| ≤ h

k−s∑

i=1
|u′i(t+ θh)| ≤

≤ h
k−s∑

i=1

(2in)2C3C1

(2in)α
≤ Chα/2. (4.15)

Îöåíèì òåïåðü âòîðóþ ñóììó èç íåðàâåíñòâà (4.14) (òðåòüÿ îöåíèâà-
åòñÿ àíàëîãè÷íî):

∞∑

i=k−s+1
|ui(t+ h)| ≤ Chα/2. (4.16)

Èç (4.14) − (4.16) ñëåäóåò, ÷òî â ýòîì ñëó÷àå

∆(h, t) ≤ Chα/2. (4.17)

Ñîáèðàÿ âìåñòå îöåíêè (4.13), (4.17), óáåæäàåìñÿ â ñïðàâåäëèâîñòè
(ïðè m = 0) íåðàâåíñòâà:

∆(h, t) ≤ Chα/2. (4.18)
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Òàê êàê h ≤ 1
n , òî èç (4.18) ñëåäóåò, ÷òî ∆(h, t) ≤ Chβn−(α/2−β).

Ðàññìîòðèì òåïåðü ñëó÷àé m ≥ 1.
Ïðèìåíÿÿ ïîñëåäîâàòåëüíî òåîðåìó î ñðåäíåì Ëàãðàíæà, îöåíêó (4.5),

òåîðåìó 4.2, íàõîäèì, ïîëàãàÿ h > 0, t > 0 (îñòàëüíûå ñëó÷àè ñâîäÿòñÿ
ê ýòîìó), ÷òî

∆(h, t) =

∣∣∣∣∣∣

∞∑

k=1
uk(t+ h)− uk(t)

∣∣∣∣∣∣ =

∣∣∣∣∣∣

∞∑

k=1
hu′k(t+ θh)

∣∣∣∣∣∣ ≤

≤ h
∞∑

k=1
|u′k(t+ θh)| ≤ C1h

nm+α−1

(√
1− t2

)m+α−1

2m+α−1 − 1
+

+
Ch

n2(m+α−1)(4m+α−1 − 1)
≤

≤ Ch

(2m+α−1 − 1)nm+α−1

[(√
1− t2

)m+α−1
+

1

nm+α−1

]
. (4.19)

Òàê êàê nh ≤ (nh)β, òî

∆(h, t) ≤ Cnh

nm+α

[(√
1− t2

)m+α−1
+

1

nm+α−1

]
≤

≤ Chβ

nm+α−β

[(√
1− t2

)m+α−1
+

1

nm+α−1

]
.

Îòñþäà è èç (4.18) ñëåäóåò, ÷òî

H(x− Pn; β) ≤ ACH(x(m);α)

nm+α−β .

Èç ïîñëåäíåãî íåðàâåíñòâà è èç (4.7) ïîëó÷àåì, ÷òî

‖x− Pn‖ ≤ A1CH(x(m);α)

nm+α−β .

Òåîðåìà äîêàçàíà.
Èç òåîðåì 4.1 è 4.2 ñëåäóåò
Òåîðåìà 4.4. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 4.3. Òîãäà ïðè r =

= 1, 2, . . .m− 1 ñïðàâåäëèâû îöåíêè:

H(x(r) − P (r)
n ; β) ≤ A(r)H(x(m);α)

nm+α−r−β ,

‖x(r) − P (r)
n ‖ ≤ A1H(x(m);α)

nm+α−r−β ,

ãäå A(r), A1(r)− ïîñòîÿííûå, çàâèñÿùèå ëèøü îò r.
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5. Îáçîð ïðèáëèæåííûõ ìåòîäîâ âû÷èñëåíèÿ
ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ

Íåñìîòðÿ íà òî ÷òî ïîíÿòèå ãèïåðñèíãóëÿðíîãî èíòåãðàëà áûëî ââåäå-
íî Æ. Àäàìàðîì â 1903 ã. (ñì. [91]), åãî øèðîêîå ïðèìåíåíèå ê ðåøåíèþ
çàäà÷ ôèçèêè è òåõíèêè äàòèðóåòñÿ çíà÷èòåëüíî ïîçæå.

Ïî-âèäèìîìó, ïåðâîé ðàáîòîé, â êîòîðîé ãèïåðñèíãóëÿðíûå èíòåãðà-
ëû ïðèìåíÿëèñü â àýðîäèíàìèêå, áûëà ìîíîãðàôèÿ À. È. Íåêðàñîâà [64].

Ïîçäíåå ïîÿâèëîñü íåñêîëüêî ôóíäàìåíòàëüíûõ ðàáîò (X. Ýøëè,
Ì. Ëýíäàë [72], Ð. Áèñïëèíãõîôô, Õ. Ýøëè, Ð. Õàëôìåí [6]), â êîòîðûõ
ãèïåðñèíãóëÿðíûå èíòåãðàëû ïðèâëåêàëèñü ê ðåøåíèþ çàäà÷ ìåõàíèêè
è àýðîäèíàìèêè.

Òåì áîëåå ñòðàííûì êàæåòñÿ, ÷òî ÷èñëåííûå ìåòîäû ðåøåíèÿ ãèïåð-
ñèíãóëÿðíûõ èíòåãðàëüíûõ óðàâíåíèé è âû÷èñëåíèÿ ãèïåðñèíãóëÿðíûõ
èíòåãðàëîâ êàê îòäåëüíîå íàïðàâëåíèå âû÷èñëèòåëüíîé ìàòåìàòèêè íà-
÷èíàþò ðàçâèâàòüñÿ òîëüêî ñ êîíöà øåñòèäåñÿòûõ ãîäîâ ïðîøëîãî âåêà.

Ïî-âèäèìîìó, ïåðâîé ðàáîòîé, íåïîñðåäñòâåííî ïîñâÿùåííîé ïðèáëè-
æåííîìó âû÷èñëåíèþ ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ, ÿâëÿåòñÿ ñòàòüÿ
B. W. Ninham [109], â êîòîðîé ïîñëåäíèé, èñïîëüçóÿ ìåòîäû òåîðèè îáîá-
ùåííûõ ôóíêöèé [40], èíòåðïðåòèðóåò ðàñõîäÿùèåñÿ èíòåãðàëû êàê ñïå-
öèàëüíûì îáðàçîì ïîñòðîåííûå èíòåãðàëüíûå ñóììû.

Ïåðâûìè ðàáîòàìè, íåïîñðåäñòâåííî ïîñâÿùåííûìè ïðèáëèæåííîìó
ðåøåíèþ ãèïåðñèíãóëÿðíûõ èíòåãðàëüíûõ óðàâíåíèé, áûëè, ïî-âèäèìîìó,
ñòàòüè È. Â. Áîéêîâà [8], [9].

Íà÷èíàÿ ñ 70-õ ã. ã. ïðîøëîãî âåêà îòìå÷àåòñÿ âñå âîçðàñòàþùèé èí-
òåðåñ ê ïðèáëèæåííûì ìåòîäàì âû÷èñëåíèÿ ãèïåðñèíãóëÿðíûõ èíòåãðà-
ëîâ è ðåøåíèÿ ãèïåðñèíãóëÿðíûõ èíòåãðàëüíûõ óðàâíåíèé. Ýòî ñâÿçàíî
ñ òåì, ÷òî ìåòîäû ãèïåðñèíãóëÿðíûõ èíòåãðàëüíûõ óðàâíåíèé íàõîäÿò
âñå áîëüøåå ïðèìåíåíèå â çàäà÷àõ àýðîäèíàìèêè [4], [5], ýëåêòðîäèíàìè-
êè [34], ÿäåðíîé ôèçèêè [58], ãåîôèçèêè [32], [33].

Â îòå÷åñòâåííîé ëèòåðàòóðå ïðè ïîñòðîåíèè êâàäðàòóðíûõ è êóáàòóð-
íûõ ôîðìóë ãèïåðñèíãóëÿðíûå èíòåãðàëû ðàçäåëÿþòñÿ íà äâà áîëüøèõ
êëàññà: ãèïåðñèíãóëÿðíûå èíòåãðàëû ñ ôèêñèðîâàííîé ñèíãóëÿðíîñòüþ
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Jϕ =
1∫

−1

ϕ(τ)

(τ − c)p
dτ, c = const, −1 < c < 1, (5.1)

è ãèïåðñèíãóëÿðíûå èíòåãðàëû ñ ïåðåìåííîé ñèíãóëÿðíîñòüþ

Hϕ =
1∫

−1

ϕ(τ)

(τ − t)p
dτ, −1 < t < 1. (5.2)

Â çàðóáåæíîé ëèòåðàòóðå ïîäîáíîãî ðàçäåëåíèÿ, êàê ïðàâèëî, íå äå-
ëàþò. Íàì ïðåäñòàâëÿåòñÿ åñòåñòâåííûì ïîäîáíîå ðàçäåëåíèå, òàê êàê
äëÿ âû÷èñëåíèÿ èíòåãðàëîâ Jϕ è Hϕ ïðåäëàãàþòñÿ ðàçëè÷íûå âû÷èñ-
ëèòåëüíûå ñõåìû è ïîëó÷àþòñÿ ðàçëè÷íûå îöåíêè.

Íèæå âñþäó â ðàáîòå ïðè ðàññìîòðåíèè èíòåãðàëîâ ñ ôèêñèðîâàííû-
ìè îñîáåííîñòÿìè ïîëàãàåì c = 0. Ýòî, êàê áóäåò âèäíî èç äàëüíåéøåãî,
íè â êàêîé ñòåïåíè íå óìåíüøàåò îáùíîñòè ðàññóæäåíèé.

Äëÿ âû÷èñëåíèÿ ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ ñ ôèêñèðîâàííûìè
îñîáåííîñòÿìè âèäà Fϕ =

1∫
−1

ϕ(τ)
|τ |p+λdτ, Iϕ =

1∫
−1

ϕ(τ)
τp dτ èñïîëüçóþòñÿ êâàä-

ðàòóðíûå ôîðìóëû, îñíîâàííûå íà ðàçëè÷íûõ ïîäõîäàõ. Îñíîâíîé ìå-
òîä ïîñòðîåíèÿ êâàäðàòóðíûõ ôîðìóë äëÿ âû÷èñëåíèÿ èíòåãðàëîâ Fϕ
è Iϕ çàêëþ÷àåòñÿ â çàìåíå ïîäûíòåãðàëüíîé ôóíêöèè ϕ(t) n-ìåðíûì
àïïàðàòîì ïðèáëèæåíèÿ: èíòåðïîëÿöèîííûìè ïîëèíîìàìè, ñïëàéíàìè,
îòðåçêàìè îðòîãîíàëüíûõ ðÿäîâ è ò. ä. Äîñòàòî÷íî ïîäðîáíàÿ áèáëèî-
ãðàôèÿ, ïîñâÿùåííàÿ âû÷èñëåíèþ èíòåãðàëîâ Fϕ è Iϕ, ñîäåðæèòñÿ â
ìîíîãðàôèè È. Â. Áîéêîâà, Í. Ô. Äîáðûíèíîé, Ë. Í. Äîìíèíà [24]. Â
[24] ïîñòðîåíû àñèìïòîòè÷åñêè îïòèìàëüíûå è îïòèìàëüíûå ïî ïîðÿä-
êó êâàäðàòóðíûå ôîðìóëû âû÷èñëåíèÿ èíòåãðàëîâ Fϕ è Iϕ íà êëàññàõ
ôóíêöèé W r

p (1). Íåñìîòðÿ íà íåóëó÷øàåìîñòü ïî ïîðÿäêó âåëè÷èíû ïî-
ãðåøíîñòè ýòèõ ôîðìóë íà êëàññàõ ôóíêöèé W r

p (1), èõ ïðèìåíåíèå âû-
çûâàåò çíà÷èòåëüíûå òðóäíîñòè. Íàïðèìåð, åñëè ôóíêöèÿ ϕ(t) àïïðîê-
ñèìèðóåòñÿ èíòåðïîëÿöèîííûì ïîëèíîìîì ϕn(t) èëè ñïëàéíîì sn(t), òî
âû÷èñëåíèå èíòåãðàëîâ F (ϕn(t)), F (sn(t)), I(ϕn(t)), I(sn(t)) òðåáóåò çíà-
÷èòåëüíîé "ðó÷íîé"ðàáîòû, ñâÿçàííîé ñ âû÷èñëåíèåì ñîîòâåòñòâóþùèõ
èíòåãðàëîâ. Ïîñòðîåíèþ îïòèìàëüíûõ ïî ïîðÿäêó êâàäðàòóðíûõ ôîð-
ìóë, äîïóñêàþùèõ íåïîñðåäñòâåííóþ ðåàëèçàöèþ íà êîìïüþòåðàõ, ïî-
ñâÿùåíû ðàáîòû [77], [78].

Äðóãîé, ÷àñòî èñïîëüçóåìûé ìåòîä ñîñòîèò â ïðåäâàðèòåëüíîé ðåãó-
ëÿðèçàöèè ãèïåðñèíãóëÿðíîãî èíòåãðàëà.
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Ýòîò ìåòîä áûë èñïîëüçîâàí A. Ossicini [110]. Ñîãëàñíî ýòîìó ìåòîäó
ãèïåðñèíãóëÿðíûé èíòåãðàë ïðåäñòàâëÿåòñÿ â âèäå

b∫

a

ϕ(τ)dτ

(b− τ)p+1 =
b∫

a

1

(b− τ)p+1


ϕ(τ)−

r∑

k=0
ϕ(k)(b)

(τ − b)k

k!


 dτ+

+
r∑

k=0

ϕ(k)(b)

k!

b∫

a

dτ

(b− τ)p+1−k ,

ãäå ïåðâûé èíòåãðàë ñïðàâà âû÷èñëÿåòñÿ ïî êâàäðàòóðíûì ôîðìóëàì,
à îñòàëüíûå ñëàãàåìûå � ïî îïðåäåëåíèþ èíòåãðàëà Àäàìàðà.

Â öèêëàõ ðàáîò È. Â. Áîéêîâà, Í. Ô. Äîáðûíèíîé [16] − [22],
È. Â. Áîéêîâà, Ñ. ß. Íàãàåâîé [26] − [28], ñòàòüÿõ Í. Ô. Äîáðûíèíîé,
Ë. Í. Äîìíèíà [46], [47] êâàäðàòóðíûå ôîðìóëû èíòåðïîëÿöèîííîãî òèïà
áûëè ïîñòðîåíû äëÿ âû÷èñëåíèÿ ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ

∞∫

−∞

ρ(τ)ϕ(τ)

τ p
dτ,

∞∫

−∞

ρ(τ)ϕ(τ)

|τ |p+λ dτ

íà ðàçëè÷íûõ âåñîâûõ êëàññàõ ôóíêöèé.
Äëÿ âû÷èñëåíèÿ ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ

Hϕ =
1∫

−1

ϕ(τ)dτ

(τ − t)p
, p = 2, 3, . . . , −1 < t < 1, (5.3)

Gϕ =
1∫

−1

ϕ(τ)dτ

|τ − t|p+λ , p = 1, 2, . . . , 0 < λ < 1,−1 ≤ t ≤ 1, (5.4)

ðàçëè÷íûìè àâòîðàìè ïîñòðîåíû êâàäðàòóðíûå ôîðìóëû, êîòîðûå óñëîâ-
íî ìîæíî ðàçäåëèòü íà äâå áîëüøèå ãðóïïû: êâàäðàòóðíûå ôîðìóëû
èíòåðïîëÿöèîííîãî òèïà è êâàäðàòóðíûå ôîðìóëû òèïà Ãàóññà.

Ê ïåðâîé ãðóïïå îòíîñÿòñÿ êâàäðàòóðíûå ôîðìóëû, îñíîâàííûå íà çà-
ìåíå ïîäûíòåãðàëüíîé ôóíêöèè ϕ(t) èíòåðïîëÿöèîííûìè ïîëèíîìàìè,
ñïëàéíàìè, îòðåçêàìè ðÿäîâ ïî îðòîãîíàëüíûì ôóíêöèÿì è ò. ä.

Êî âòîðîé ãðóïïå îòíîñÿòñÿ êâàäðàòóðíûå ôîðìóëû, îñíîâàííûå íà
ïðåäñòàâëåíèè ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ, ñêàæåì èíòåãðàëà Hϕ, â
âèäå

(Hϕ)(t) = ϕ(t)
1∫

−1

dτ

(τ − t)p
+

1∫

−1

ϕ(τ)− ϕ(t)

(τ − t)p
dτ (5.5)
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è â ïðèìåíåíèè ê ïîñëåäíåìó èíòåãðàëó êâàäðàòóðíûõ ôîðìóë Ãàóññà.
Âíà÷àëå îñòàíîâèìñÿ íà îáçîðå ðàáîò, îòíîñÿùèõñÿ ê ïåðâîé ãðóïïå.
Èíòåðïîëÿöèîííî-êâàäðàòóðíàÿ ôîðìóëà äëÿ âû÷èñëåíèÿ èíòåãðàëà

â ñìûñëå Êîøè − Àäàìàðà

Hϕ =
1∫

−1

ϕ(τ)dτ

(τ − t)2 , |t| < 1, ϕ(±1) = 0,

âñòðå÷àþùåãîñÿ â òåîðèè íåñóùåé ïîâåðõíîñòè, ïîëó÷åíà Ñ.È. Ãóð-Ìèëü-
íåðîì [42], [43].

Äëÿ âû÷èñëåíèÿ íà êëàññå ïåðèîäè÷åñêèõ ôóíêöèé W̃ r(1) ãèïåðñèí-
ãóëÿðíîãî èíòåãðàëà 1

2π

2π∫
0
ϕ(τ) sin−2 τ−t

2 dτ È. Â. Áîéêîâûì, Í. Ô. Äîá-
ðûíèíîé, Ë. Í. Äîìíèíûì ïîñòðîåíà [24] îïòèìàëüíàÿ ïî ïîðÿäêó (ïî
òî÷íîñòè) êâàäðàòóðíàÿ ôîðìóëà.

Ðàáîòû È. Â. Áîéêîâà è Í. Ô. Äîáðûíèíîé [18] − [22], Í. Ô. Äîá-
ðûíèíîé [45] ïîñâÿùåíû ïîñòðîåíèþ îïòèìàëüíûõ ïî ïîðÿäêó ôîðìóë
âû÷èñëåíèÿ èíòåãðàëîâ Àäàìàðà (5.3) è (5.4).

Èìè æå äëÿ âû÷èñëåíèÿ èíòåãðàëîâ (5.1) è (5.2) è
∞∫

−∞

ρ(τ)ϕ(τ)

(τ − t)p
dτ, p = 2, 3, . . . ; (5.6)

∞∫

−∞

ϕ(τ)

|τ − t|p+λdτ, p = 1, 2, . . . , 0 < λ < 1 (5.7)

ïðåäëîæåí óäîáíûé â ïðàêòè÷åñêîì îòíîøåíèè è äîñòàòî÷íî ýôôåêòèâ-
íûé àëãîðèòì, îñíîâàííûé íà çàìåíå èíòåãðàëîâ (5.3)−(5.7) ïðåäåëüíû-
ìè ñîîòíîøåíèÿìè, ïîëó÷åííûìè íà îñíîâå àíàëîãîâ ôîðìóëû Ñîõîö-
êîãî − Ïëåìåëÿ äëÿ ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ. Ýòè êâàäðàòóðíûå
ôîðìóëû ÿâëÿþòñÿ òðàíñôîðìàöèåé ìåòîäà êîìïåíñèðóþùèõ íàãðóçîê,
ðàçâèâàåìîãî Ý. Ñ. Âåíòöåëåì è åãî ó÷åíèêàìè, íà ãèïåðñèíãóëÿðíûå
èíòåãðàëû. Èññëåäîâàíèÿ ýòèõ àâòîðîâ ïîäûòîæåíû â [36].

Â ñòàòüå B. Bialecki [73] ðàññìàòðèâàåòñÿ èíòåãðàë Àäàìàðà
∫

γ

ϕ(τ)

(τ − t)p
dτ, (5.8)

ãäå γ− ãëàäêàÿ äóãà â ïëîñêîñòè êîìïëåêñíîé ïåðåìåííîé.
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Â ýòîé ðàáîòå ôóíêöèè Êîòåëüíèêîâà − Óèòòåêåðà − Øåííîíà, ïî-
äðîáíî èññëåäîâàííûå â [115], èñïîëüçóþòñÿ äëÿ ïîñòðîåíèÿ êâàäðàòóð-
íûõ ôîðìóë âû÷èñëåíèÿ èíòåãðàëîâ âèäà (5.8) â ïðåäïîëîæåíèè, ÷òî
ôóíêöèÿ ϕ(t) àíàëèòè÷åñêàÿ â îáëàñòè D, âíóòðè êîòîðîé íàõîäèòñÿ
êîíòóð γ. Îòäåëüíî ðàññìàòðèâàåòñÿ ñëó÷àé γ = (−1, 1).

Áîëüøîé öèêë ðàáîò [24], [73], [75], [77], [78], [92], [98] ïîñâÿùåí ïî-
ñòðîåíèþ êâàäðàòóðíûõ ôîðìóë, îñíîâàííûõ íà çàìåíå ïîäûíòåãðàëü-
íîé ôóíêöèè ϕ(t) èíòåðïîëÿöèîííûìè ïîëèíîìàìè Ëàãðàíæà ïî ðàç-
ëè÷íûì ñèñòåìàì óçëîâ è ñïëàéíàìè.

Â ðåçóëüòàòå ãèïåðñèíãóëÿðíûå èíòåãðàëû ïðèáëèæàþòñÿ êâàäðàòóð-
íûìè ôîðìóëàìè âèäà

b∫

a

ω(τ)
ϕ(τ)

(τ − t)p
dτ =

N∑

k=1
p(t)ϕ(tk) +RN(ϕ, t). (5.9)

Â ðàáîòå P. Linz [102] ïðåäëîæåíà è èññëåäóåòñÿ êâàäðàòóðíàÿ ôîðìó-
ëà äëÿ âû÷èñëåíèÿ èíòåãðàëà (5.3) ïðè p = 2, îñíîâàííàÿ íà àïïðîêñè-
ìàöèè ôóíêöèè ϕ(t) ñïëàéíîì ïîðÿäêà 2, ïîñòðîåííûì ïî ðàâíîìåðíîìó
ðàçáèåíèþ ñåãìåíòà [−1, 1].

Â ðàáîòå [87] ïðåäëîæåíà êâàäðàòóðíàÿ ôîðìóëà âû÷èñëåíèÿ èíòå-
ãðàëà (5.3), îñíîâàííàÿ íà çàìåíå ôóíêöèè ϕ(t) èíòåðïîëÿöèîííûìè ïî-
ëèíîìàìè ïî ðàâíîîòñòîÿùèì óçëàì è B-ñïëàéíàìè. Íà êëàññå ôóíêöèé
W r(1), r ≥ p äëÿ ýòèõ êâàäðàòóðíûõ ôîðìóë âû÷èñëåíà êîíñòàíòà Ïåà-
íî â ñëàáîé àñèìïòîòèêå.

Â ðàáîòå [88] äëÿ âû÷èñëåíèÿ ãèïåðñèíãóëÿðíîãî èíòåãðàëà (5.3) ïðåä-
ëîæåí ñëåäóþùèé àëãîðèòì. Ôóíêöèÿ ϕ àïïðîêñèìèðóåòñÿ ëîêàëüíûì
ñïëàéíîì ϕN(t), ïîñòðîåííûì ïî ðàâíîîòñòîÿùåé ñåòêå. Çíà÷åíèÿ èíòå-
ãðàëà

1∫

−1

ϕN(τ)

(τ − t)p
dτ

â òî÷êàõ t, −1 < t < 1, âû÷èñëÿþòñÿ ïî îïðåäåëåíèþ ãèïåðñèíãóëÿð-
íîãî èíòåãðàëà. Äëÿ ïðåäëîæåííîé êâàäðàòóðíîé ôîðìóëû âû÷èñëåíà
êîíñòàíòà Ïåàíî íà êëàññå ôóíêöèé W r(1).

Â ðàáîòå [36] íåêîòîðûå òèïû ãðàíè÷íûõ çàäà÷ òåîðèè ïëàñòèí è îáî-
ëî÷åê ñâîäÿòñÿ ê ãðàíè÷íûì èíòåãðàëüíûì óðàâíåíèÿì ñ èíòåãðàëîì
Àäàìàðà âèäà (5.9), ãäå p = 2, 3.
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Èññëåäóþòñÿ âîïðîñû ïðèáëèæåííîãî âû÷èñëåíèÿ èíòåãðàëîâ âèäà

1

π

1∫

−1

√
1− τ 2

(τ − t)p
dτ, p = 2, 3, 4,

èñïîëüçóÿ àïïðîêñèìàöèþ ϕ(τ) â âèäå îòðåçêà ðÿäà Ôóðüå ïî ïîëèíîìàì
×åáûøåâà âòîðîãî ðîäà è ïî ïîëèíîìàì Ãåãåíáàóåðà. Ðàññìàòðèâàþòñÿ
òàêæå èíòåãðàëû, èìåþùèå îäíîâðåìåííî ñèíãóëÿðíîñòè ðàçëè÷íûõ âè-
äîâ.

Â ðàáîòå [38] èññëåäóþòñÿ èíòåðïîëÿöèîííûå êâàäðàòóðíûå ôîðìóëû
äëÿ âû÷èñëåíèÿ ñèíãóëÿðíûõ èíòåãðàëîâ

1

π

2π∫

0

ϕ(σ)dσ

2 sin2 σ−s
2
, s ∈ [0, 2π],

1

π

1∫

−1

ϕ(τ)

(τ − t)2

√
1− τ 2dτ, t ∈ (−1, 1).

Â ïåðâîì èíòåãðàëå ϕ(σ) çàìåíÿåòñÿ èíòåðïîëÿöèîííûì ïîëèíîìîì
ïî ðàâíîîòñòîÿùèì óçëàì, âî âòîðîì − ïî óçëàì ïîëèíîìà ×åáûøåâà
ïåðâîãî ðîäà. Çàòåì, ïîëüçóÿñü îïðåäåëåíèåì èíòåãðàëà Àäàìàðà, ñòðî-
ÿòñÿ êâàäðàòóðíûå ôîðìóëû.

Ïîäðîáíîå èçëîæåíèå òåîðèè ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ â êîì-
ïëåêñíîé îáëàñòè äàíî â ìîíîãðàôèè À. Ì. Ëèíüêîâà [54]. Òàì æå ðàñ-
ñìîòðåíû ìíîãî÷èñëåííûå ïðèëîæåíèÿ ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ â
êîìïëåêñíîé îáëàñòè ê çàäà÷àì ìåõàíèêè.

Â ðàáîòàõ À. Ì. Ëèíüêîâà è Ñ. Ã. Ìîãèëåâñêîé [55], [101] ñòðîÿòñÿ
êâàäðàòóðíûå ôîðìóëû èíòåðïîëÿöèîííîãî âèäà äëÿ âû÷èñëåíèÿ èíòå-
ãðàëîâ Àäàìàðà

∫

γ

ϕ(τ)

(τ − t)2dτ

â êîìïëåêñíîé îáëàñòè íà íåïðåðûâíûõ êðèâûõ γ, èìåþùèõ òî÷êè èç-
ëîìà.

Â ðàáîòàõ [55], [101] ðàññìàòðèâàþòñÿ èíòåãðàëüíûå óðàâíåíèÿ âèäà

1

πi

∫

γ

x(τ)

(τ − t)2dτ +
1

2πi

∫

γ

x(τ)
∂2

∂t∂τ
ln
τ − t

τ̄ − t̄
dτ+
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+
1

2πi

∫

γ

x̄(τ)
∂2

∂t∂τ̄
ln
τ − t

τ̄ − t̄
dτ̄ = f(t),

êîòîðûå ðåøàþòñÿ ïðèáëèæåííûìè ìåòîäàìè. Ïðèâîäÿòñÿ è èññëåäóþò-
ñÿ êâàäðàòóðíûå ôîðìóëû âû÷èñëåíèÿ èíòåãðàëîâ Àäàìàðà ñ ðàçëè÷íû-
ìè îñîáåííîñòÿìè.

A. C. Kaya è F. Erdogan [97] äëÿ âû÷èñëåíèÿ ãèïåðñèíãóëÿðíîãî èí-
òåãðàëà

b∫

a

x(τ)

(τ − t)p
dτ

èñïîëüçóþò îïðåäåëåíèå èíòåãðàëîâ Àäàìàðà è íåêîòîðûå ñïåöèàëüíûå
ïðèåìû. Òî÷íî âû÷èñëåíî áîëüøîå ÷èñëî èíòåãðàëîâ ïðè p = 2 è ïðè
ðàçëè÷íûõ âåñàõ îò ñòåïåííûõ ôóíêöèé ïðè öåëîé ñòåïåíè, îò ïîëèíîìîâ
Ëåæàíäðà è ×åáûøåâà.

Â ÷àñòíîñòè, âû÷èñëåíû ñëåäóþùèå èíòåãðàëû:

1

π

1∫

−1

τn
√

1− τ 2

τ − t
dτ,

1

π

1∫

−1

τn
√

1− τ 2

(τ − t)2 dτ, (n ≥ 1);

1

π

1∫

−1

τndτ

(τ − t)
√

1− τ 2
,

1

π

1∫

−1

τndτ

(τ − t)2
√

1− τ 2
, (n ≥ 2);

1∫

−1

τn
√

1− τ

(τ − t)2 dτ,
1∫

−1

τndτ

(τ − t)
√

1− τ
dτ, (n ≥ 0),

à òàêæå âû÷èñëåí ðÿä ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ îò êëàññè÷åñêèõ
îðòîãîíàëüíûõ ìíîãî÷ëåíîâ.

Â ðàáîòå À. È. Áîéêîâîé [30] ïîñòðîåíû èíòåðïîëÿöèîííûå ïîëèíî-
ìû ïî óçëàì îðòîãîíàëüíûõ ìíîãî÷ëåíîâ. Íà îñíîâå ýòèõ ïîëèíîìîâ
åþ ïîñòðîåíû [31], [79], [80] îïòèìàëüíûå ïî ïîðÿäêó èíòåðïîëÿöèîííûå
êâàäðàòóðíûå ôîðìóëû âû÷èñëåíèÿ ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ

1∫

−1

p(τ)ϕ(τ)

(τ − t)2 dτ

ñ âåñàìè
√

1− τ 2, (1− τ 2)−1/2, ((1− τ)/(1 + τ))1/2, ((1 + τ)/(1− τ))1/2.

Â ñòàòüå J. C. Mason è E. Venturino [104] ðàññìàòðèâàëèñü ìåòîäû
âû÷èñëåíèÿ âåêòîðíûõ ñèíãóëÿðíûõ è ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ íà
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êðèâûõ, ïàðàìåòðèçàöèÿ êîòîðûõ íåèçâåñòíà. Ðàññìàòðèâàþòñÿ, â ÷àñò-
íîñòè, èíòåãðàëû âèäà

∫

L

ϕ(τ)dτ

r(τ, t)2 , t ∈ L,

ó êîòîðûõ êîíòóð L îïðåäåëåí ëèøü â êîíå÷íîì ÷èñëå òî÷åê. Çäåñü
r(t, τ)− ðàññòîÿíèå ìåæäó òî÷êàìè t è τ â åâêëèäîâîé ìåòðèêå.

Èíòåðåñíàÿ êâàäðàòóðíàÿ ôîðìóëà äëÿ âû÷èñëåíèÿ ãèïåðñèíãóëÿð-
íûõ èíòåãðàëîâ ñ ôèêñèðîâàííûìè îñîáåííîñòÿìè ïðåäëîæåíà â [98].
(Â ýòîé ðàáîòå îíà ïîñòðîåíà ñðàçó äëÿ èíòåãðàëîâ ñ ôèêñèðîâàííûìè
îñîáåííîñòÿìè âèäà ln |x|, 1

x ,
1
x2 . Íåòðóäíî âèäåòü, ÷òî îíà îñòàåòñÿ ñïðà-

âåäëèâîé è äëÿ ñèíãóëÿðíîñòåé âèäà 1
xp , p = 3, 4, . . .).

Ïóñòü x1, . . . , xN è p1, . . . , pN îçíà÷àåòN óçëîâ è êîýôôèöèåíòîâ êâàä-
ðàòóðíîé ôîðìóëû Ãàóññà íà ñåãìåíòå [−1, 1]; Pn(x) îçíà÷àåò èíòåðïî-
ëÿöèîííûé ïîëèíîì Ëåæàíäðà ñòåïåíè n, n = 0, 1, . . . , N − 1. Òîãäà
êâàäðàòóðíàÿ ôîðìóëà

1∫

−1

ω(τ)ϕ(τ)dτ =
N∑

n=1
pnϕ(xn) +RN(ϕ),

ãäå ω(t) = ln |t|, t−1, t−2,

pn = ωn
N−1∑

j=0




2j + 1

2
Pj(xn)

1∫

−1

ω(τ)Pj(τ)dτ


 ,

ωn =
1∫

−1

N∏

j=1,j 6=n


 x− xj
xn − xj




2

dx, n = 1, 2, · · · , N,

ñïðàâåäëèâà äëÿ ïîëèíîìîâ äî N − 1 ñòåïåíè. Åå ïîãðåøíîñòü ðàâíà
RN(ϕ) ³ N−k äëÿ ôóíêöèé ϕ(t) ∈ W k(1).

Â ðàáîòå [98] äëÿ âû÷èñëåíèÿ ãèïåðñèíãóëÿðíîãî èíòåãðàëà (4.2) ïðè
p = 2 ïðåäëîæåíà êâàäðàòóðíàÿ ôîðìóëà, èñïîëüçóþùàÿ óçëû è êîýô-
ôèöèåíòû ôîðìóëû Ãàóññà, îïðåäåëåííîé íà ñåãìåíòå [−1, 1].

Îáîçíà÷èì ÷åðåç Pj(t) è Qj(t), j = 0, 1, . . . , N − 1, èíòåðïîëÿöèîí-
íûé ïîëèíîì Ëåæàíäðà è ôóíêöèþ Ëåæàíäðà âòîðîãî ðîäà, à ÷åðåç
x1, . . . , xN è ω1, . . . , ωN− óçëû è êîýôôèöèåíòû êâàäðàòóðíîé ôîðìóëû
Ãàóññà, îïðåäåëåííûå íà ñåãìåíòå [−1, 1].

Ïóñòü

ω3,n(t) = ωn


−

N−2∑

j=0

[(N+j−3)/2]∑

k=j
(2j + 1)(4k + 3− 2n)Qj(t)P2k+1−n(xn)+
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+
N−1∑

j=0

2j + 1

2
Pj(xn)


 1

t− 1
− (−1)j

t+ 1





 ,

n = 1, 2, . . . , N.
Òîãäà äëÿ ëþáîé òî÷êè t ∈ (−1, 1) êâàäðàòóðíàÿ ôîðìóëà

1∫

−1

ϕ(τ)

(τ − t)2dτ =
N∑

n=1
ω3,n(t)ϕ(xn) +RN(ϕ)

òî÷íà äëÿ ïîëèíîìîâ (N − 1)-ãî ïîðÿäêà.
Àñèìïòîòè÷åñêîå ðàçëîæåíèå èíòåãðàëîâ Àäàìàðà âèäà

b∫

a

K(x, λx)f(x)dx, 0 ≤ a < b ≤ ∞, (5.10)

ïî ñòåïåíÿì λ, ãäå λ− áîëüøîé ïàðàìåòð, èññëåäîâàëîñü â ðàáîòàõ [74],
[83], [114], [117]. Â èíòåãðàëå (5.10) ÿäðà èìåþò ëîãàðèôìè÷åñêèå è ñòå-
ïåííûå îñîáåííîñòè ñ ïîêàçàòåëåì −α, ãäå Reα > 1.

Â 1981 D. F. Paget [111], [112] ïðåäëîæèë ôîðìóëó òèïà Ãàóññà äëÿ
âû÷èñëåíèÿ ñèíãóëÿðíûõ èíòåãðàëîâ

b∫

a

ω(τ)
ϕ(τ)

τ − t
dτ =

n∑

i=1
hi
ϕ(ti)− ϕ(t)

ti − t
+ f(t)

b∫

a

ω(τ)

τ − t
dτ,

ãäå {ti}, {hi}− óçëû è êîýôôèöèåíòû êâàäðàòóðíîé ôîðìóëû Ãàóññà
äëÿ âû÷èñëåíèÿ èíòåãðàëîâ Ðèìàíà îò íåïðåðûâíûõ ôóíêöèé ñ âåñî-
âûì ìíîæèòåëåì ω(t). Â òîé æå ðàáîòå îí ðàñïðîñòðàíèë ïðåäûäóùóþ
ôîðìóëó íà ãèïåðñèíãóëÿðíûå èíòåãðàëû

b∫

a

ω(τ)
ϕ(τ)

(τ − t)2dτ ≈

≈





n∑
i=1

hi
[
ϕ(ti)−ϕ(t)

(ti−t)2 − ϕ′(t)
ti−t

]
+ q′0(x)ϕ(t) + q0(x)ϕ

′(t), x 6= ti,
n∑

i=1,i6=j
hi

[
ϕ(ti)−ϕ(tj)

(ti−tj)2 − ϕ′(tj)
ti−tj

]
+

+1
2ϕ

′′(tj) + q′0(ti)ϕ(tj) + q0(tj)ϕ
′(tj), t = tj,

à òàêæå îöåíèë ïîãðåøíîñòü êâàäðàòóðíîé ôîðìóëû â ïðåäïîëîæåíèè,
÷òî ôóíêöèÿ ϕ(t) àíàëèòè÷åñêè ïðîäîëæèìà ñ ñåãìåíòà [a, b].
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N. I. Ioakimidis, P. S. Theocaris [96] â 1979 ã. è Ioakimidis [95] â
1985 ã. èññëåäîâàëè ïðèìåíèìîñòü êâàäðàòóðíîé ôîðìóëû Ãàóññà ê ãè-
ïåðñèíãóëÿðíûì èíòåãðàëàì ñ áîëåå âûñîêèì ïîðÿäêîì ñèíãóëÿðíîñòè

b∫

a

ω(τ)
ϕ(τ)

(τ − t)p+1dτ =
n∑

i=1

hi
(ti − t)p+1


ϕ(ti)−

p∑

k=0

ϕ(k)(t)

k!
(ti − t)k


 +

+
p∑

k=0

ck
k!
ϕ(k)(t) +Rn(ϕ; t), x 6= ti, (5.11)

ãäå ck =
b∫
a

ω(τ)
(τ−t)p+1−kdτ.

Â ñëó÷àå, êîãäà t = ti, ñòðîèòñÿ àíàëîãè÷íàÿ êâàäðàòóðíàÿ ôîðìóëà,
â êîòîðóþ âõîäèò ïðîèçâîäíàÿ ϕ(p+1)(t). N. I. Ioakimidis [95] îöåíèë ïî-
ãðåøíîñòü êâàäðàòóðíîé ôîðìóëû (5.11) íà êëàññå ôóíêöèé W rHα, ãäå
r > p+ 1.

Ïðåäëàãàåòñÿ òàêæå (G. Monegato [106]) â ïðåäûäóùåé ôîðìóëå ôóíê-
öèþ ϕ(t) çàìåíèòü èíòåðïîëÿöèîííîé ôîðìóëîé Ýðìèòà, èñïîëüçóþùåé
ïðè ñâîåì ïîñòðîåíèè ïðîèçâîäíûå äî p-ãî ïîðÿäêà â òî÷êå t.

Â ñëó÷àå, åñëè îñîáàÿ òî÷êà t â ãèïåðñèíãóëÿðíîì èíòåãðàëå ñîâïàäà-
åò ñ óçëîì êâàäðàòóðíîé ôîðìóëû Ãàóññà, êâàäðàòóðíàÿ ôîðìóëà äëÿ
âû÷èñëåíèÿ èíòåãðàëîâ âèäà

b∫

a

ω(τ)
ϕ(τ)

(τ − t)p+1dτ

èññëåäîâàíà G. Monegato [105], [106], [107].
Â ñòàòüå G. Criscuolo [85] ðàññìàòðèâàåòñÿ ïðèáëèæåííûé ìåòîä âû-

÷èñëåíèÿ ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ

Hp(ω, f, t) =
1∫

−1

ω(t)f(τ)dτ

(τ − t)p+1 , |t| < 1, p = 1, 2, . . .

ñ âåñîâîé ôóíêöèåé ω(τ) êâàäðàòóðíûìè ôîðìóëàìè âèäà

Hp,m(w, f, t) =

=
m∑

k=1
λkm



1− pm−1(ω, xk,m)

pm−1(ω, xc)





f(xk,m)

(xk,m − t)p+1

p∑

j=0

f (j)(t)

j!
(xk,m − t)j+

+
p∑

j=0

f (j)(t)

j!

1∫

−1

ω(τ)dτ

(τ − t)p+1−j +Rp,m(ω, f). (5.12)
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Çäåñü Rp,m(ω, f)− ïîãðåøíîñòü âû÷èñëåíèé, {pm(ω)}∞0 − ñèñòåìà îð-
òîãîíàëüíûõ ïîëèíîìîâ ñ âåñîì ω(t) è ñòàðøèì êîýôôèöèåíòîì γm > 0,
x1,m, . . . , xm,m− íóëè ïîëèíîìà pm(t), ðàñïîëîæåííûå íà ñåãìåíòå [−1, 1];
÷åðåç xc = xc(t,m) îáîçíà÷åí áëèæàéøèé ê t êîðåíü x1,m, . . . , xm,m. Â
ñëó÷àå, åñëè òàêèõ êîðíåé äâà, òî â êà÷åñòâå xc ìîæåò áûòü âçÿò ëþáîé
èç íèõ.

Îòíîñèòåëüíî êâàäðàòóðíîé ôîðìóëû (5.12) â [85] äîêàçàíî ñëåäóþ-
ùåå óòâåðæäåíèå.

Ïóñòü ω(t) = (1− t)α(1+ t)β, α, β > −1. Ïóñòü f ∈ W p è
1∫
0

ω(f (p),δ)
δ dδ <

<∞, ãäå ω− ìîäóëü íåïðåðûâíîñòè. Åñëè α, β ≥ 1/2, òî îöåíêà

|Rp,m(ω, f, t, )| ≤ AEm−p(f (p)) lnm, (5.13)

m ≥ 4p + 4, âûïîëíÿåòñÿ ðàâíîìåðíî â (−1, 1). Åñëè 0 ≤ α, β < 1/2, òî
ýòà îöåíêà ñïðàâåäëèâà â ëþáîì çàìêíóòîì ñåãìåíòå, ïðèíàäëåæàùåì
(−1, 1). Áîëåå òîãî, åñëè −1 < α, β < 0 è f (q) ∈ Hλ, 0 < λ ≤ 1, q ≥ p, òî
îöåíêà |Rp,m(ω, f, t)| ≤ Am−λ−q+p lnm, m ≥ 4p+4, ñïðàâåäëèâà â ëþáîì
ñåãìåíòå, ïðèíàäëåæàùåì (−1, 1).

Íåñìîòðÿ íà äîñòàòî÷íî âûñîêèé ïîðÿäîê ñõîäèìîñòè, êâàäðàòóðíàÿ
ôîðìóëà (5.12) îáëàäàåò äâóìÿ ñóùåñòâåííûìè íåäîñòàòêàìè:

1) ïðè ïîñòðîåíèè âû÷èñëèòåëüíîé ñõåìû èñïîëüçóþòñÿ çíà÷åíèÿ
ôóíêöèè f(t) è åå ïðîèçâîäíûõ äî p-ãî ïîðÿäêà â òî÷êå t, â êîòîðîé âû-
÷èñëÿåòñÿ ãèïåðñèíãóëÿðíûé èíòåãðàë. Â ñëó÷àå, êîãäà ðàññìàòðèâàåòñÿ
ãèïåðñèíãóëÿðíûé èíòåãðàë ñ ïåðåìåííîé ñèíãóëÿðíîñòüþ è âû÷èñëåíèÿ
îñóùåñòâëÿþòñÿ íà äîñòàòî÷íî ãóñòîé ñåòêå çíà÷åíèé ïàðàìåòðà t, ôîð-
ìóëà (5.12) ÿâëÿåòñÿ íåýôôåêòèâíîé;

2) ïðè ïîñòðîåíèè êâàäðàòóðíîé ôîðìóëû (5.12) èñïîëüçóþòñÿ çíà-
÷åíèÿ ïðîèçâîäíûõ äî p-ãî ïîðÿäêà îò ôóíêöèè f(t). Èçâåñòíî, ÷òî îïå-
ðàöèÿ âû÷èñëåíèÿ ïðîèçâîäíîé ÿâëÿåòñÿ íåêîððåêòíîé, ÷òî çàòðóäíÿåò
ïðàêòè÷åñêîå ïðèìåíåíèå ôîðìóëû (5.12) è àíàëîãè÷íûõ ôîðìóë.

Ãèïåðñèíãóëÿðíûå èíòåãðàëû îò ôóíêöèé íåñêîëüêèõ íåçàâèñèìûõ
ïåðåìåííûõ ìîæíî ðàçäåëèòü íà äâå ãðóïïû: ïîëèãèïåðñèíãóëÿðíûå èí-
òåãðàëû è ñîáñòâåííî ìíîãîìåðíûå ãèïåðñèíãóëÿðíûå èíòåãðàëû.

Ê ïåðâîé ãðóïïå îòíîñÿòñÿ ãèïåðñèíãóëÿðíûå èíòåãðàëû âèäà
1∫

−1

· · ·
1∫

−1

ϕ(τ1, . . . , τl)dτ1 · · · dτl
τ p1
1 τ

p2
2 · · · τ pl

l

, (5.14)
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1∫

−1

· · ·
1∫

−1

ϕ(τ1, . . . , τl)dτ1 · · · dτl
(τ1 − t1)p1(τ2 − t2)p2 · · · (τl − tl)pl

, (5.15)

1∫

−1

· · ·
1∫

−1

ϕ(τ1, . . . , τl)dτ1 · · · dτl
|τ1|p1+λ1|τ2|p2+λ2 · · · |τl|pl+λl

, (5.16)

1∫

−1

· · ·
1∫

−1

ϕ(τ1, . . . , τl)dτ1 · · · dτl
|τ1 − t1|p1+λ1|τ2 − t2|p2+λ2 · · · |τl − tl|pl+λl

, (5.17)

ãäå pi = 2, 3, . . . , 0 ≤ λi ≤ 1, i = 1, 2, . . . , l,

1∫

−1

· · ·
1∫

−1

ϕ(τ1, . . . , τl)

τ p1
dτ1 · · · dτl, p = l + 1, . . . , (5.18)

1∫

−1

· · ·
1∫

−1

ϕ(τ1, . . . , τl)

|τ1|p+λ dτ1 · · · dτ2, p = l, l + 1, . . . , 0 < λ < 1. (5.19)

Êî âòîðîé ãðóïïå îòíîñÿòñÿ èíòåãðàëû âèäà
1∫

−1

· · ·
1∫

−1

ϕ(τ1, . . . , τl)dτ1 · · · dτl
(τ 2

1 + τ 2
2 + · · ·+ τ 2

l )
p/2 , (5.20)

1∫

−1

· · ·
1∫

−1

ϕ(τ1, . . . , τl)dτ1 · · · dτl
((τ1 − t1)2 + · · · (τl − tl)2)p/2

, (5.21)

p = l, l + 1, · · ·
1∫

−1

· · ·
1∫

−1

ϕ(τ1, . . . , τl)

(τ 2
1 + · · ·+ τ 2

l )
(λ+p)/2dτ1 · · · dτl, (5.22)

1∫

−1

· · ·
1∫

−1

ϕ(τ1, . . . , τl)dτ1 · · · dτl
((τ1 − t1)2 + · · ·+ (τl − tl)2)(λ+p)/2 , (5.23)

p − öåëîå ÷èñëî, p = l, l + 1, · · · , 0 < λ < 1.
Â ðàáîòå [106] ðàññìàòðèâàþòñÿ èíòåãðàëû âèäà

∫

T

Kp(t, τ)ϕ(τ)dτ, t ∈ T ⊂ R2, (5.24)

ãäå r,Θ − ïîëÿðíûå êîîðäèíàòû,

Kp(t, τ) =
p+1∑

l=0

fp−1(t,Θ)

rp+2−l +K∗(t, r,Θ).
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Äëÿ ïîñòðîåíèÿ êóáàòóðíîé ôîðìóëû èíòåãðàë (5.24) çàïèñûâàåòñÿ
â ïîëÿðíûõ êîîðäèíàòàõ è ïðåäñòàâëÿåòñÿ â âèäå ïîñëåäîâàòåëüíîñòè
äâóõ îäíîìåðíûõ èíòåãðàëîâ: ðåãóëÿðíîãî è ãèïåðñèíãóëÿðíîãî. Ïåðâûé
èç íèõ âû÷èñëÿåòñÿ ïî êâàäðàòóðíûì ôîðìóëàì Ãàóññà−Ëåæàíäðà èëè
Ãàóññà−Ëîáàòòî, à âòîðîé − ïî êâàäðàòóðíûì ôîðìóëàì âû÷èñëåíèÿ
ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ âèäà (5.9).

Þ. Ô. Çàõàðîâîé [48]−[51] ïîñòðîåíû îïòèìàëüíûå ïî ïîðÿäêó êóáà-
òóðíûå ôîðìóëû äëÿ âû÷èñëåíèÿ ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ

∞∫

−∞
· · ·

∞∫

−∞

ϕ(τ1, . . . , τl)e
−λ(|t1|+···+|t2|)

(t21 + t22 + · · ·+ t2l )
p

dτ1 · · · dτl

ïðè ðàçëè÷íûõ ñî÷åòàíèÿõ ïàðàìåòðîâ λ è p è ïðè ðÿäå äðóãèõ âåñîâûõ
ôóíêöèé.

Äëÿ ïðèáëèæåííîãî âû÷èñëåíèÿ ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ âèäà
∫

γ1

· · ·
∫

γl

ϕ(τ1, . . . , τl)dτ1 · · · dτl
(τ1 − t1)p1(τ2 − t2)p2 + · · · (τl − tl)pl

, (5.25)

ãäå γi(i = 1, 2, . . . , l)− åäèíè÷íàÿ îêðóæíîñòü ñ öåíòðîì â íà÷àëå êîîðäè-
íàò ïëîñêîñòè êîìïëåêñíîé ïåðåìåííîé zi, â öèêëå ðàáîò È. Â. Áîéêîâà
è Í. Ô. Äîáðûíèíîé [19] − [22] è â ðàáîòàõ È. Â. Áîéêîâà, Í. Ô. Äîáðû-
íèíîé è Ë. Í. Äîìíèíà [23], [24] ïðåäëîæåíû ðàçëè÷íûå ìåòîäû, îñíî-
âàííûå êàê íà àïïðîêñèìàöèè ïîäûíòåãðàëüíîé ôóíêöèè èíòåðïîëÿöè-
îííûìè ïîëèíîìàìè èëè ñïëàéíàìè, òàê è íà ïðîäîëæåíèè ïàðàìåòðîâ
ti, i = 1, 2, . . . , l ñ îêðóæíîñòåé γi (i = 1, 2, . . . , l) íà ïëîñêîñòè êîìïëåêñ-
íîé ïåðåìåííîé zi (i = 1, 2, . . . , l).

Àíàëîãè÷íûå ðåçóëüòàòû ïðè ðàçëè÷íûõ âåñîâûõ ôóíêöèÿõ ρ(t1, · · · , tl)
ïîëó÷åíû è äëÿ èíòåãðàëîâ âèäà (5.17), (5.23) è èíòåãðàëîâ

∞∫

−∞
· · ·

∞∫

−∞
ρ(τ1, . . . , τl)

ϕ(τ1, . . . , τl)dτ1 · · · dτl
(τ1 − t1)p1 · · · (τl − tl)pl

, (5.26)

∞∫

−∞
· · ·

∞∫

−∞
ρ(τ1, . . . , τl)

ϕ(τ1, . . . , τl)

((τ1 − t1)2 + · · ·+ (τl − tl)2)p/2
dτ1 · · · dτl, (5.27)

ãäå p − öåëîå ÷èñëî, p > l.

Þ. Ô. Çàõàðîâîé ïîñòðîåíû [48]−[51] îïòèìàëüíûå ïî ïîðÿäêó êóáà-
òóðíûå ôîðìóëû âû÷èñëåíèÿ èíòåãðàëîâ (5.26)−(5.27).
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Äëÿ ÷èñëåííîãî ðåøåíèÿ øèðîêîãî êëàññà çàäà÷ àýðîäèíàìèêè
Ñ. Ì. Áåëîöåðêîâñêèé [5] ïðåäëîæèë ìåòîä äèñêðåòíûõ âèõðåé. È. Ê. Ëè-
ôàíîâ ðàñïðîñòðàíèë ìåòîä äèñêðåòíûõ âèõðåé íà èíòåãðàëüíûå óðàâ-
íåíèÿ ñ èíòåãðàëîì â ñìûñëå Àäàìàðà. Â ñâÿçè ñ ýòèì èì ïîñòðîåíû [57]
(ñ. 315−330) ïî ìåòîäó äèñêðåòíûõ âèõðåé êóáàòóðíûå ôîðìóëû âû÷èñ-
ëåíèÿ èíòåãðàëîâ âèäà

b∫

a

d∫

c

ϕ(τ1, τ2)dτ1dτ2
((τ1 − t1)2 + (τ2 − t2)2)3/2

è
b∫

a

d∫

c

ϕ(τ1, τ2)

(τ2 − t2)2

τ1 − t1√
(τ1 − t1)2 + (τ2 − t2)2

dτ1dτ2.

Â êíèãå [34] ïðåäëîæåíû àëãîðèòìû âû÷èñëåíèÿ ãèïåðñèíãóëÿðíûõ
èíòåãðàëîâ

∫ ∫

σ

ϕ(τ1, τ2, τ3)

(r(t, τ))3 dτ1dτ2dτ3, t ∈ σ, (5.28)

ãäå σ− ãëàäêàÿ ïîâåðõíîñòü, îïèñûâàåìàÿ ôóíêöèåé t3 = f(t1, t2). Çäåñü
t = (t1, t2, t3), τ = (τ1, τ2, τ3), r(t, τ) = ((t1−τ1)2 +(t2−τ2)2 +(t3−τ3)2)1/2.

Äëÿ ïîñòðîåíèÿ êóáàòóðíîé ôîðìóëû èíòåãðàë (5.28) ïðåîáðàçóåòñÿ
ê èíòåãðàëó âèäà

1

4π

∫ ∫

D

g(v1, v2)

r3(v, w)

√
1 + (f ′v1(v1, v2))2 + (f ′v2(v1, v2))2

(
1 +

(
f(v1,v2)−f(w1,w2)

r(v,w)

)2
)3/2 dv1dv2,

ãäå r(v, w) = ((v1 − w1)
2 + (v2 − w2)

2)1/2, v = (v1, v2), w = (w1, w2), à
çàòåì äëÿ ïîñëåäíåãî ñòðîÿòñÿ êóáàòóðíûå ôîðìóëû ìåòîäà äèñêðåòíûõ
âèõðåé.

Â ðàáîòå I.V. Boykov, A.I. Boykova, E.S. Ventsel [77] ïðåäëîæåíû ìå-
òîäû ïðèáëèæåííîãî âû÷èñëåíèÿ èíòåãðàëîâ

∫ ∫

E2

ϕ(τ1, τ2)dτ1dτ2
γ(τ1, τ2)

,

ãäå γ(τ1, τ2)− êðèâàÿ, îïèñûâàåìàÿ óðàâíåíèåì γ(τ1, τ2) = 0.
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Ãëàâà 2

ÃËÀÄÊÎÑÒÜ ÃÈÏÅÐÑÈÍÃÓËßÐÍÛÕ ÈÍÒÅÃÐÀËÎÂ

Â ýòîé ãëàâå èññëåäóåòñÿ ãëàäêîñòü ôóíêöèé, îïðåäåëåííûõ ãèïåð-
ñèíãóëÿðíûìè èíòåãðàëàìè ñ ïåðåìåííûìè îñîáåííîñòÿìè ðàçëè÷íûõ
âèäîâ. Ïîëó÷åííûå ðåçóëüòàòû áóäóò èñïîëüçîâàíû â ãëàâå 6 ïðè ïî-
ñòðîåíèè íàèëó÷øèõ ìåòîäîâ àïïðîêñèìàöèè ñîïðÿæåííûõ ôóíêöèé.

1. Ãëàäêîñòü ñîïðÿæåííûõ ôóíêöèé îäíîé ïåðåìåííîé

Ïðåæäå âñåãî èññëåäóåì ãëàäêîñòü ñîïðÿæåííûõ ôóíêöèé, îïðåäåëÿ-
åìûõ ãèïåðñèíãóëÿðíûìè èíòåãðàëàìè

ϕ̃(t) = J1ϕ ≡
1∫

−1

ϕ(τ)dτ

(τ − t)p
, p = 2, 3, . . .− 1 < t < 1, (1.1)

ϕ̃(t) = I1ϕ ≡
1∫

−1

ϕ(τ)dτ

|τ − t|p+λ , p = 1, 2, 3, · · · , 0 < λ < 1,−1 ≤ t ≤ 1, (1.2)

ãäå ϕ(t) ∈ W rHα èëè ϕ(t) ∈ Ŵ r
q (M), r = p+ 1, p+ 2, . . . , q = 0, 1, . . . , r.

Âíà÷àëå îñòàíîâèìñÿ íà ñëó÷àå, êîãäà ϕ(t) ∈ W rHα.
Òåîðåìà 1.1. Ïóñòü ϕ(τ) ∈ W rHα(1), r ≥ p− 1, 0 < α ≤ 1, Ω =

= [−1, 1]. Òîãäà ϕ̃(t) ∈ L0,r−p+1,p−1(Ω,M).
Äîêàçàòåëüñòâî. Èíòåãðèðóÿ ïî ÷àñòÿì èíòåãðàë J1ϕ, èìååì:

ϕ̃(t) = − ϕ(1)

(p− 1)

1

(1− t)p−1 +
ϕ(−1)(−1)p−1

(p− 1)(1 + t)p−1−

− ϕ′(1)

(p− 1)(p− 2)

1

(1− t)p−2 +
ϕ′(−1)(−1)p−2

(p− 1)(p− 2)(1 + t)p−2−
− · · ·−

−ϕ
(p−2)(1)

(p− 1)!

1

(1− t)
+
ϕ(p−2)(−1)(−1)

(p− 1)!(1 + t)
+

1

(p− 1)!

1∫

−1

ϕ(p−1)(τ)

τ − t
dτ. (1.3)

Èññëåäóåì ãëàäêîñòü èíòåãðàëà

ψ1(t) =
1∫

−1

ϕ(p−1)(τ)dτ

τ − t
.
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Èç òåîðåìû Ïðèâàëîâà [39] ñëåäóåò, ÷òî ôóíêöèÿ ψ1(t) óäîâëåòâîðÿåò
óñëîâèþ Ãåëüäåðà Hα ïðè −1 < t < 1. Èç î÷åâèäíîãî ðàâåíñòâà

ψ1(t) = ϕ(p−1)(t) ln

∣∣∣∣∣
1− t

1 + t

∣∣∣∣∣ +
1∫

−1

ϕ(p−1)(τ)− ϕ(p−1)(t)

τ − t
dτ,

è, ó÷èòûâàÿ, ÷òî ôóíêöèÿ (1+t)p−1(1−t)p−1 ln
∣∣∣1−t1+t

∣∣∣ îãðàíè÷åíà ïðè p ≥ 2
è ïðè âñåõ t ∈ [−1, 1], óáåæäàåìñÿ, ÷òî ôóíêöèÿ ϕ̃(t) èìååò îñîáåííîñòü
âèäà (1− t)−(p−1) ± (1 + t)−(p−1).

Èç ôîðìóëû (1.3) ñëåäóåò, ÷òî ôóíêöèÿ ϕ̃(t) äîïóñêàåò äèôôåðåíöè-
ðîâàíèå äî (r − p+ 1)-ãî ïîðÿäêà âî âíóòðåííèõ òî÷êàõ îáëàñòè Ω.

Èç ýòèõ ñîîáðàæåíèé âûòåêàåò ñïðàâåäëèâîñòü òåîðåìû.
Çàìå÷àíèå. Èç ïðèâåäåííîé òåîðåìû ñëåäóåò, ÷òî íà äàííîì êëàññå

ôóíêöèé íåâîçìîæíî ïîñòðîèòü ðàâíîìåðíîå ïðèáëèæåíèå ê ôóíêöèè
ϕ̃(t) íà ñåãìåíòå [−1, 1].

Òåîðåìà 1.2. Ïóñòü ϕ(t) ∈ Ŵ r
qHα(1), 0 < α < 1, r ≥ p − 1, 0 ≤ q ≤

≤ p− 2. Òîãäà ϕ̃(t) ∈ L0,r−p+1,p−2−q(Ω,M).
Äîêàçàòåëüñòâî òåîðåìû 1.2 ïîäîáíî äîêàçàòåëüñòâó ïðåäûäóùåé

òåîðåìû.
Òåîðåìà 1.3. Ïóñòü ϕ(t) ∈ Ŵ r

qHα(1), r ≥ p− 1, p− 2 < q ≤ r. Òîãäà
ϕ̃(t) ∈ Q̄q+1−p,r−q(Ω,M) ïðè p − 1 ≤ q ≤ r − 2; ϕ̃(t) ∈ W r−pHα(M) ïðè
q = r − 1 è 0 < α < 1.

Äîêàçàòåëüñòâî. Ïóñòü ϕ(t) ∈ Ŵ r
qHα(1) è p− 1 ≤ q ≤ r − 2.

Âîñïîëüçîâàâøèñü îïðåäåëåíèåì ãèïåðñèíãóëÿðíîãî èíòåãðàëà è èí-
òåãðèðóÿ ïî ÷àñòÿì, èìååì:

ϕ̃(t) = − 1

(p− 1)!

1∫

−1

ϕ(p−1)(τ)dτ

τ − t
.

Ïðîäîëæèì ýòîò ïðîöåññ. Â ðåçóëüòàòå

ϕ̃(t) =
1

(p− 1)!

1∫

−1

ϕ(p)(τ) ln |τ − t|dτ =

=
1

(p− 1)!

1∫

−1

ϕ(q)(τ)fq−p(τ − t)dτ =
1

(p− 1)!

{
ϕ(q)(1)fq+1−p(1− t)−

−ϕ(q)(−1)fq+1−p(−1− t) + · · ·+
1∫

−1

ϕ(r)(τ)fr−p(τ − t)dτ



 . (1.4)
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Çäåñü fs−p(τ − t)− ðåçóëüòàò (s− p)-êðàòíîãî ïîñëåäîâàòåëüíîãî èí-
òåãðèðîâàíèÿ ôóíêöèè ln |τ − t|.

Èç ôîðìóëû (1.4) ñëåäóåò, ÷òî ôóíêöèÿ ϕ̃(t) äîïóñêàåò äèôôåðåíöè-
ðîâàíèå äî (r − p + 1)-ãî ïîðÿäêà, ïðè÷åì ïðîèçâîäíûå äî (q − p)-ãî
ïîðÿäêà îãðàíè÷åíû ïî ìîäóëþ êîíñòàíòîé M, à äëÿ (q + 1 − p)-é ïðî-
èçâîäíîé ñïðàâåäëèâà îöåíêà

|ϕ̃(q+1−p)(x)| ≤M |(1 + ln d(x,Γ)|),
ãäå d(x,Γ)− ðàññòîÿíèå îò òî÷êè x äî êîíöîâ Γ ñåãìåíòà [−1, 1].

Ïåðâîå óòâåðæäåíèå òåîðåìû äîêàçàíî.
Îñòàëîñü ðàññìîòðåòü ñëó÷àé, êîãäà q = r − 1. Â ýòîì ñëó÷àå

ϕ̃(x) =
1

(p− 1)!

1∫

−1

ϕ(r)(τ)fr−p(τ − t)dτ. (1.5)

Ðàâåíñòâî (1.5) ìîæíî äèôôåðåíöèðîâàòü r−p ðàç. Â ðåçóëüòàòå èìå-
åì

ϕ̃(r−p)(x) =
1

(p− 1)!

1∫

−1

ϕ(r)(τ) ln |τ − t|dτ =

=
1

(p− 1)!

1−t∫

−1−t
ϕ(r)(τ + t) ln |τ |dτ. (1.6)

Èç ôîðìóëû (1.6) ñëåäóåò, ÷òî ϕ̃(r−p)(x) ∈ Hα(M).
Âòîðîå óòâåðæäåíèå òåîðåìû äîêàçàíî.
Òåîðåìà äîêàçàíà.
Óòâåðæäåíèÿ, àíàëîãè÷íûå ïðèâåäåííûì â òåîðåìàõ 1.1 � 1.3, ñïðà-

âåäëèâû è äëÿ èíòåãðàëîâ âèäà I1ϕ. Äëÿ êðàòêîñòè ïðèâåäåì òîëüêî
àíàëîã òåîðåìû 1.3.

Òåîðåìà 1.4. Ïóñòü Ω = [−1, 1], ϕ(t) ∈ Ŵ r
q (1), r ≥ p, p − 1 ≤ q ≤ r.

Òîãäà ϕ̃(t) ∈ Q0,r−p−1+λ(Ω,M) ïðè q = p−1; ϕ̃(t) ∈ Qq+1−p,r−q−2+λ(Ω,M),
ïðè p ≤ q < r è ϕ̃(t) ∈ W r−p(M) ïðè q = r.

Äîêàçàòåëüñòâî. Ïóñòü ϕ(t) ∈ Ŵ r
q (1), r ≥ p, p−1 ≤ q ≤ r. Âîñïîëü-

çîâàâøèñü îïðåäåëåíèåì ãèïåðñèíãóëÿðíîãî èíòåãðàëà, èìååì:

ϕ̃(t) = − 1

p!

1∫

−1

ϕ(p)(τ)dτ

|τ − t|λ . (1.7)
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Ðàññìîòðèì íåñêîëüêî âîçíèêøèõ âîçìîæíîñòåé. Ïðåäïîëîæèì âíà-
÷àëå, ÷òî q = p− 1. Òîãäà ïðåäñòàâèì ïðåäûäóùåå ðàâåíñòâî â âèäå

ϕ̃(t) = − 1

p!

1−t∫

−1−t

ϕ(p)(v + t)dv

|v|λ . (1.8)

Èç ýòîãî ðàâåíñòâà ñëåäóåò, ÷òî ôóíêöèÿ ϕ̃(t) èìååò ïðîèçâîäíûå äî
(r − p)-ãî ïîðÿäêà, ïðè÷åì äëÿ ïðîèçâîäíîé ïîðÿäêà 1 ≤ j ≤ r − p,

ñïðàâåäëèâî íåðàâåíñòâî
∣∣∣∣∣∣
djϕ̃(t)

dtj

∣∣∣∣∣∣ ≤M/(d(t,Γ))j−1+λ, (1.9)

ãäå Γ = {±1}− êîíöû ñåãìåíòà [−1, 1].
Ñëåäîâàòåëüíî, ïðè q = p− 1 ϕ̃(t) ∈ Q0,r−p−1+λ(Ω,M).
Ðàññìîòðèì òåïåðü ñëó÷àé, êîãäà q > p−1. Èç ðàâåíñòâà (1.8) ñëåäóåò,

÷òî ôóíêöèÿ ϕ̃(t) èìååò ïðîèçâîäíûå äî (q + 1− p)-ãî ïîðÿäêà, îãðàíè-
÷åííûå ïî ìîäóëþ îáùåé êîíñòàíòîé M è ïðîèçâîäíûå (q+ 1− p+ j)-ãî
ïîðÿäêà, óäîâëåòâîðÿþùèå íåðàâåíñòâó

∣∣∣∣
dvϕ̃(t)
dtv

∣∣∣∣ ≤ M/(d(t,Γ))j−1+λ, ãäå
v = q + 1− p+ j, j = 1, 2, . . . , r − q − 1.

Ñëåäîâàòåëüíî, ϕ̃(t) ∈ Qq+1−p,r−q−2+λ(Ω,M). Àíàëîãè÷íûå ðàññóæäå-
íèÿ ïîêàçûâàþò, ÷òî ïðè q = r ϕ̃(t) ∈ W r−p(M).

Òåîðåìà äîêàçàíà.

2. Ãëàäêîñòü ñîïðÿæåííûõ ôóíêöèé, ïðåäñòàâèìûõ
ìíîãîìåðíûìè ãèïåðñèíãóëÿðíûìè èíòåãðàëàìè

Ïóñòü Ω = [−1, 1]2. Ðàññìîòðèì èíòåãðàë

ϕ̃(t1, t2) = (Hϕ)(t1, t2) =
∫ ∫

Ω

ϕ(τ1, τ2)dτ1dτ2
((τ1 − t1)2 + (τ2 − t2)2)p/2

(2.1)

â ïðåäïîëîæåíèè, ÷òî ôóíêöèÿ ϕ(τ1, τ2) ∈ Cr
2(1), à ïåðåìåííàÿ t =

= (t1, t2) ïðîáåãàåò îáëàñòü Ω\Γ, ãäå Γ = ∂Ω− ãðàíèöà îáëàñòè Ω.
Îòìåòèì, ÷òî åñëè ãèïåðñèíãóëÿðíûé èíòåãðàë Hϕ ïîíèìàòü â ñìûñ-

ëå îïðåäåëåíèÿ 1.16 èç ãëàâû 1, òî ãëàäêîñòü ôóíêöèè ϕ̃(t1, t2) =
= (Hϕ)(t1, t2) ìîæíî èññëåäîâàòü âî âñåé îáëàñòè E2. Îòìåòèì, ÷òî âñå
ïîëó÷åííûå ðåçóëüòàòû ëåãêî ïåðåíîñÿòñÿ íà ñëó÷àé ãèïåðñèíãóëÿðíûõ
èíòåãðàëîâ ëþáîé êîíå÷íîé ðàçìåðíîñòè.
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.

Äîêàçàòåëüñòâî. Âîçüìåì ïðîèçâîëüíóþ òî÷êó E ∈ Ω \ ∂Ω è îöå-
íèì ìîäóëü ôóíêöèè ϕ̃(t), t = (t1, t2). Ñîåäèíèì òî÷êó E îòðåçêàìè
ïðÿìûõ ñ âåðøèíàìè êâàäðàòà Ω è áóäåì ðàññìàòðèâàòü òðåóãîëüíèêè
AEB, BEC, CED, DEA. (ðèñ. 2.1). Ïðè ýòîì äîñòàòî÷íî îãðàíè÷èòüñÿ
ðàññìîòðåíèåì òðåóãîëüíèêà CED.

Ââåäåì ïîëÿðíóþ ñèñòåìó êîîðäèíàò ñ öåíòðîì â òî÷êå E. Òîãäà ãè-
ïåðñèíãóëÿðíûé èíòåãðàë â ÷àñòè, îòíîñÿùåéñÿ ê òðåóãîëüíèêó DEC,
ðàâåí

H1ϕ = lim
ρ1→0

Θ2∫

Θ1

a
sin Θ∫

ρ1

ϕ(t1 + ρ cos Θ, t2 + ρ sin Θ)dρdΘ

ρp−1 , (2.2)

ãäå a− ðàññòîÿíèå îò òî÷êè E äî ïðÿìîé DC.
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Çàôèêñèðóåì ïðîèçâîëüíîå äîñòàòî÷íî ìàëîå ρ1 è âû÷èñëèì ïî ÷à-
ñòÿì èíòåãðàë

a
sin Θ∫

ρ1

ϕ(t1 + ρ cos Θ, t2 + ρ sin Θ)dρdΘ

ρp−1 .

Â ðåçóëüòàòå ïîëó÷àåì âûðàæåíèå

fp−2(Θ)

ap−2 +
fp−3(Θ)

ap−3 + · · ·+ f1(Θ)

a
+

+
gp−2(Θ)

ρp−2
1

+
gp−3(Θ)

ρp−3
1

+ · · ·+ g1(Θ)

ρ1
+ f0(Θ),

ãäå fi(Θ), gi(Θ), i = 0, 1, . . . , p− 2− íåïðåðûâíûå ôóíêöèè.
Ïîñëå èíòåãðèðîâàíèÿ ïîñëåäíåãî âûðàæåíèÿ ïî Θ ïîëó÷àåì

Ap−2

ap−2 + · · ·+ A1

a
+
Bp−2

ρp−2
1

+ · · ·+ B1

ρ1
+ C1.

Àíàëîãè÷íûå âûðàæåíèÿ ïîëó÷àåì è ïðè èíòåãðèðîâàíèè ïî îñòàëü-
íûì òðåóãîëüíèêàì. Òàêèì îáðàçîì, èíòåãðàë Hϕ îöåíèâàåòñÿ íåðàâåí-
ñòâîì

|Hϕ(t)| ≤ M

(ρ(t,Γ))p−2 , (2.3)

ãäå ρ(t,Γ)− ðàññòîÿíèå îò òî÷êè t äî ãðàíèöû Γ = ∂Ω îáëàñòè Ω.
Äîêàæåì çàêîííîñòü äèôôåðåíöèðîâàíèÿ ïî ïàðàìåòðàì t1 è t2 âî

âíóòðåííèõ òî÷êàõ (t1, t2) îáëàñòè â ãèïåðñèíãóëÿðíûõ èíòåãðàëàõ âèäà
ϕ̃(t1, t2) = (Hϕ)(t1, t2).

Ïóñòü (t1, t2)− âíóòðåííÿÿ òî÷êà îáëàñòè Ω è ðàññòîÿíèå îò íåå äî
ãðàíèöû Γ = ∂Ω îáëàñòè Ω ðàâíî d(d > 0). Âîçüìåì h (0 < h < d) è
ðàññìîòðèì ðàçíîñòü

(Hϕ)(t1 + h, t2)− (Hϕ)(t1, t2) =

=
∫ ∫

Ω

ϕ(τ1, τ2)dτ1dτ2
((τ1 − (t1 + h))2 + (τ2 − t2)2)p/2

−
∫ ∫

Ω

ϕ(τ1, τ2)dτ1dτ2
((τ1 − t1)2 + (τ2 − t2)2)p/2

=

=
∫ ∫

Ω1

ϕ(τ1 + h, τ2)dτ1dτ2
((τ1 − t1)2 + (τ2 − t2)2)p/2

−
∫ ∫

Ω

ϕ(τ1, τ2)dτ1dτ2
((τ1 − t1)2 + (τ2 − t2)2)p/2

=
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=
∫ ∫

Ω∗

(ϕ(τ1 + h, τ2)− ϕ(τ1, τ2))dτ1dτ2
((τ1 − t1)2 + (τ2 − t2)2)p/2

+

+
−1∫

−1−h

1∫

−1

ϕ(τ1 + h, τ2)dτ1dτ2
((τ1 − t1)2 + (τ2 − t2)2)p/2

−

−
1∫

1−h

1∫

−1

ϕ(τ1, τ2)dτ1dτ2
((τ1 − t1)2 + (τ2 − t2)2)p/2

,

ãäå Ω1 = [1− h,−1− h;−1, 1], Ω∗ = [1− h, 1;−1, 1].
Âîñïîëüçîâàâøèñü îïðåäåëåíèåì ïðîèçâîäíîé, èìååì:

∂(Hϕ)(t1, t2)

∂t1
= lim

h→0



1

h

∫ ∫

Ω∗

(ϕ(τ1 + h, τ2)− ϕ(τ1, τ2))dτ1dτ2
((τ1 − t1)2 + (τ2 − t2)2)p/2

+

+
1

h

−1∫

−1−h

1∫

−1

ϕ(τ1 + h, τ2)dτ1dτ2
((τ1 − t1)2 + (τ2 − t2)2)p/2

−

−1

h

1∫

1−h

1∫

−1

ϕ(τ1, τ2)dτ1dτ2
((τ1 − t1)2 + (τ2 − t2)2)p/2


 =

=
∫ ∫

Ω∗

∂ϕ(τ1, τ2)

∂τ1

dτ1dτ2
((τ1 − t1)2 + (τ2 − t2)2)p/2

−

−
1∫

−1

ϕ(1, τ2)dτ2
((1− t1)2 + (τ2 − t2)2)p/2

+
1∫

−1

ϕ(−1, τ2)dτ2
((1 + t1)2 + (τ2 − t2)2)p/2

.

Èç ýòîé ôîðìóëû ñëåäóåò çàêîííîñòü ïî÷ëåííîãî äèôôåðåíöèðîâà-
íèÿ èíòåãðàëà (Hϕ)(t1, t2) âî âíóòðåííèõ òî÷êàõ îáëàñòè Ω.

Ïîêàæåì òåïåðü, ÷òî ôóíêöèÿ ϕ̃(t1, t2) äèôôåðåíöèðóåìà r − 2 ðàçà.
Ïîñëåäîâàòåëüíî äèôôåðåíöèðóÿ, èìååì:

∂ϕ̃(t1, t2)

∂t1
=

∫ ∫

Ω

ϕ(τ1, τ2)
∂

∂t1

1

((τ1 − t1)2 + (τ2 − t2)2)p/2
dτ1dτ2 =

= −
∫ ∫

Ω

ϕ(τ1, τ2)
∂

∂τ1

1

((τ1 − t1)2 + (τ2 − t2)2)p/2
dτ1dτ2 =

= −
1∫

−1

ϕ(1, τ2)

((1− t1)2 + (τ2 − t2)2)p/2
dτ2 +

1∫

−1

ϕ(−1, τ2)

((1 + t1)2 + (τ2 − t2)2)p/2
dτ2+
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+
∫ ∫

Ω

∂ϕ(τ1, τ2)

∂τ1

dτ1dτ2
((τ1 − t1)2 + (τ2 − t2)2)p/2

.

Ïðîäîëæàÿ ýòîò ïðîöåññ, èìååì:

∂vϕ̃(t1, t2)

∂tv1
= −

1∫

−1

ϕ(1, τ2)
∂v−1

∂tv−1
1

1

((1− t1)2 + (τ2 − t2)2)p/2
dτ2−

−
1∫

−1

∂ϕ(1, τ2)

∂t1

∂v−2

∂tv−2
1

1

((1− t1)2 + (τ2 − t1)2)p/2
dτ2 − · · ·−

−
1∫

−1

∂v−1ϕ(1, τ2)

∂tv−1
1

1

((1− t1)2 + (τ2 − t2)2)p/2
dτ2+

+
1∫

−1

ϕ(−1, τ2)
∂v−1

∂tv−1
1

1

((1 + t1)2 + (τ2 − t2)2)p/2
dτ2+

+
1∫

−1

∂ϕ(−1, τ2)

∂t1

∂v−2

∂tv−2
1

1

((1 + t1)2 + (τ2 − t2)2)p/2
dτ2 + · · ·+

+
1∫

−1

∂v−1ϕ(−1, τ2)

∂tv−1
1

1

((1 + t1)2 + (τ2 − t2)2)p/2
dτ2+

+
∫ ∫

Ω

∂vϕ(τ1, τ2)

∂τ v1

dτ1dτ2
((τ1 − t1)2 + (τ2 − t2)2)p/2

. (2.4)

Èññëåäóåì óñëîâèÿ ãëàäêîñòè ôóíêöèè ϕv(τ1, τ2) = ∂vϕ(τ1,τ2)
∂τv

1
, äîñòàòî÷-

íûå äëÿ ñóùåñòâîâàíèÿ ïîñëåäíåãî èíòåãðàëà.
Äëÿ ýòîãî îáîçíà÷èì ÷åðåç B(t, R) êðóã ñ öåíòðîì â òî÷êå t è ñ ðàäè-

óñîì R, ãäå R− ðàññòîÿíèå îò òî÷êè t äî ãðàíèöû îáëàñòè Ω. Î÷åâèäíî,
÷òî èç ñóùåñòâîâàíèÿ èíòåãðàëà

∫ ∫

B(t,R)

ϕv(τ1, τ2)dτ1dτ2
((τ1 − t1)2 + (τ2 − t2)2)p/2

ñëåäóåò ñóùåñòâîâàíèå èíòåãðàëà
∫ ∫

Ω

ϕv(τ1, τ2)dτ1dτ2
((τ1 − t1)2 + (τ2 − t2)2)p/2

.
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Ïåðåéäÿ ê ïîëÿðíîé ñèñòåìå êîîðäèíàò, èìååì:
∫ ∫

B(t,R)

ϕv(τ1, τ2)dτ1dτ2
((τ1 − t1)2 + (τ2 − t2)2)p/2

=
2π∫

0

R∫

0

ϕ∗v(ρ,Θ)dρdΘ

ρp−1 .

Èíòåãðèðóÿ ïî ÷àñòÿì èíòåãðàë
R∫

0

ϕ∗v(ρ,Θ)dρ

ρp−1

è âîñïîëüçîâàâøèñü îïðåäåëåíèåì ãèïåðñèíãóëÿðíîãî èíòåãðàëà, ïðèõî-
äèì ê âûðàæåíèþ, âêëþ÷àþùåìó èíòåãðàë

R∫

0

∂p−1ϕ∗v(ρ,Θ)

∂ρp−1 | ln ρ|dρ.

Äëÿ òîãî ÷òîáû ýòîò èíòåãðàë ñóùåñòâîâàë, äîñòàòî÷íî, ÷òîáû ôóíê-
öèÿ ∂p−1ϕ∗v(ρ,Θ)

∂ρp−1 óäîâëåòâîðÿëà óñëîâèþ Äèíè − Ëèïøèöà.
Ñëåäîâàòåëüíî, åñëè ôóíêöèÿ ϕ ∈ Cr

2(M) è íå ââåäåíû äîïîëíèòåëü-
íûå óñëîâèÿ íà ãëàäêîñòü ïðîèçâîäíûõ r-ãî ïîðÿäêà, òî äëÿ ñóùåñòâîâà-
íèÿ ïîñëåäíåãî èíòåãðàëà ñëåäóåò ïðåäïîëîæèòü, ÷òî ôóíêöèÿ ϕ∗v èìååò
p-þ ïðîèçâîäíóþ. Ïîýòîìó ïàðàìåòðû r, p è v ñâÿçàíû ñîîòíîøåíèåì
r = p + v, èç êîòîðîãî âûòåêàåò, ÷òî ôóíêöèþ ϕ̃(t1, t2) ìîæíî äèôôå-
ðåíöèðîâàòü ïî ïåðåìåííîé t1 r − p ðàç.

Î÷åâèäíî, òàêîå æå çàêëþ÷åíèå ìîæíî ñäåëàòü è äëÿ äèôôåðåíöèðî-
âàíèÿ ïî ïåðåìåííîé t2 è ïðè âû÷èñëåíèè ñìåøàííûõ ïðîèçâîäíûõ.

Ðåçþìèðóÿ ïðåäûäóùèå âûêëàäêè, ìîæíî ñäåëàòü âûâîä, ÷òî ôóíê-
öèè ϕ̃(t1, t2), ïðåäñòàâèìûå èíòåãðàëîì (2.1), óäîâëåòâîðÿþò íåðàâåíñòâó
(2.3) è èìåþò ïðîèçâîäíûå äî (r− p)-ãî ïîðÿäêà, ïðè÷åì êàê ìîäóëü ñà-
ìîé ôóíêöèè, òàê è ìîäóëè âñåõ ïðîèçâîäíûõ ñòðåìÿòñÿ ê áåñêîíå÷íîñòè
ïðè ñòðåìëåíèè òî÷êè (t1, t2) ê ãðàíèöå îáëàñòè.

Òåîðåìà äîêàçàíà.
Çàìå÷àíèå. Èç òåîðåìû 2.1 ñëåäóåò, ÷òî åñëè ϕ ∈ Cr

2,q(1), r ≥ p + 1,

p = 2, 3, . . . , r − 1, òî |ϕ̃(t)| ≤ A
(d(x,Γ))p−q−2 ïðè p > q + 2; |ϕ̃(t)| ≤ A(1+

+| ln d(x,Γ)|) ïðè p = q + 2; |ϕ̃(t)| ≤ A ïðè p < q + 2.
Èç äîêàçàòåëüñòâà òåîðåìû ëåãêî çàìåòèòü, ÷òî åñëè ïðîèçâîäíûå r-

ãî ïîðÿäêà óäîâëåòâîðÿþò óñëîâèþ Äèíè − Ëèïøèöà, òî ïðåäûäóùåå
óòâåðæäåíèå ìîæíî óñèëèòü.
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Òåîðåìà 2.2. Ïóñòü ϕ ∈ Cr
2(Ω,M) è ïðîèçâîäíûå ∂rϕ(t1, t2)/∂t

r1
1 ∂t

r2
2 ,

r1 + r2 = r, ri ≥ 0, i = 1, 2, óäîâëåòâîðÿþò óñëîâèÿì Äèíè − Ëèïøèöà.
Òîãäà ϕ̃(t1, t2) ∈ L0,r−p+1,p−2(Ω,M).

Òåîðåìà 2.3. Ïóñòü ϕ ∈ Cr
2,q(1), r ≥ p + 1, q = 0, 1, . . . , r − 1. Òîãäà

ñïðàâåäëèâû îöåíêè: ∥∥∥∥∥∥
∂|v|ϕ̃(t1, t2)

∂tv11 ∂t
v2
2

∥∥∥∥∥∥
C[Ω]

≤ B

ïðè 0 ≤ |v| ≤ q + 1, p− q + |v| ≤ 2;
∣∣∣∣∣∣
∂|v|ϕ̃(t1, t2)

∂tv11 ∂t
v2
2

∣∣∣∣∣∣ ≤ B(1 + | ln d(t,Γ)|), t ∈ Ω\∂Ω,

ïðè 0 ≤ |v| ≤ q + 1, p− q + |v| = 3;
∣∣∣∣∣∣
∂|v|ϕ̃(t1, t2)

∂tv11 ∂t
v2
2

∣∣∣∣∣∣ ≤ B
1

(d(t,Γ))p−q+|v|−3 , t ∈ Ω\∂Ω,

ïðè 0 ≤ |v| ≤ q + 1, p− q + |v| ≥ 4;
∣∣∣∣∣∣
∂|v|ϕ̃(t1, t2)

∂tv11 ∂t
v2
2

∣∣∣∣∣∣ ≤ B
1

(d(t,Γ))p−q+|v|−2 , t ∈ Ω\∂Ω,

ïðè q + 2 ≤ |v| ≤ r − p+ 1.
Äîêàçàòåëüñòâî. Ïðåæäå âñåãî îöåíèì àáñîëþòíóþ âåëè÷èíó

|ϕ̃(t1, t2)|. Äëÿ ýòîãî, òàê æå êàê è ïðè äîêàçàòåëüñòâå òåîðåìû 2.1, ïðåä-
ñòàâèì èíòåãðàë (2.1) â âèäå ñóììû ÷åòûðåõ èíòåãðàëîâ ïî òðåóãîëüíè-
êàì AEB, BEC, CED, DEA (ðèñ. 2.1). Äëÿ îïðåäåëåííîñòè îãðàíè÷èì-
ñÿ èíòåãðàëîì H1ϕ, ïðåäñòàâëåííûì â âèäå (2.2).

Ïðîèíòåãðèðóåì ïî ÷àñòÿì èíòåãðàë H1ϕ è ïåðåéäåì çàòåì ê ïðåäåëó
ïðè ρ1 → 0 :

a
sin Θ∫

ρ1

ϕ(t1 + ρ cos Θ, t2 + ρ sin Θ)dρ

ρp−1 =

= −ϕ(t1 + ρ cos Θ, t2 + ρ sin Θ)

(p− 2)ρp−2

∣∣∣∣∣∣

a
sin Θ

ρ1

+

+

a
sin Θ∫

ρ1

∂ϕ(t1 + ρ cos Θ, t2 + ρ sin Θ)

∂ρ

dρ

(p− 2)ρp−2 =
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= −ϕ(t1 + a
sin Θ cos Θ, t2 + a

sinΘ)

(p− 2)( a
sinΘ)p−2 +

ϕ(t1 + ρ1 cos Θ1, t2 + ρ1 sin Θ)

(p− 2)ρp−2
1

+

+
1

p− 2

a
sin Θ∫

ρ1

∂ϕ(t1 + ρ cos Θ, t2 + ρ sin Θ)

∂ρ

dρ

ρp−2 =

=
1

p− 2

a
sin Θ∫

ρ1

∂ϕ(t1 + ρ cos Θ, t2 + ρ sin Θ)

∂ρ
dρ.

Çäåñü áûëè èñïîëüçîâàíû îïðåäåëåíèå èíòåãðàëà Àäàìàðà è óñëîâèå
îáðàòèìîñòè ôóíêöèè ϕ â íóëü íà ãðàíèöå îáëàñòè.

Òàê êàê
∂ϕ(t1 + ρ cos Θ, t2 + ρ sin Θ)

∂ρ
=
∂ϕ

∂x
cos Θ +

∂ϕ

∂y
sin Θ,

ýòà ïðîèçâîäíàÿ è ïîñëåäóþùèå ïðîèçâîäíûå äî q-ãî ïîðÿäêà âêëþ÷è-
òåëüíî îáðàùàþòñÿ â íóëü íà îòðåçêå DC.

Òàêèì îáðàçîì,

H1ϕ = lim
ρ1→0

Θ2∫

Θ1

a
sin Θ∫

ρ1

A
∂q+1ϕ(t1 + ρ cos Θ, t2 + ρ sin Θ)

∂ρq+1

dρ

ρp−q−2 .

Çäåñü A− ïîñòîÿííàÿ, íå âëèÿþùàÿ íà äàëüíåéøèå ðàññóæäåíèÿ.
Èç ïîñëåäíåãî âûðàæåíèÿ ìîæíî ñäåëàòü òðè âûâîäà:
1) àáñîëþòíàÿ âåëè÷èíà ôóíêöèè Hϕ ïðè p ≥ q+4 îöåíèâàåòñÿ íåðà-

âåíñòâîì
|ϕ̃(t1, t2)| = |(Hϕ)(t)| ≤ B

1

(d(t,Γ))p−q−3 ;

2) ïðè p = q + 3 àáñîëþòíàÿ âåëè÷èíà ôóíêöèè ϕ̃(t) îöåíèâàåòñÿ
íåðàâåíñòâîì

|ϕ̃(t)| = |(Hϕ)(t)| ≤ B(1 + | ln(d(t,Γ)|);
3) ïðè p ≤ q + 2 ôóíêöèÿ ϕ̃(t) îãðàíè÷åíà ïî ìîäóëþ:

|ϕ̃(t)| = |(Hϕ)(t)| ≤ B.

Âîçüìåì ïðîèçâîäíóþ ïî t1 îò èíòåãðàëà (2.1). Âîñïîëüçîâàâøèñü
îïðåäåëåíèåì èíòåãðàëà Àäàìàðà, èìååì:

∂ϕ̃(t1, t2)

∂t1
=

∫ ∫

Ω

ϕ(τ1, τ2)
∂

∂t1


 1

((τ1 − t1)2 + (τ2 − t2)2)p/2


 dτ1dτ2 =
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.

Çäåñü A1 = (t1 − η, t2 − η), B1 = (t1 + η, t2 − η), C1 = (t1 + η, t2 + η),
D1 = (t1 − η, t2 + η).

Ðàññìîòðèì â îòäåëüíîñòè êàæäûé èç èíòåãðàëîâ â ïðàâîé ÷àñòè ðà-
âåíñòâà (2.5). Íåòðóäíî âèäåòü, ÷òî

∫ ∫

∆1

ϕ(τ1, τ2)
∂

∂τ1


 1

((τ1 − t1)2 + (τ2 − t2)2)p/2


 dτ1dτ2 =
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=
t2−η∫

−1

dτ2

1∫

−1

ϕ(τ1, τ2)
∂

∂τ1


 1

((τ1 − t1)2 + (τ2 − t2)2)p/2


 dτ1dτ2 =

= −
∫ ∫

∆1

∂(τ1, τ2)

∂τ1

1

((τ1 − t1)2 + (τ2 − t2)2)p/2
dτ1dτ2.

Àíàëîãè÷íûì îáðàçîì âû÷èñëÿþòñÿ èíòåãðàëû ïî îáëàñòÿì ∆2, ∆3,

∆4.

Òàêèì îáðàçîì,

∂ϕ̃(t1, t2)

∂t1
=

∫ ∫

Ω

∂ϕ(τ1, τ2)

∂τ1

dτ1dτ2
((τ1 − t1)2 + (τ2 − t2)2)p/2

.

Ïðîäîëæàÿ ýòîò ïðîöåññ è âû÷èñëÿÿ ïðîèçâîäíûå äî (q+1)-ãî ïîðÿä-
êà, èìååì:

∂q+1ϕ̃(t1, t2)

∂tq11 ∂t
q2
2

=
∫ ∫

Ω

∂q+1ϕ(τ1, τ2)

∂τ q11 ∂τ
q2
2

dτ1dτ2
((τ1 − t1)2 + (τ2 − t2)2)p/2

, (2.6)

ãäå q + 1 = q1 + q2.

Èç ôîðìóëû (2.6) ñëåäóåò, ÷òî ïðè |v| ≤ q + 1

∂|v|ϕ̃(t1, t2)

∂tq11 ∂t
q2
2

=
∫ ∫

Ω

∂|v|ϕ(τ1, τ2)

∂τ v11 ∂τ
v2
2

dτ1dτ2
((τ1 − t1)2 + (τ2 − t2)2)p/2

. (2.7)

Äëÿ îöåíêè ïðîèçâîäíûõ ïîðÿäêà |v| ïðè |v| > q + 1, âîñïîëüçóåìñÿ
ïðåäñòàâëåíèåì (2.6), â êîòîðîì, äëÿ ïðîñòîòû äàëüíåéøèõ îáîçíà÷åíèé,
áóäåì ðàññìàòðèâàòü ïðîèçâîäíûå òîëüêî ïî îäíîé ïåðåìåííîé. Òîãäà èç
ôîðìóëû (2.4) ñëåäóåò, ÷òî

∂vϕ̃(t1, t2)

∂tv1
=

= −
1∫

−1

∂v−q−2

∂τ v−q−2
1


 1

((1− t1)2 + (τ2 − t2)2)p/2


 ∂q+1ϕ(t1, τ2)

∂tq+1
1

∣∣∣∣∣∣∣
t1=1

dτ2 − · · ·−

−
1∫

−1

1

((1− t1)2 + (τ2 − t2)2)p/2
∂v−1ϕ(t1, τ2)

∂tv−1
1

∣∣∣∣∣∣∣
t1=1

dτ2+
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+
1∫

−1

∂v−q−2

∂tv−q−2
1


 1

((1 + t1)2 + (τ2 − t2)2)p/2


 ∂q+1ϕ(t1, τ2)

∂tq+1
1

∣∣∣∣∣∣∣
t1=−1

dτ2 + · · ·+

+
1∫

−1

1

((1 + t1)2 + (τ2 − t2)2)p/2
∂v−1ϕ(t1, τ2)

∂tv−1
1

∣∣∣∣∣∣∣
t1=−1

dτ2+

+
1∫

−1

1∫

−1

∂vϕ(τ1, τ2)

∂τ v1

dτ1dτ2
((τ1 − t1)2 + (τ2 − t2)2)p/2

. (2.8)

Äëÿ ñóùåñòâîâàíèÿ ïîñëåäíåãî èíòåãðàëà â ðàâåíñòâå (2.8) äîñòàòî÷-
íî âûïîëíåíèÿ óñëîâèÿ r − v ≥ p− 1.

Îòñþäà ñëåäóåò, ÷òî âîçìîæíî âû÷èñëåíèå ïðîèçâîäíûõ äî r−(p−1).

Îöåíèì àáñîëþòíóþ âåëè÷èíó ôóíêöèè ∂|v|ϕ̃(t1,t2)
∂t

v1
1 ∂t

v2
2

ïðè q + 1 < |v| ≤
≤ r − (p− 1). Èç ôîðìóëû (2.8) ñëåäóåò, ÷òî

∣∣∣∣∣∣
∂|v|ϕ̃(t1, t2)

∂tv11 ∂t
v2
2

∣∣∣∣∣∣ ≤ B
1

(d(t,Γ))p+|v|−q−2 ,

ïðè q + 2 ≤ |v| ≤ r − p+ 1.
Èíòåãðàë, ñòîÿùèé â ïðàâîé ÷àñòè ôîðìóëû (2.8), ìîæíî, êàê è èí-

òåãðàë Hϕ, ïðåäñòàâèòü â âèäå ñóììû ÷åòûðåõ èíòåãðàëîâ. Ïîâòîðÿÿ
ðàññóæäåíèÿ, ïðèâåäåííûå ïðè èññëåäîâàíèè èíòåãðàëà Hϕ, ìîæíî ïî-
êàçàòü, ÷òî ïðè |v| ≤ q + 1 è p− q + |v| ≥ 4

∣∣∣∣∣∣
∂|v|ϕ̃(t1, t2)

∂tv11 ∂t
v2
2

∣∣∣∣∣∣ ≤
1

(d(t,Γ))p−q+|v|−3 ;

ïðè |v| ≤ q + 1 è p− q + |v| = 3
∣∣∣∣∣∣
∂|v|ϕ̃(t1, t2)

∂tv11 ∂t
v2
2

∣∣∣∣∣∣ ≤ B(1 + ln d(t,Γ)|);

ïðè |v| ≤ q + 1 è p− q + |v| ≤ 2
∣∣∣∣∣∣
∂|v|ϕ̃(t1, t2)

∂tv11 ∂t
v2
2

∣∣∣∣∣∣ ≤ B;

ïðè q + 2 ≤ |v| ≤ r − p+ 1
∣∣∣∣∣∣
∂|v|ϕ̃(t1, t2)

∂tv11 ∂t
v2
2

∣∣∣∣∣∣ ≤ B
1

(d(t,Γ))p−q+|v|−2 .

Òåîðåìà äîêàçàíà.
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Ãëàâà 3

ÎÏÒÈÌÀËÜÍÛÅ ÊÂÀÄÐÀÒÓÐÍÛÅ ÔÎÐÌÓËÛ
ÂÛ×ÈÑËÅÍÈß ÈÍÒÅÃÐÀËÎÂ ÀÄÀÌÀÐÀ

Â äàííîé ãëàâå èçëàãàþòñÿ îïòèìàëüíûå ìåòîäû âû÷èñëåíèÿ îäíî-
ìåðíûõ ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ ñ ôèêñèðîâàííîé è ïåðåìåííîé
ñèíãóëÿðíîñòÿìè. Îòäåëüíûå ðåçóëüòàòû, âêëþ÷åííûå â ýòó ãëàâó, áûëè
ðàíåå îïóáëèêîâàíû â ìîíîãðàôèè È. Â. Áîéêîâà, Í. Ô. Äîáðûíèíîé,
Ë. Í. Äîìíèíà [24] è â ñòàòüÿõ [75] − [78]. Ìíîãèå ðåçóëüòàòû ïóáëèêó-
þòñÿ âïåðâûå.

1. Èíòåãðàëû ñ ôèêñèðîâàííîé ñèíãóëÿðíîñòüþ,
îïðåäåëåííûå íà ñåãìåíòå

Ðàññìîòðèì ãèïåðñèíãóëÿðíûå èíòåãðàëû

Iϕ =
1∫

−1

ϕ(τ) dτ

τ ν
, ν = 2, 3, . . . ;

Fϕ =
1∫

−1

ϕ(τ) dτ

|τ |ν+α , ν = 2, 3, . . . , 0 < α < 1.

Äëÿ âû÷èñëåíèÿ èíòåãðàëîâ Iϕ è Fϕ èñïîëüçóþòñÿ êâàäðàòóðíûå
ôîðìóëû ñëåäóþùåãî âèäà:

Iϕ =
N∑

k=−N

ρ∑

l=0
pklϕ

(l)(tk) +RN(pkl, tk, ϕ); (1.1)

Fϕ =
N∑

k=−N

ρ∑

l=0
pklϕ

(l)(tk) +RN(pkl, tk, ϕ). (1.2)

Èíòåãðàëû Iϕ è Fϕ âû÷èñëÿþòñÿ íà êëàññàõ ôóíêöèéW r(1) èW r
p (1),

r ≥ ν, 1 ≤ p <∞.
Íèæå â àñèìïòîòè÷åñêè îïòèìàëüíûõ êâàäðàòóðíûõ ôîðìóëàõ èñ-

ïîëüçóåòñÿ ëîêàëüíûé ñïëàéí, ïîñòðîåííûé â [10]. Íàïîìíèì åãî ïîñòðî-
åíèå.
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Ïóñòü f(t) ∈ W r(1) è t ∈ [−1; 1]. Íà ñåãìåíòå [−1; 1] ôóíêöèÿ f(t)
àïïðîêñèìèðóåòñÿ ïîëèíîìîì

f̃(t) =
r−1∑

k=0


f

(k)(0)

k!
tk +Bkδ

(k)(1)


 ,

ãäå
δ(t) = f(t)−

r−1∑

k=0

f (k)(0)

k!
tk.

Êîýôôèöèåíòû Bk îïðåäåëÿþòñÿ èç ðàâåíñòâà

(1− t)r −
r−1∑

k=0

Bkr!

(r − k − 1)!
(1− t)(r−k−1) = (−1)rRrq(t),

ãäå Rrq(t) � ïîëèíîì ñòåïåíè r, íàèìåíåå óêëîíÿþùèéñÿ îò íóëÿ â ìåò-
ðèêå ïðîñòðàíñòâà Lq (1/p+ 1/q = 1), 1 ≤ p ≤ ∞.

Ïîñòðîèì òåïåðü ëîêàëüíûé ñïëàéí, àïïðîêñèìèðóþùèé ôóíêöèþ
f(t) ∈ W r(1) íà ñåãìåíòå [−1; 1]. Ðàçîáüåì ñåãìåíò [−1; 1] òî÷êàìè tk:
−1 = t0 < t1 < . . . < tN = 1 íà áîëåå ìåëêèå ñåãìåíòû ∆k = [tk; tk+1],
k = 0, 1, . . . , N − 1. Íà êàæäîì ñåãìåíòå ∆k ôóíêöèÿ f(t) àïïðîêñèìè-
ðóåòñÿ ïîëèíîìîì

f [∆k, t] =
r−1∑

l=0


f

(l)(tk)

l!
(t− tk)

l +Bklδ
(l)(tk+1)


 ,

ãäå
δ(t) = f(t)−

r−1∑

l=0

f (l)(tk)

l!
(t− tk)

l.

Êîýôôèöèåíòû Bkl îïðåäåëÿþòñÿ èç ðàâåíñòâà

(tk+1 − t)r −
r−1∑

l=0

Bklr!(tk+1 − tk)

(r − l − 1)!
(tk+1 − t)r−l−1 =

= (−1)rRrq

(
tk + tk+1

2
,
tk+1 − tk

2
, t

)
,

ãäå ÷åðåç Rrq(s, h, t) îáîçíà÷åí ïîëèíîì âèäà tr+∑r−1
l=0 αlt

l, îïðåäåëåííûé
íà ñåãìåíòå ∆ = [s−h, s+h] è íàèìåíåå óêëîíÿþùèéñÿ îò íóëÿ â ìåòðèêå
ïðîñòðàíñòâà Lq(∆) (1/p+ 1/q = 1).

Ëîêàëüíûé ñïëàéí, ñîñòàâëåííûé èç ïîëèíîìîâ f(∆k, t), k = 0, 1, . . . ,
N − 1, îáîçíà÷àåòñÿ ÷åðåç fN(t).
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Òåîðåìà 1.1. Ñðåäè âñåâîçìîæíûõ êâàäðàòóðíûõ ôîðìóë âèäà (1.2),
èñïîëüçóþùèõ 2N(ρ+1), ρ = r− 1 çíà÷åíèé ïîäûíòåãðàëüíîé ôóíêöèè
äëÿ âû÷èñëåíèÿ èíòåãðàëà Iϕ, àñèìïòîòè÷åñêè îïòèìàëüíîé íà êëàññå
W r(1) ÿâëÿåòñÿ ôîðìóëà

Iϕ =
r−1∑

k=0

ϕ(k)(0)

k!(k + 1− ν)
tk+1−ν
1

(
1− (−1)k+1−ν)

+

+
N−1∑

k=−N
′
tk+1∫

tk

ϕ ([tk, tk+1], τ)

τ ν
dτ +RN(ϕ), (1.3)

ãäå tk = ±(k/N)(r+1)/(r+1−ν), k = 0, 1, . . . , N , ∑′ îçíà÷àåò ñóììèðîâàíèå
ïî k 6= −1, 0; ϕ([tk, tk+1], τ) � îïèñàííûé âûøå ïîëèíîì.

Ïîãðåøíîñòü êâàäðàòóðíîé ôîðìóëû (1.3) ðàâíà

RN [W r(1)] =
2 + o(1)

4rr!

(
r + 1

r + 1− ν

)r+1 1

N r
.

Òåîðåìà 1.2. Ïóñòü èíòåãðàë Iϕ âû÷èñëÿåòñÿ ïî êâàäðàòóðíîé ôîð-
ìóëå âèäà (1.1) ïðè ρ = r − 1 (r = 1, 2, . . .). Òîãäà ïðè 1 ≤ p <∞

ζN
[
W r

p (1)
] ≥ (1 + o(1))Rrq(1)

2r−1/qr!(rq + 1)1/q


 r + 1/q

r − ν + 1/q



r+1/q

1

N r
.

Òåîðåìà 1.3. Ïóñòü èíòåãðàë Iϕ âû÷èñëÿåòñÿ ïî êâàäðàòóðíîé ôîð-
ìóëå âèäà (1.1) ïðè ρ = r − 2 (r = 2, 4, 6, · · ·). Òîãäà ïðè 1 ≤ p <∞

ζN
[
W r

p (1)
] ≥ (1 + o(1))Rrq(1)

2r−1/qr!(rq + 1)1/q


 r + 1/q

r − ν + 1/q



r+1/q

1

N r
.

Òåîðåìà 1.4. Ñðåäè âñåâîçìîæíûõ êâàäðàòóðíûõ ôîðìóë âèäà (1.1),
èñïîëüçóþùèõ 2N(ρ+1), ρ = r− 1 çíà÷åíèé ïîäûíòåãðàëüíîé ôóíêöèè
äëÿ âû÷èñëåíèÿ èíòåãðàëà Iϕ, àñèìïòîòè÷åñêè îïòèìàëüíîé íà êëàññå
W r

p (1), r = 1, 2, . . ., 1 ≤ p <∞ ÿâëÿåòñÿ ôîðìóëà (1.3), â êîòîðîé tk =

= ±(k/N)(r+1/q)/(r+1/q−ν). Ïîãðåøíîñòü ýòîé ôîðìóëû ðàâíà

RN [W r
p (1)] =

(1 + o(1))Rrq(1)

2r−1/q(rq + 1)1/qr!


 r + 1/q

r + 1/q − ν



r+1/q

1

N r
.

Òåîðåìà 1.5. Ñðåäè êâàäðàòóðíûõ ôîðìóë âèäà (1.2) àñèìïòîòè÷å-
ñêè îïòèìàëüíîé íà êëàññå W r(1) ÿâëÿåòñÿ ôîðìóëà

Fϕ =
r−1∑

k=0

2ϕk(0)

k!(k + 1− ν − λ)
tk+1−ν−λ
1 +
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+
N−1∑

k=−N
′
tk+1∫

tk

ϕ ([tk, tk+1], τ)

|τ |ν+λ dτ +RN(ϕ), (1.4)

â êîòîðîé tk = (k/N)(r+1)/(r+1−ν−λ), à ∑ ′ îçíà÷àåò ñóììèðîâàíèå ïî
k 6= −1, 0. Ïîãðåøíîñòü ýòîé ôîðìóëû ðàâíà

RN [W r(1)] = (2 + o(1))

(
r + 1

r + 1− ν − λ

)r+1 1

4rN rr!
.

Òåîðåìà 1.6. Ïóñòü èíòåãðàë Fϕ âû÷èñëÿåòñÿ ïî êâàäðàòóðíîé ôîð-
ìóëå âèäà (1.2) ïðè ρ = r − 1 (r = 1, 2, . . .). Òîãäà ïðè 1 ≤ p <∞

ζN
[
W r

p (1)
] ≥ (1 + o(1))Rrq(1)

2r−1/qr!(rq + 1)1/qN r


 r + 1/q

r + 1/q − ν − λ



r+1/q

.

Òåîðåìà 1.7. Ïóñòü èíòåãðàë Fϕ âû÷èñëÿåòñÿ ïî êâàäðàòóðíîé ôîð-
ìóëå (1.2) ïðè ρ = r − 2 (r = 2, 4, . . .). Òîãäà ïðè 1 ≤ p <∞

ζN
[
W r

p (1)
] ≥ (1 + o(1))Rrq(1)

2r−1/qr!(rq + 1)1/qN r


 r + 1/q

r + 1/q − ν − λ



r+1/q

.

Òåîðåìà 1.8. Ñðåäè âñåâîçìîæíûõ êâàäðàòóðíûõ ôîðìóë âèäà (1.2)
ïðè ρ = r− 1 (r = 1, 2, . . .), èñïîëüçóþùèõ 2N(ρ+ 1) çíà÷åíèé ïîäûíòå-
ãðàëüíîé ôóíêöèè äëÿ âû÷èñëåíèÿ èíòåãðàëà Fϕ, àñèìïòîòè÷åñêè îï-
òèìàëüíîé íà êëàññå W r(1) ÿâëÿåòñÿ ôîðìóëà (1.4), â êîòîðîé t±k =
= ±(k/N)(r+1/q)/(r+1/q−ν−λ). Ïîãðåøíîñòü ýòîé ôîðìóëû ðàâíà

RN

[
W r

p (1)
]
=

(1 + o(1))Rrq(1)

2r−1/q(rq + 1)1/qr!N r


 r + 1/q

r + 1/q − ν − λ



r+1/q

.

Äîêàçàòåëüñòâî òåîðåìû 1.1. Íàéäåì âåðõíþþ ãðàíü îöåíêè ñíèçó
ïîãðåøíîñòè êâàäðàòóðíûõ ôîðìóë âèäà (1.1) íà êëàññå W r(1). Ââåäåì
ñëåäóþùèå îáîçíà÷åíèÿ: s0 = 0,

s±k = ±(k/N)(r+1)/(r+1−ν), k = 1, . . . , N ; M = [lnN ], l = [N/M ];

Nk (N ∗
k ) � ÷èñëî óçëîâ êâàäðàòóðíîé ôîðìóëû (1.1) â ñåãìåíòå

∆k =
[
skM , s(k+1M

]
, (∇k =

[
s−(k+1)M , s−kM

]
), k = 0, 1, . . . , l,

ãäå s(l+1)M = 1, s−(l+1)M = −1. Êðîìå òîãî, ââåäåì îáîçíà÷åíèÿ:

ϕ+(t) =
ϕ(t) + |ϕ(t)|

2
, ϕ−(t) =

ϕ(t)− |ϕ(t)|
2

.
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Ïðè âû÷èñëåíèè îöåíêè ñíèçó ìîæíî îãðàíè÷èòüñÿ ñåãìåíòîì [0, 1].
Íà ýòîì ñåãìåíòå ïîñòðîèì ôóíêöèþ ϕ∗(t), ðàâíóþ íóëþ ðè t ∈ [0, sM ],
ïðèíàäëåæàùóþ êëàññó W r(1) è îáðàùàþùóþñÿ â íóëü âìåñòå ñ ïðîèç-
âîäíûìè äî (r−1)-ãî ïîðÿäêà âêëþ÷èòåëüíî â óçëàõ tk (k = 1, 2, . . . , N)
êâàäðàòóðíîé ôîðìóëû (1.1) è â òî÷êàõ skM (k = 1, 2, . . . , l + 1). Êðîìå
òîãî, ïîòðåáóåì, ÷òîáû

s(k+1)M∫
skM

ϕ∗(τ) dτ ≥ 0, k = 0, 1, . . . , l.

Î÷åâèäíî, ÷òî
1∫

0

ϕ∗(τ) dτ
τ ν

=

=
l∑

k=1

[
1

sν(k+1)M

s(k+1)M∫

skM

ϕ∗(τ) dτ +




1

sνkM
− 1

sν(k+1)M




s(k+1)M∫

skM

ϕ∗(τ) dτ
]

=

= I1 + I2. (1.5)

Â ìîíîãðàôèè C. Ì. Íèêîëüñêîãî [65] ïîêàçàíî, ÷òî ïðè ëþáîì ðàñ-
ïîëîæåíèè óçëîâ tk

inf
pkl

sup
ϕ∈W r(1)

∣∣∣∣∣∣∣

1∫

0

ϕ(τ) dτ −
N∑

k=1

r−1∑

l=0
pklϕ

(l)(tk)

∣∣∣∣∣∣∣
≥ 1

r!
[
4(N − 1) + 2(r − 1)1/r

]r .

Èç ýòîãî íåðàâåíñòâà, ëåììû Ñ. À. Ñìîëÿêà è òåîðåìû Ñ. Ì. Íèêîëü-
ñêîãî [65], èìååì

sup
ϕ∈W r(1),ϕ(j)(vi)=0,vi∈[skM ,s(k+1)M ],i=1,2,...,Nk,j=0,1,...,r−1

s(k+1)M∫

skM

ϕ(τ) dτ ≥

≥
(
s(k+1)M − skM

)r+1

r!
[
4(N − 1) + 2(r − 1)1/r

]r .

Çàìå÷àíèå. Ëåììà Ñ. À. Ñìîëÿêà ïðèâåäåíà íà ñ. 42 ïåðâîé ÷àñòè
êíèãè.

Îöåíèì ñóììó I1

I1 =
l∑

k=1

1

sν(k+1)M

s(k+1)M∫

skM

ϕ(τ)dτ ≥
l∑

k=1

1

sν(k+1)M

(
s(k+1)M − skM

)r+1

r![4(Nk − 1) + 2(r + 1)1/r]
r ≥

≥
(
M

N

)r+1 (
r + 1

r + 1− ν

)r+1 (1 + o(1))

r!

l∑

k=M

1[
4(Nk − 1) + 2(r + 1)1/r

]r .
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Ìîæíî ïîêàçàòü, ÷òî ñóììà
l∑

k=M

1[
4(Nk − 1) + 2(r + 1)1/r

]r

ïðè âûïîëíåíèè óñëîâèÿ NM +NM+1 + . . .+Nl = N äîñòèãàåò ìèíèìóìà
ïðè NM = NM+1 = . . . = Nl = N/(l −M + 1). Ïîäñòàâëÿÿ ýòî çíà÷åíèå
â ïðåäûäóùåå íåðàâåíñòâî, èìååì:

I1 ≥ 1 + o(1)

4rr!

(
r + 1

r + 1− ν

)r+1 1

N r
.

Ïåðåéäåì ê îöåíêå I2

I2 =
l∑

k=1




1

sνkM
− 1

sν(k+1)M




s(k+1)M∫

skM

ϕ∗−(τ) dτ ≥

≥ 1 + o(1)

N r+1 M r+2 l

(r + 1)!

(
r + 1

r + 1− ν

)r+2
= o(N−r).

Òàêèì îáðàçîì, èç îöåíîê I1 è I2 ñëåäóåò, ÷òî

sup
ϕ∈W r(1)

1∫

−1

ϕ∗(τ) dτ
τ ν

≥ 2
1∫

0

ϕ∗(τ) dτ
τ ν

≥ 2 + o(1)

4rr!

(
r + 1

r + 1− ν

)r+1 1

N r
.

Îöåíêà ñíèçó ïîëó÷åíà.
Ïîãðåøíîñòü êâàäðàòóðíîé ôîðìóëû (1.3) ðàâíà

|RN(ϕ)| ≤
∣∣∣∣∣∣∣

t1∫

t−1

ϕ(τ) dτ

τ ν
−

r−1∑

k=0

ϕ(k)(0)

k!(k + 1− ν)
tk+1−ν
1

(
1− (−1)k+1−ν)

∣∣∣∣∣∣∣
+

+2
N−1∑

k=1

∣∣∣∣∣∣∣

tk+1∫

tk

ϕ(τ)− ϕ ([tk, tk+1], τ)

τ ν
dτ

∣∣∣∣∣∣∣
= I3 + I4.

Îöåíèì êàæäîå ñëàãàåìîå â îòäåëüíîñòè:

I3 =

∣∣∣∣∣∣∣

t1∫

t−1

ϕ(τ)− ϕ(0)− ϕ′(0)τ − . . .− ϕ(r−1)(0)τ r−1/(r − 1)!

τ ν
dτ

∣∣∣∣∣∣∣
≤

≤ 2

(r − 1)!

t1∫

0

τ∫
0
(τ − t)r−1ϕ(r)(t) dt

τ ν
dτ ≤ 2

r!(r − ν + 1)
· 1

N r+1 ;
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I4 = 2
N−1∑

k=1

∣∣∣∣∣∣∣

tk+1∫

tk

ϕ(τ)− ϕ ([tk, tk+1], τ)

τ ν
dτ

∣∣∣∣∣∣∣
=

= 2
N−1∑

k=1

∣∣∣∣∣∣∣

tk+1∫

tk

1

τ v

tk+1∫

tk

(U(t, τ))ϕ(r)(t) dt dτ

∣∣∣∣∣∣∣
=

= 2
N−1∑

k=1

∣∣∣∣∣∣∣

tk+1∫

tk

ϕ(r)(t)

[ tk+1∫

tk

1

τ v
(U(t, τ))dτ

]
dt

∣∣∣∣∣∣∣
, (1.6)

ãäå
U(t, τ) =

Kr(τ − t)

(r − 1)!
−

r−1∑

j=0

BkjKr−j(tk+1 − t)

(r − 1− j)!
,

Kr(t) =




tr−1, åñëè t ≥ 0,
0, åñëè t < 0.

Çàôèêñèðîâàâ ïðîèçâîëüíîå çíà÷åíèå t, èìååì òðè âîçìîæíîñòè:

1) Kr(τ − t)

(r − 1)!
≥

r−1∑

j=0

Bkj

(r − 1− j)!
Kr−j(tk+1 − t);

2) Kr(τ − t)

(r − 1)!
≤

r−1∑

j=0

Bkj

(r − 1− j)!
Kr−j(tk+1 − t);

3) ïðè tk ≤ τ ≤ t∗ âûïîëíÿåòñÿ âòîðîå íåðàâåíñòâî, à ïðè t∗ ≤ τ ≤
≤ tk+1 − ïåðâîå.

Íåòðóäíî âèäåòü, ÷òî â ñëó÷àÿõ 1) è 2)

I5 =

∣∣∣∣∣∣∣

tk+1∫

tk

τ−ν

Kr(τ − t)

(r − 1)!
−

r−1∑

j=0

Bkj

(r − 1− j)!
Kr−j(tk+1 − t)


 dτ |≤

≤ 1

tνk

∣∣∣∣∣∣∣

tk+1∫

tk


Kr(τ − t)

(r − 1)!
−

r−1∑

j=0

Bkj

(r − 1− j)!
Kr−j(tk+1 − t)


 dτ

∣∣∣∣∣∣∣
. (1.7)

Â ñëó÷àå 3) íóæíî ðàññìîòðåòü äâå âîçìîæíîñòè:

à) âíóòðåííèé èíòåãðàë â ôîðìóëå (1.6) íå ìåíüøå íóëÿ;

á) âíóòðåííèé èíòåãðàë â ôîðìóëå (1.6) ìåíüøå íóëÿ.
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Â ñëó÷àå à) ñïðàâåäëèâî, êàê ëåãêî âèäåòü, íåðàâåíñòâî (1.7):

I5 =

∣∣∣∣∣∣∣

tk+1∫

tk

τ−ν

Kr(τ − t)

(r − 1)!
−

r−1∑

j=0

Bkj

(r − 1− j)!
Kr−j(tk+1 − t)


 dτ

∣∣∣∣∣∣∣
=

=
t∗∫

tk

τ−ν

Kr(τ − t)

(r − 1)!
−

r−1∑

j=0

Bkj

(r − 1− j)!
Kr−j(tk+1 − t)


 dτ+

+

tk+1∫

t∗
τ−ν


Kr(τ − t)

(r − 1)!
−

r−1∑

j=0

Bkj

(r − 1− j)!
Kr−j(tk+1 − t)


 dτ ≤

≤ 1

t∗ν

t∗∫

tk


Kr(τ − t)

(r − 1)!
−

r−1∑

j=0

Bkj

(r − 1− j)!
Kr−j(tk+1 − t)


 dτ+

+
1

t∗ν

tk+1∫

t∗


Kr(τ − t)

(r − 1)!
−

r−1∑

j=0

Bkj

(r − 1− j)!
Kr−j(tk+1 − t)


 dτ =

=
1

t∗ν

tk+1∫

tk


Kr(τ − t)

(r − 1)!
−

r−1∑

j=0

Bkj

(r − 1− j)!
Kr−j(tk+1 − t)


 dτ ≤

≤ 1

tνk

tk+1∫

tk


Kr(τ − t)

(r − 1)!
−

r−1∑

j=0

Bkj

(r − 1− j)!
Kr−j(tk+1 − t)


 dτ .

Â ñëó÷àå âòîðîé âîçìîæíîñòè

I5 ≤ 1

tνk

∣∣∣∣∣∣∣

tk+1∫

tk

ψ−(t, τ) dτ

∣∣∣∣∣∣∣
− 1

tνk+1

tk+1∫

tk

ψ+(t, τ) dτ =

=
1

tνk

∣∣∣∣∣∣∣

tk+1∫

tk

ψ(t, τ)dτ

∣∣∣∣∣∣∣
+


 1

tνk
− 1

tνk+1




tk+1∫

tk

ψ+(t, τ) dτ ≤

≤ 1

tνk

∣∣∣∣∣∣∣

tk+1∫

tk

ψ(t, τ) dτ

∣∣∣∣∣∣∣
+
tνk+1 − tνk
tνkt

ν
k+1

tk+1∫

tk

(τ − t)r−1

(r − 1)!
dτ,

ãäå
ψ+(t, τ) =




ψ(t, τ), ψ(t, τ) ≥ 0,
0, ψ(t, τ) < 0;

ψ−(t, τ) =





0, åñëè ψ(t, τ) ≥ 0,
ψ(t, τ), åñëè ψ(t, τ) < 0;
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ψ(t, τ) =
Kr(τ − t)

(r − 1)!
−

r−1∑

j=0

Bkj

(r − 1− j)!
Kr−j(tk+1 − t).

Ïðîäîëæàÿ íà÷àòûå âûêëàäêè, èìååì:

I4 ≤ 2

∣∣∣∣∣∣∣

N−1∑

k=1

1

tνk

tk+1∫

tk


(tk+1 − t)r

r!
−

r−1∑

j=0

Bkj(tk+1 − tk)

(r − 1− j)!
(tk+1 − t)r−j−1


 dt

∣∣∣∣∣∣∣
+

+A
lnN

N r+1 ≤
2

r!

N−1∑

k=1

2 ((tk+1 − tk)/2)r+1Rrq(1)

(r + 1)tνk
+ A

lnN

N r+1 =

=
Rrq(1)

(r + 1)!2r−1

N−1∑

k=1

1

tνk
(tk+1 − tk)

r+1 + A
lnN

N r+1 =

=
Rrq(1) (1 + o(1))

2r−1(r + 1)!N r

(
r + 1

r + 1− ν

)r+1
.

Èçâåñòíî [65], ÷òî Rr1(1) = (r + 1)/2r. Ïîäñòàâëÿÿ ýòî çíà÷åíèå â
ïðåäûäóùåå íåðàâåíñòâî, èìååì:

I4 ≤ 2 + o(1)

4rr!N r

(
r + 1

r + 1− ν

)r+1
.

Ñîáèðàÿ ïîëó÷åííûå îöåíêè ïîãðåøíîñòè êâàäðàòóðíîé ôîðìóëû è
ñðàâíèâàÿ èõ ñ âåëè÷èíîé ôóíêöèîíàëà ζN [W r(1)], çàâåðøàåì äîêàçà-
òåëüñòâî òåîðåìû 1.1.

Äîêàçàòåëüñòâî òåîðåìû 1.2 ïîäîáíî äîêàçàòåëüñòâó òåîðåìû 1.1.
Ïîýòîìó íèæå ëèøü îòìå÷àþòñÿ ìåñòà, â êîòîðûõ äîêàçàòåëüñòâà èìåþò
íåêîòîðûå ðàçëè÷èÿ.

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ: M = [lnN ], l = [N/M ], s0 = 0,

s±k = ±
(
kM

N

)(r+1/q)/(r−ν+1/q)

, k = 1, . . . , l + 1, s−l−1 = −1, sl+1 = 1.

Ïóñòü ϕ∗(t) � ôóíêöèÿ, îáðàùàþùàÿñÿ â íóëü âìåñòå ñî âñåìè ñâîèìè
ïðîèçâîäíûìè äî (r − 1)-ãî ïîðÿäêà âêëþ÷èòåëüíî â óçëàõ tk êâàäðà-
òóðíîé ôîðìóëû (1.1), â òî÷êàõ s±k (k = 1, 2, . . . , l + 1) è, êðîìå òîãî,
ðàâíàÿ íóëþ íà ñåãìåíòå [s−1, s1]. Èç òåîðåì I' è D1 ìîíîãðàôèè [85] (ñì.
òàêæå ðàçäåë 1.4 ïåðâîé ÷àñòè êíèãè) ñëåäóåò, ÷òî
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sup
ϕ∈W r

p (Mk;[sk,sk+1]),ϕ(i)(tj)=0,i=1,2,...,Nk,i=0,1,...,r−1

∣∣∣∣∣∣

sk+1∫

sk

ϕ(τ) dτ

∣∣∣∣∣∣ ≥

≥ (sk+1 − sk)
r+1−1/pMkRrq(1)

2rr!(rq + 1)1/q
(
Nk − 1 + [Rrq(1)]1/r

)r ,

ãäå Nk � ÷èñëî óçëîâ êâàäðàòóðíîé ôîðìóëû (1.1), ðàñïîëîæåííûõ â
ñåãìåíòå [sk, sk+1].

Êàê è ïðè äîêàçàòåëüñòâå òåîðåìû 1.1, èìååì
1∫

0

ϕ∗(τ) dτ
τ ν

≥
l∑

k=1

[
1

sνk+1

sk+1∫

sk

ϕ∗(τ) dτ +


 1

sνk
− 1

sνk+1




sk+1∫

sk

ϕ∗−(τ) dτ

]
= I1 + I2.

Íåòðóäíî âèäåòü, ÷òî

I1 =
l∑

k=1

1

sνk+1

sk+1∫

sk

ϕ∗(τ) dτ ≥ Rrq(1)

2rr!(rq + 1)1/q

l∑

k=1

Mk(sk+1 − sk)
r+1−1/p

sνk+1

(
Nk − 1 + [Rrq(1)]1/r

)r .

Âåëè÷èíû Mk ìîæíî âûáèðàòü ïðîèçâîëüíî ïðè âûïîëíåíèè òîëüêî
îäíîãî óñëîâèÿ:

l∑

k=−l,k 6=0
Mp

k = 1. Ïîëîæèâ Mk = 1/(2l)1/p, èìååì:

I1 ≥ Rrq(1)

2rr!(rq + 1)1/q(2l)1/p

l∑

k=1

(sk+1 − sk)
r+1−1/p

sνk+1

(
Nk − 1 + [Rrq(1)]1/r

)r ≥

≥ (1 + o(1))Rrq(1)

2rr!(rq + 1)1/q21/pl1/p


 M(r + 1/q)

N(r − ν + 1/q)



r+1/q l∑

k=1

1

(Nk − 1 + [Rrq(1)]1/r)r
=

=
(1 + o(1))Rrq(1)

2r+1/pr!(rq + 1)1/q


 r + 1/q

r − ν + 1/q



r+1/q

1

N r
.

Ïåðåéäåì ê îöåíêå I2

|I2| =
l∑

k=1
|s
ν
k+1 − sνk
sνks

ν
k+1

sk+1∫

sk

ϕ∗−(τ) dτ | ≤

≤
l∑

k=1
|s
ν
k+1 − sνk
sνks

ν
k+1

| |
sk+1∫

sk

1

(r − 1)!

τ∫

sk

(τ − t)r−1ϕ∗(r)(t) dt dτ | = o(N−r).

Èç îöåíîê I1 è I2 ñëåäóåò ñïðàâåäëèâîñòü òåîðåìû 1.2.
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Äîêàçàòåëüñòâî òåîðåìû 1.3 àíàëîãè÷íî äîêàçàòåëüñòâó ïðåäûäó-
ùåé òåîðåìû è ïîýòîìó îïóñêàåòñÿ.

Äîêàçàòåëüñòâî òåîðåìû 1.4. Ïîãðåøíîñòü êâàäðàòóðíîé ôîðìóëû
(1.3) îöåíèâàåòñÿ íåðàâåíñòâîì

|RN(ϕ)| ≤ |
t1∫

t−1

ϕ(τ)

τ ν
dτ −

r−1∑

k=0

ϕ(k)(0)

k!(k + 1− ν)
tk+1−r
1

(
1− (−1)k+1−ν)|+

+|
N−1∑

k=−N
′
tk+1∫

tk

ϕ(τ)− ϕ ([kk, tk+1], τ)

τ ν
dτ | = I1 + I2,

ãäå ∑ ′ îçíà÷àåò ñóììèðîâàíèå ïî k 6= −1, 0.
Êàê è ïðè äîêàçàòåëüñòâå òåîðåìû 1.1

I1 =
2

(r − 1)!
|
t1∫

0

τ∫
0
(τ − t)r−1ϕ(r)(t) dt

τ ν
dτ | = O(N−r−1/q).

Ïåðåõîäÿ ê îöåíêå ñóììû I2, ïðåäâàðèòåëüíî îöåíèì èíòåãðàë

I3 = |
tk+1∫

tk

ϕ(τ)− ϕ ([tk, tk+1], τ)

τ ν
dτ | =

= |
tk+1∫

tk

1

τ ν



tk+1∫

tk


Kr(τ − t)

(r − 1)!
−

r−1∑

j=0

Bkj

(r − 1− j)!
Kr−j(tk+1 − t)


ϕ(r)(t)dt


dτ | =

= |
tk+1∫

tk

ϕ(r)(t)



tk+1∫

tk


Kr(τ − t)

(r − 1)!
−

r−1∑

j=0

Bkj

(r − 1− j)!
Kr−j(tk+1 − t)


 1

τ ν
dτ


 dt|.

Çäåñü, êàê è ïðè äîêàçàòåëüñòâå òåîðåìû 1.1, íóæíî ðàññìîòðåòü òðè
ñëó÷àÿ.

Ïðîâåäÿ âûêëàäêè, àíàëîãè÷íûå âûêëàäêàì, ïðèâåäåííûì ïðè äîêà-
çàòåëüñòâå òåîðåìû 1.2, èìååì

I3 ≤ 1

tνk
|
tk+1∫

tk

ϕ(r)(t)
((tk+1 − t)r

r!
−

r−1∑

j=0

Bkj(tk+1 − tk)r!

(r − 1− j)!
(tk+1 − t)r−j−1

)
dt|+

+
tνk+1 − tνk
tνkt

ν
k+1

tk+1∫

tk

|ϕ(r)(t)| dt
tk+1∫

tk

(τ − tk)
r−1

(r − 1)!
dτ ≤
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≤ 1

tνk
|
tk+1∫

tk

|ϕ(r)(t)|

(tk+1 − tk)

r

r!
−

r−1∑

j=0

Bkj(tk+1 − tk)r!

(r − 1− j)!
(tk+1 − t)r−j−1


 dt|+

+O(
1

N r+1/q )[

tk+1∫

tk

|ϕ(r)(t)|p dt]1/p.

Ïîäñòàâëÿÿ ïîëó÷åííóþ îöåíêó â ñóììó I2, èìååì:

I2 ≤
N−1∑

k=−N
′ 1
tνk

tk+1∫

tk

|ϕ(r)(t)||(tk+1 − t)r

r!
−
r−1∑

j=0

Bkj(tk+1 − tk)r!

(r − 1− j)!
(tk+1−t)r−j−1|dt+

+O(N−r−1/q)
N−1∑

k=−N

1

k
[

tk+1∫

tk

|ϕ(r)(t)|p dt]1/p ≤

≤
N−1∑

k=−N
′ 1
tνk
‖ϕ(r)‖Lp[tk,tk+1][

tk+1∫

tk

|(tk+1 − t)r

r!
−

−
r−1∑

j=0

Bkj(tk+1 − tk)r!

(r − j − 1)!
(tk+1 − t)r−j−1

∣∣∣∣
q
dt]

1/q
+ o(N−r) ≤

≤ (1 + o(1))Rrq(1)

2r(rq + 1)1/qr!


 r + 1/q

(r + 1/q − ν)N



r+1/q N−1∑

k=−N
‖ϕ(r)‖Lp[tk,tk+1] + o(

1

N r
) ≤

≤ (1 + o(1))Rrq(1)

2r−1/q(rq + 1)1/qr!


 r + 1/q

r + 1/q − ν



r+1/q

1

N r
.

Èç îöåíîê I1, I2 è ñîïîñòàâëåíèÿ ñ óòâåðæäåíèåì òåîðåìû 1.2 ñëåäóåò
ñïðàâåäëèâîñòü òåîðåìû 1.4.

Äîêàçàòåëüñòâî òåîðåìû 1.5 ïîäîáíî äîêàçàòåëüñòâó òåîðåìû 1.1.
Íàéäåì âíà÷àëå âåðõíþþ ãðàíü îöåíêè ñíèçó ïîãðåøíîñòè êâàäðàòóðíîé
ôîðìóëû (1.2) íà êëàññå W r

∞(1).
Òàê êàê êëàññ W r(1) âëîæåí â êëàññ W r

∞(1), òî äëÿ ýòîãî äîñòàòî÷-
íî âû÷èñëèòü âåðõíþþ ãðàíü îöåíêè ñíèçó ïîãðåøíîñòè êâàäðàòóðíîé
ôîðìóëû (1.2) íà êëàññå W r(1). Ïîâòîðèì ðàññóæäåíèÿ, ñäåëàííûå ïðè
äîêàçàòåëüñòâå òåîðåìû 1.1, ïîëàãàÿ s0 = 0, s±k = ±(k/N)(r+1)/(r+1−ν−λ),

k = 1, 2, . . . , N. Èìååì

I1 =
l∑

k=1

1

sν+λ(k+1)M

s(k+1)M∫

skM

ϕ(τ) dτ ≥
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≥
l∑

k=1

1[
4(Nk − 1) + 2(r + 1)1/r

]r
r!

(s(k+1)M − skM)r+1

sν+λ(k+1)M
=

=
1 + o(1)

r!4rN r

(
r + 1

r + 1− ν − λ

)r+1
.

Çàâåðøàåòñÿ äîêàçàòåëüñòâî ïî àíàëîãèè ñ çàâåðøåíèåì äîêàçàòåëü-
ñòâà òåîðåìû 1.1.

Äîêàçàòåëüñòâî òåîðåìû 1.6 ïîäîáíî äîêàçàòåëüñòâó òåîðåìû 1.2.
Îñíîâíîå îòëè÷èå ñîñòîèò â òîì, ÷òî â êà÷åñòâå óçëîâ sk áåðóòñÿ çíà÷å-
íèÿ s0 = 0, s±k = ±(k/N)(r+1/q)/(r+1/q−ν−λ), k = 1, 2, . . . , N.

Êàê è ïðè äîêàçàòåëüñòâå òåîðåìû 1.2, èìååì
1∫

0

ϕ∗(τ) dτ
τ ν+λ

≥
l∑

k=1

[
1

sν+λ(k+1)M

s(k+1)M∫

skM

ϕ∗(τ) dτ+

+




1

sν+λkM

− 1

sν+λ(k+1)M




s(k+1)M∫

skM

ϕ∗−(τ) dτ

]
= I1 + I2.

Îãðàíè÷èìñÿ ðàññìîòðåíèåì âûðàæåíèÿ I1 :

I1 ≥ Rrq(1)

2rr!(rq + 1)1/q

l∑

k=1

Mk

sν+λ
(s(k+1)M − skM)r+1−1/p
[
Nk − 1 + [Rrq(1)]1/r

]r =

=
Rrq(1)

2rr!(rq + 1)1/q(2l)(1/p)

l∑

k=1

(s(k+1)M − skM)r+1−1/p

sν+λ(k+1)M

[
Nk − 1 + [Rrq(1)]1/r

]r ≥

≥ (1 + o(1))Rrq(1)

2rr!(rq + 1)1/qN r


 r + 1/q

r + 1/q − ν − λ



r+1/q

.

Çàâåðøàåòñÿ äîêàçàòåëüñòâî ýòîé òåîðåìû òàê æå, êàê è äîêàçàòåëü-
ñòâî òåîðåìû 1.2.

Äîêàçàòåëüñòâî òåîðåìû 1.7 ïðîâîäèòñÿ ïî àíàëîãèè ñ äîêàçàòåëü-
ñòâîì ïðåäûäóùåé òåîðåìû.

Äîêàçàòåëüñòâî òåîðåìû 1.8 ïîäîáíî äîêàçàòåëüñòâó òåîðåìû 1.5.
Â òåîðåìàõ 1.1, 1.4 ïîñòðîåíû àñèìïòîòè÷åñêè îïòèìàëüíûå êâàäðà-

òóðíûå ôîðìóëû äëÿ âû÷èñëåíèÿ ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ Iϕ è
Fϕ. Îäíàêî ýòè êâàäðàòóðíûå ôîðìóëû äîñòàòî÷íî ñëîæíû äëÿ ðåà-
ëèçàöèè è òðåáóåòñÿ ïîñòðîåíèå áîëåå óäîáíûõ äëÿ ïðîãðàìèðîâàíèÿ
êâàäðàòóðíûõ ôîðìóë, ÿâëÿþùèõñÿ îäíîâðåìåííî àñèìïòîòè÷åñêè îï-
òèìàëüíûìè èëè îïòèìàëüíûìè ïî ïîðÿäêó.
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Ðàññìîòðèì èíòåãðàë Iϕ. Ïðåäâàðèòåëüíî ïîñòðîèì ëîêàëüíûé
ñïëàéí ϕN(t), àïïðîêñèìèðóþùèé ôóíêöèþ ϕ(t) ∈ W r(1) íà ñåãìåíòå
[−1, 1]. Ââåäåì óçëû tk = (k/N)(r+1)/(r+1−v), t∗k = −(k/N)(r+1)/(r+1−v),
k = 0, 1, . . . , N.

Ñåãìåíò [−1, 1] ïîêðîåì áîëåå ìåëêèìè ñåãìåíòàìè ∆k = [tk, tk+1],
∆∗
k = [t∗k+1, t

∗
k], k = 1, . . . , N − 1, ∆0 = [t∗1, t1].

Íà êàæäîì ñåãìåíòå ∆k (àíàëîãè÷íî ∆∗
k) ôóíêöèþ ϕ(t) áóäåì àïïðîê-

ñèìèðîâàòü ïîëèíîìîì ϕ(∆k, t), êîòîðûé ïîñòðîåí ïðè äîêàçàòåëüñòâå
òåîðåìû 1.1.

Èíòåãðàë Iϕ áóäåì âû÷èñëÿòü ïî êâàäðàòóðíîé ôîðìóëå

Iϕ ≡
1∫

−1

ϕ(τ)

τ v
dτ =

=
N−1∑

k=1




∫

∆k

Pr


ϕ(∆k, τ)− Tv(ϕ(∆k, τ), 0)

τ v
,∆k


 dτ+

+
∫

∆∗
k

Pr


ϕ(∆∗

k, τ)− Tv(ϕ(∆∗
k, τ), 0)

τ v
,∆∗

k


 dτ


 +

+
r−1∑

k=0

ϕ(k)(0)(1− (−1)k+1−v)
k!(k + 1− v)

tk+1−v
1 +

+
N−1∑

k=1


Tv(ϕ(∆k, τ), 0)

∫

∆k

dτ

τ v
+ Tv(ϕ(∆∗

k, τ), 0)
∫

∆∗
k

dτ

τ v


 +RN(ϕ), (1.8)

ãäå Pr(ϕ,∆k)− îïåðàòîð, ïðîåêòèðóþùèé ôóíêöèè ϕ ∈ C(∆k) íà ìíî-
æåñòâî èíòåðïîëÿöèîííûõ ïîëèíîìîâ ñòåïåíè r − 1, ïîñòðîåííûõ ïî r
óçëàì, ÿâëÿþùèìèñÿ îáðàçàìè óçëîâ ïîëèíîìà Ëåæàíäðà ñòåïåíè r è
ïîëó÷åííûìè ïðè ëèíåéíîì îòîáðàæåíèè ñåãìåíòà [−1, 1] íà ñåãìåíò ∆k.

Çàìå÷àíèå. Âûðàæåíèå ∫
∆k

Pr(ϕ,∆k)dt ýêâèâàëåíòíî êâàäðàòóðíîé ôîð-
ìóëå Ãàóññà, ïîñòðîåííîé íà ñåãìåíòå ∆k.

Îïèøåì ïîñòðîåíèå ïîëèíîìà Tr(ϕ(∆k, τ), 0). Ïîëèíîì ϕ(∆k, τ), ïåð-
âîíà÷àëüíî ïîñòðîåííûé íà ñåãìåíòå ∆k, åñòåñòâåííûì ñïîñîáîì ðàñïðî-
ñòðàíÿåòñÿ íà ñåãìåíò [−1, 1]. Íà ýòîì ñåãìåíòå ïîëèíîì ϕ(∆k, τ) ïðåä-
ñòàâèì â âèäå îòðåçêà ðÿäà Òåéëîðà ïî ñòåïåíÿì ôóíêöèè τ äî (r−1)-ãî
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ïîðÿäêà. ×åðåç Tp(ϕ(∆k, τ), 0) îáîçíà÷åíî çíà÷åíèå îòðåçêà ðÿäà Òåé-
ëîðà ôóíêöèè ϕ(∆k, τ) ïî ñòåïåíÿì τ äî p-ãî ïîðÿäêà âêëþ÷èòåëüíî â
òî÷êå 0.

Òåîðåìà 1.9. Ïóñòü Ψ = W r
∞(1). Ñðåäè âñåâîçìîæíûõ êâàäðàòóðíûõ

ôîðìóë âèäà (1.1), èñïîëüçóþùèõ (2N+1)(r+1) çíà÷åíèé, àñèìïòîòè÷å-
ñêè îïòèìàëüíîé ÿâëÿåòñÿ êâàäðàòóðíàÿ ôîðìóëà (1.8). Åå ïîãðåøíîñòü
ðàâíà

RN [W r
∞(1)] =

2 + o(1)

4rr!

(
r + 1

r + 1− v

)r+1 1

N r
.

Äîêàçàòåëüñòâî. Îöåíêà ñíèçó âåëè÷èíû ζN [W r
∞(1)] ïðèâåäåíà â

òåîðåìå 1.1. Òàì æå äîêàçàíî, ÷òî êâàäðàòóðíàÿ ôîðìóëà (1.3) ÿâëÿ-
åòñÿ àñèìïòîòè÷åñêè îïòèìàëüíîé. Òàêèì îáðàçîì, îñòàëîñü äîêàçàòü,
÷òî ïîãðåøíîñòü êâàäðàòóðíîé ôîðìóëû (1.8) ñîâïàäàåò ñ ïîãðåøíîñòüþ
êâàäðàòóðíîé ôîðìóëû (1.3). Ýòî ñëåäóåò èç òîãî, ÷òî ôóíêöèÿ ψ(τ) =
= (ϕ(∆k, τ)−Tv(ϕ(∆k, τ), 0))/τ v ÿâëÿåòñÿ ïîëèíîìîì ñòåïåíè r−1−v, à
êâàäðàòóðíàÿ ôîðìóëà ∫

∆k

Pr[ψ(τ)]dτ òî÷íà äëÿ ïîëèíîìîâ ñòåïåíè 2r−1,

òàê êàê ÿâëÿåòñÿ êâàäðàòóðíîé ôîðìóëîé Ãàóññà.
Òåîðåìà äîêàçàíà.
Â êâàäðàòóðíîé ôîðìóëå (1.8) èñïîëüçóþòñÿ ïðîèçâîäíûå îò ïîäûí-

òåãðàëüíîé ôóíêöèè ϕ(t) äî (r−1)-ãî ïîðÿäêà. Ïîýòîìó áîëåå óäîáíîé â
ïðàêòè÷åñêîì îòíîøåíèè ÿâëÿåòñÿ ñëåäóþùàÿ êâàäðàòóðíàÿ ôîðìóëà,
õîòÿ îíà ÿâëÿåòñÿ òîëüêî îïòèìàëüíîé ïî ïîðÿäêó.

Âîñïîëüçóåìñÿ óçëàìè tk è t∗k, k = 0, 1, . . . , N, ââåäåííûìè ïðè äîêàçà-
òåëüñòâå ïðåäûäóùåé òåîðåìû. Ïîêðîåì ñåãìåíò [−1, 1] áîëåå ìåëêèìè
ñåãìåíòàìè ∆0,∆k,∆

∗
k, k = 1, 2, . . . , N − 1, ãäå ∆0 = [t∗1, t1], à ñåãìåí-

òû ∆k,∆
∗
k, k = 1, 2, . . . , N − 1, ââåäåíû ïðè äîêàçàòåëüñòâå ïðåäûäóùåé

òåîðåìû.
Îáîçíà÷èì ÷åðåç ζ1, . . . , ζr óçëû ïîëèíîìà Ëåæàíäðà ïîðÿäêà r, îïðå-

äåëåííûå íà ñåãìåíòå [−1, 1]. ×åðåç ζk1 , . . . , ζkr (ζ∗k1 , . . . , ζ
∗k
r ) îáîçíà÷èì

îáðàçû óçëîâ ζ1, . . . , ζr ïðè ëèíåéíîì îòîáðàæåíèè ñåãìåíòà [−1, 1] íà
ñåãìåíò ∆k (∆∗

k), k = 1, 2, . . . , N − 1. ×åðåç ζ0
1 , . . . , ζ

0
r îáîçíà÷èì îáðàçû

óçëîâ ζ1, . . . , ζr, ïîëó÷åííûå ïðè ëèíåéíîì îòîáðàæåíèè ñåãìåíòà [−1, 1]
íà ñåãìåíò [t∗1, t1].

Îáîçíà÷èì ÷åðåç Pr(t,∆k) ïîëèíîì, èíòåðïîëèðóþùèé ôóíêöèè ϕ(t)
ïî óçëàì ζki , i = 1, 2, . . . , r, k = 1, 2, . . . , N − 1. Àíàëîãè÷íûì îáðàçîì
îïðåäåëÿþòñÿ ïîëèíîìû Pr(t,∆0) è Pr(t,∆∗

k), k = 1, 2, . . . , N − 1. Åñëè

91



0 6∈ ∆k, òî ïîä Pr(0,∆k) ïîíèìàåòñÿ çíà÷åíèå ïîëèíîìà Pr(τ,∆k), ïðî-
äîëæåííîãî íà ñåãìåíò [−1, 1], â òî÷êå t = 0. ×åðåç Pr(f,∆k) îáîçíà÷èì
îïåðàòîð, ïðîåêòèðóþùèé ôóíêöèþ f ∈ C(∆k) íà èíòåðïîëÿöèîííûé
ïîëèíîì Pr(t,∆k), k = 1, 2, . . . , N − 1. Àíàëîãè÷íûì îáðàçîì îïðåäåëÿ-
þòñÿ îïåðàòîðû Pr(f,∆0) è Pr(f,∆∗

k), k = 1, 2, . . . , N − 1.
Âîñïîëüçîâàâøèñü ïðèâåäåííûìè îáîçíà÷åíèÿìè, ïîñòðîèì êâàäðà-

òóðíóþ ôîðìóëó:

Iϕ ≡
1∫

−1

ϕ(τ)

τ v
dτ =

=
N−1∑

k=1




∫

∆k

Pr


Pr(τ,∆k)− Tv−1(Pr(τ,∆k), 0)

τ v
,∆k


 dτ+

+
∫

∆∗
k

Pr


Pr(τ,∆

∗
k)− Tv−1(Pr(τ,∆

∗
k), 0)

τ v
,∆∗

k


 dτ


 +

+
∫

∆0

Pr


Pr(τ,∆0)− Tv−1(Pr(τ,∆0), 0)

τ v
,∆0


 dτ+

+
N−1∑

k=1




∫

∆k

Tv−1(Pr(τ,∆k), 0)dτ

τ v
+

∫

∆∗
k

Tv−1(Pr(τ,∆
∗
k), 0)dτ

τ v


 +

+
∫

∆0

Tv−1(Pr(τ,∆0), 0)dτ

τ v
+RN(tk, pk, ϕ). (1.9)

Òåîðåìà 1.10. Ñðåäè âñåâîçìîæíûõ êâàäðàòóðíûõ ôîðìóë âèäà (1.1)
ïðè ρ = 0 ôîðìóëà (1.9) ÿâëÿåòñÿ îïòèìàëüíîé ïî ïîðÿäêó íà êëàññå
ôóíêöèé W r(1). Åå ïîãðåøíîñòü ðàâíà RN [W r(1)] ³ N−r.

Äîêàçàòåëüñòâî. Îöåíêà ñíèçó âåëè÷èíû ζN [W r(1)] ïîëó÷åíà ïðè
äîêàçàòåëüñòâå òåîðåìû 1.1.

Ïðèñòóïèì ê îöåíêå RN [W r(1)]. Îáîçíà÷èì ÷åðåç ϕN(t) ñïëàéí, ñî-
ñòàâëåííûé èç ïîëèíîìîâ Pr(t,∆0), Pr(t,∆k), Pr(t,∆

∗
k), k = 1, 2, . . . , N−

−1. Ïîâòîðÿÿ ðàññóæäåíèÿ, ïðîäåëàííûå âûøå ïðè äîêàçàòåëüñòâå òåî-
ðåìû 1.1, ìîæíî ïîêàçàòü, ÷òî

∣∣∣∣∣∣∣

1∫

−1

ϕ(τ)− ϕN(τ)

τ p
dτ

∣∣∣∣∣∣∣
≤ AN−r.
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Ýêâèâàëåíòíîñòü êâàäðàòóðíîé ôîðìóëû (1.9) è èíòåãðàëà
1∫
−1

ϕN (τ)
τp dτ

ñëåäóåò èç ðàññóæäåíèé, àíàëîãè÷íûõ ïðèâåäåííûì ïðè äîêàçàòåëüñòâå
òåîðåìû 1.9.

Òåîðåìà äîêàçàíà.
Ïî àíàëîãèè ñ äîêàçàòåëüñòâàìè òåîðåì 1.9 è 1.10, äîêàçûâàþòñÿ ñëå-

äóþùèå óòâåðæäåíèÿ.
Òåîðåìà 1.11. Ñðåäè âñåâîçìîæíûõ êâàäðàòóðíûõ ôîðìóë âèäà (1.2)

àñèìïòîòè÷åñêè îïòèìàëüíîé íà êëàññå W r
∞(1) ÿâëÿåòñÿ ôîðìóëà

Fϕ ≡
1∫

−1

ϕ(τ)dτ

|τ |p+λ =
N−1∑

k=0




∫

∆k

Tr−1(ϕ(∆k, τ), 0)dτ

|τ |p+λ +

+
∫

∆∗
k

Tr−1(ϕ(∆∗
k, τ), 0)dτ

|τ |p+λ


 +RN(tk, pk, ϕ), (1.10)

â êîòîðîé tk = (k/N)(r+1)/(r+1−ν−λ), t∗k = −(k/N)(r+1)/(r+1−v−λ), k =
= 1, 2, . . . , N. ∆k = [tk, tk+1], ∆∗

k = [t∗k+1, t
∗
k], k = 0, 1, . . . , N − 1. Ïîãðåø-

íîñòü êâàäðàòóðíîé ôîðìóëû (1.10) ðàâíà

RN [W r
∞(1)] = (2 + o(1))

(
r + 1

r + 1− v − λ

)r+1 1

4rN rr!
.

Òåîðåìà 1.12. Ñðåäè âñåâîçìîæíûõ êâàäðàòóðíûõ ôîðìóë âèäà (1.2)
ïðè ρ = r−1 ôîðìóëà (1.10), â êîòîðîé tk = (k/N)(r+1/q)/(r+1/q−ν−λ), t∗k =
= −(k/N)(r+1/q)/(r+1/q−v−λ), k = 1, 2, . . . , N, ∆k = [tk, tk+1], ∆

∗
k = [t∗k+1, tk],

k = 0, 1, . . . , N − 1, ÿâëÿåòñÿ àñèìïòîòè÷åñêè îïòèìàëüíîé ïî ïîðÿäêó
íà êëàññå W r(1). Åå ïîãðåøíîñòü ðàâíà RN [W r(1)] ³ N−r.

Áîëåå óäîáíîé â ïðàêòè÷åñêîì îòíîøåíèè ÿâëÿåòñÿ ôîðìóëà

Fϕ ≡
1∫

−1

ϕ(τ)

|τ |p+λdτ = RN(tk, pk, ϕ)+

+
N−1∑

k=1




∫

∆k

Tr−1(Pr(τ,∆k), 0)dτ

τ p+λ
−

∫

∆∗
k

Tr−1(Pr(τ,∆
∗
k), 0)dτ

τ p+λ


 . (1.11)

Òåîðåìà 1.13. Cðåäè âñåâîçìîæíûõ êâàäðàòóðíûõ ôîðìóë âèäà (1.2)
ïðè ρ = 0 ôîðìóëà (1.11) ÿâëÿåòñÿ îïòèìàëüíîé ïî ïîðÿäêó íà êëàññå
W r(1). Åå ïîãðåøíîñòü ðàâíà RN [W r(1)] ³ N−r.
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2. Èíòåãðàëû ñ ôèêñèðîâàííîé ñèíãóëÿðíîñòüþ,
îïðåäåëåííûå íà êîîðäèíàòíîé îñè

Ðàññìîòðèì ìåòîä âû÷èñëåíèÿ èíòåãðàëà Àäàìàðà ñ ôèêñèðîâàííîé
îñîáåííîñòüþ

Jf =
+∞∫

−∞

f(τ)

τ p
dτ, (2.1)

íà êëàññå ôóíêöèé W r
ρ (1), r ≥ p, ãäå ôóíêöèÿ ρ(t) ðàâíà

ρ(t) =





1,−1 ≤ t ≤ 1,
1
|t|λ , t ∈ (−∞,∞) \ [−1, 1],

λ > 0, λ+ p+ 1 > r.

Â êà÷åñòâå ìåòîäà âû÷èñëåíèÿ èñïîëüçóåòñÿ êâàäðàòóðíàÿ ôîðìóëà

Jf =
N∑

k=−N
′
β∑

l=0
pklf

(l)(tk) +RN(f), (2.2)

ãäå −A ≤ t−N < . . . < t−1 < t0 < t1 < . . . < tN ≤ A, 0 ≤ β ≤ r − 1,
∑′

îçíà÷àåò ñóììèðîâàíèå ïî k 6= 0.
Ïóñòü A (A > 0)− âåùåñòâåííîå ÷èñëî, −A ≤ v−N < v−N+1 < · · · <

< v−1 < v0 < v1 < · · · < vN ≤ A. (Çíà÷åíèÿ vk, k = −N, . . . , N, áóäóò
îïðåäåëåíû íèæå).

Äëÿ àïïðîêñèìàöèè ôóíêöèè f(t) íà ñåãìåíòå [vk, vk+1] âîñïîëüçóåìñÿ
ïîëèíîìîì f([vk, vk+1], t), îïèñàííûì â ïðåäûäóùåì ðàçäåëå. Ñïëàéí,
ñîñòàâëåííûé èç ôóíêöèé f([vk, vk+1], σ), îáîçíà÷èì ÷åðåç f̃(σ).

Òåîðåìà 2.1. Ñðåäè âñåâîçìîæíûõ êâàäðàòóðíûõ ôîðìóë âèäà (2.1),
èñïîëüçóþùèõ 2N(β+1), β = r−1 çíà÷åíèé ïîäûíòåãðàëüíîé ôóíêöèè,
íà êëàññå Ψ = W r

ρ (1) àñèìïòîòè÷åñêè îïòèìàëüíîé ÿâëÿåòñÿ êâàäðàòóð-
íàÿ ôîðìóëà

Jf =
N1−1∑

k=1



tk+1∫

tk

f̃(τ)

τ p
dτ +

t−k∫

t−k−1

f̃(τ)

τ p
dτ


 +

r−1∑

k=0

′′f
(k)(0)

k!

(−1)p−k−1 − 1

(p− k − 1)tp−k−1
1

+

+
M1−1∑

k=M0




vk∫

vk+1

f̃(τ)

τ p
dτ +

v−k−1∫

v−k

f̃(τ)

τ p
dτ


 +RN(f), (2.3)

ãäå

t±k = ±
(
k

N1

)(r+1)/(r+1−p)
, k = 0, 1, . . . , N1,
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v±k = ±
(
M1

k

)(r+1)/(λ−r−1+p)

, k = M0,M0 + 1, . . . ,M1, p+ λ > r + 1,

M0 =

[
N2

A(λ−r−1+p)/(r+1) − 1

]
, M1 =


 N2A

(λ−r−1+p)/(r+1)

A(λ−r−1+p)/(r+1) − 1


 ,

N1 =


 λ− r − 1 + p

λ− (r + 1− p)A(r+1−p−λ)/(r+1)N


 ,

N2 =


(r + 1− p)(1− A(r+1−p−λ)/(r+1))

λ− (r + 1− p)A(r+1−p−λ)/(r+1) N


 ,

∑ ′′ îçíà÷àåò ñóììèðîâàíèå ïî k 6= p − 1, [α]− öåëàÿ ÷àñòü ÷èñëà α.
Ïîãðåøíîñòü êâàäðàòóðíîé ôîðìóëû (2.3) íå ïðåâîñõîäèò âåëè÷èíû

RN [Ψ] =

=
(1 + o(1)

22r−1r!


(r + 1)(λ− (r + 1− p)A(r+1−p−λ)/(r+1))

(r + 1− p)(λ− r − 1 + p)



r+1

1

N r
. (2.4)

Äîêàçàòåëüñòâî. Íàéäåì îöåíêó ñíèçó ïîãðåøíîñòè êâàäðàòóðíûõ
ôîðìóë âèäà (2.2). Ó÷èòûâàÿ ñèììåòðè÷íîñòü ôîðìóëû (2.2), äîñòàòî÷-
íî îãðàíè÷èòüñÿ ðàññìîòðåíèåì ïðîìåæóòêà [0,∞). Ïóñòü óçëû êâàä-
ðàòóðíîé ôîðìóëû ðàñïîëîæåíû íà ñåãìåíòå [0, A] è ïðîìåæóòîê [0,∞)
ðàçáèò íà òðè ÷àñòè: [0, 1], [1, A], [A,∞). Îáîçíà÷èì ÷åðåç N1 ÷èñëî óçëîâ
tk êâàäðàòóðíîé ôîðìóëû (2.2), ðàñïîëîæåííûõ íà ñåãìåíòå [0, 1], N2 =
= M1−M0 +1− ÷èñëî óçëîâ tk , ðàñïîëîæåííûõ íà ñåãìåíòå [1, A]. Î÷å-
âèäíî, N1+N2 = N+s, ãäå s ìîæåò ïðèíèìàòü çíà÷åíèÿ s = −1, 0, 1. Òà-
êàÿ íåîïðåäåëåííîñòü îáóñëîâëåíà òåì, ÷òî N1 è N2 âûðàæàþòñÿ ÷åðåç
öåëûå ÷àñòè âûðàæåíèé, êîòîðûå ìîãóò ïðèíèìàòü íåöåëûå çíà÷åíèÿ.
Ýòà íåîïðåäåëåííîñòü íå âëèÿåò íà äàëüíåéøèå ðàññóæäåíèÿ.

Ðàññìîòðèì èíòåãðàë
1∫

0

f(τ)

τ p
dτ.

Èñïîëüçóåì ñëåäóþùèå îáîçíà÷åíèÿ:

S±k = ±(k/N1)
(r+1)/(r+1−p) (k = 0, 1, . . . , N1), l = [N1/[lnN1]],

N ∗
k− ÷èñëî óçëîâ êâàäðàòóðíîé ôîðìóëû (2.2) â ñåãìåíòå ∆k = [S∗k, S

∗
k+1] ,

k = 0, 1, . . . , l, ãäå S∗k = Sk[lnN1], k = 0, 1, . . . , l − 1, S∗l+1 = 1 ïî îïðåäåëå-
íèþ, f+(t) = (f(t) + |f(t)|) /2, f−(t) = (f(t)− |f(t)|) /2.
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Ïðè ïîëó÷åíèè îöåíêè ñíèçó ìîæíî îãðàíè÷èòüñÿ ðàññìîòðåíèåì ñåã-
ìåíòà [0, 1]. Íà ýòîì ñåãìåíòå ïîñòðîèì ôóíêöèþ f ∗(t), ðàâíóþ íóëþ
ïðè t ∈ [0, S[lnN1]], ïðèíàäëåæàùóþ êëàññó W r(1) è îáðàùàþùóþñÿ â
íóëü âìåñòå ñî ñâîèìè ïðîèçâîäíûìè äî (r − 1)-ãî ïîðÿäêà âêëþ÷è-
òåëüíî â óçëàõ tk (k = 1, 2, . . . , N1) êâàäðàòóðíîé ôîðìóëû è òî÷êàõ
S∗k (k = 1, 2, . . . , l + 1). Êðîìå ýòîãî, ïîòðåáóåì, ÷òîáû

S∗k+1∫

S∗k

f ∗(τ)dτ ≥ 0, k = 0, 1, . . . , l.

Î÷åâèäíî,
1∫

0

f ∗(τ)
τ p

dτ ≥
l∑

k=1




1

(S∗k+1)
p

S∗k+1∫

S∗k

f ∗(τ)dτ +


 1

(S∗k)p
− 1

(S∗k+1)
p




S∗k+1∫

S∗k

f ∗−(τ)dτ


 =

= I1 + I2.

Â ìîíîãðàôèè Ñ. Ì. Íèêîëüñêîãî [65] ïîêàçàíî,÷òî ïðè ëþáîì ðàñ-
ïðåäåëåíèè óçëîâ tk

inf
pkl

sup
ϕ∈W r(1)

∣∣∣∣∣∣∣

1∫

0

ϕ(τ)dτ −
N∑

k=1

r−1∑

l=0
pklϕ(tk)

∣∣∣∣∣∣∣
≥

≥ 1

r!
[
4(N − 1) + 2 r

√
r + 1

]r . (2.5)

Èç ñëåäñòâèÿ ëåììû Ñ. À. Ñìîëÿêà, ïðèâåäåííîãî â ãëàâå 1 ïåðâîé
÷àñòè êíèãè, èìååì:

sup
ϕ∈W r(1);ϕ(j)(vi)=0;i=1,2,...,Nk+2;j=0,1,...,r−1

S∗k+1∫

S∗k

ϕ(τ)dτ ≥

≥ (S∗k+1 − S∗k)
r+1 inf

pkl,vk
sup

ϕ∈W r(1)

∣∣∣∣∣∣∣

1∫

0

ϕ(τ)dτ −
Nk+2∑

k=1

r−1∑

l=0
pklϕ

(l)(vk)

∣∣∣∣∣∣∣
, (2.6)

ãäå vk− ìíîæåñòâî, ñîñòîÿùåå èç óçëîâ êâàäðàòóðíîé ôîðìóëû, ðàñïî-
ëîæåííûõ íà ñåãìåíòå ∆k è êîíöîâ ýòîãî ñåãìåíòà. Ñëåäîâàòåëüíî,

sup
ϕ∈W r(1);ϕ(j)(vi)=0

S∗k+1∫

S∗k

f(τ)dτ ≥ (S∗k+1 − S∗k)
r+1

r!
[
4(N ∗

k − 1) + 2 r
√
r + 1

]r .
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Òîãäà

I1 =
l∑

k=1

1

(S∗k+1)
p

S∗k+1∫

S∗k

f ∗(τ)dτ ≥
l∑

k=1

(S∗k+1 − S∗k)
r+1

(S∗k+1)
pr!

[
4(N ∗

k − 1) + 2 r
√
r + 1

]r ≥

≥ (1+o(1))

(
r + 1

r + 1− p

)r+1 1

r!


 [lnN1]

N1



r+1 l∑

k=[lnN1]

1[
4(N ∗

k − 1) + 2 r
√
r + 1

]r .

Íàéäåì ðàñïðåäåëåíèå óçëîâ Nk, ìèíèìèçèðóþùèõ ñóììó:

V =
l∑

k=[lnN1]

1[
4(N ∗

k − 1) + 2 r
√
r + 1

]r ,

åñëè
l∑

k=1
N ∗
k = N1.

Ýòà ñóììà ìîæåò áûòü òîëüêî óìåíüøåíà, åñëè ïðåäïîëîæèòü, ÷òî

N ∗
[lnN1] +N ∗

[lnN1]+1 + . . .+N ∗
l = N1.

Íåòðóäíî óáåäèòüñÿ, ïðèìåíÿÿ ñòàíäàðòíûå ìåòîäû ìàòåìàòè÷åñêîãî
àíàëèçà, ÷òî ñóììà V äîñòèãàåò ìèíèìóìà, åñëè

N ∗
[lnN1] = N ∗

[lnN1]+1 = . . . = N ∗
l =

N1

l − [lnN1] + 1

è ýòîò ìèíèìóì ðàâåí
(1 + o(1))

lr+1

(4N1)r
.

Òàêèì îáðàçîì, ïîêàçàíî, ÷òî ìèíèìóì äîñòèãàåòñÿ ïðè çíà÷åíèÿõ

N ∗
[lnN1] = . . . = N ∗

l =
N1

l − [lnN1] + 1
,

êîòîðûå ìîãóò áûòü íå öåëûìè ÷èñëàìè. Òàê êàê íàìè ðàññìàòðèâàåòñÿ
çàäà÷à ìèíèìèçàöèè ïðè óñëîâèè, ÷òî N ∗

i , i = l, l+ 1, . . . , [lnN1]− öåëûå
÷èñëà, òî ìèíèìàëüíîå çíà÷åíèå ôóíêöèè V áóäåò íå ìåíüøå, ÷åì

(1 + o(1))
lr+1

(4N1)r
.

Ñëåäîâàòåëüíî, I1 íå ïðåâîñõîäèò âåëè÷èíó

(1 + o(1))(r + 1)r+1/4r(r + 1− p)r+1r!N r
1 .
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Ïåðåéäåì ê îöåíêå I2:

I2 =
l∑

k=1


 1

(S∗k)p
− 1

(S∗k+1)
p




S∗k+1∫

S∗k

f ∗−(τ)dτ ≤

≤
l∑

k=1

(r + 1)p

(r + 1− p)


 N1

[lnN1]



p(r+1)/(r+1−p)

k−(r+1+rp)/(r+1−p)
S∗k+1∫

S∗k

f ∗−(τ)dτ.

Ïî ïîñòðîåíèþ â êàæäîì èíòåðâàëå [S∗k, S
∗
k+1] èìååòñÿ, ïî êðàéíåé

ìåðå, ïî îäíîìó óçëó, â êîòîðîì ôóíêöèÿ f ∗(t) âìåñòå ñî ñâîèìè ïðî-
èçâîäíûìè äî (r − 1)-ãî ïîðÿäêà îáðàùàåòñÿ â íóëü. Âîçüìåì â êàæäîì
èíòåðâàëå ïî îäíîìó òàêîìó óçëó è îáîçíà÷èì åãî ÷åðåç

S∗∗k (k = 1, 2, . . . , l).

Â èíòåðâàëå [S∗k, S
∗
k+1] ôóíêöèÿ f ∗(t) ìîæåò áûòü ïðåäñòàâëåíà â âèäå

f ∗(τ) =
1

(r − 1)!

τ∫

S∗∗k

(τ − t)r−1f ∗(r)(t)dt

è, ñëåäîâàòåëüíî,
∣∣∣∣∣∣∣

Sk+1∫

Sk

f ∗−(τ)dτ

∣∣∣∣∣∣∣
≤

Sk+1∫

Sk

|f ∗(τ)|dτ ≤ (Sk+1 − Sk)
r+1/(r + 1)! .

Ïîýòîìó

|I2| ≤ p

(r + 1)!

(
r + 1

r + 1− p

)r+2 
 [lnN1]

N1



r+1

[lnN1] = o(N−r
1 ).

Îòñþäà è èç îöåíêè ñóììû I1 ñëåäóåò, ÷òî âåðõíÿÿ ãðàíü îöåíêè ñíèçó
âåëè÷èíû ïîãðåøíîñòè íà ñåãìåíòå [0, 1] íå ìåíüøå âåëè÷èíû

(1 + o(1))

(
r + 1

r + 1− p

)r+1 1

4rr! N r
1
. (2.7)

Ðàññìîòðèì èíòåãðàë
A∫

1

f(τ)

τ p
dτ.
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Ââåäåì îáîçíà÷åíèÿ: s = [(M1 −M0)/[lnN2]],

v∗k =


 M1

M0 + k[ lnN2]




(r+1)/(λ−r−1+p)

, k = 0, 1, . . . , s, v∗s+1 = 1,

N ∗
k− ÷èñëî óçëîâ êâàäðàòóðíîé ôîðìóëû â ñåãìåíòå ∆k = [v∗k, v

∗
k+1],

k = 0, 1, . . . , s, f+(t) = (f(t) + |f(t)|)/2, f−(t) = (f(t)− |f(t)|)/2.
Ïóñòü {wk}− îáúåäèíåíèå óçëîâ {v∗k} è {tk},ïðèíàäëåæàùèõ [1, A].
Äëÿ ïîëó÷åíèÿ îöåíêè ñíèçó íà ñåãìåíòå [1, A] ïîñòðîèì ôóíêöèþ

ϕ∗(t), ïðèíàäëåæàùóþ êëàññó W r
ρ (1) è îáðàùàþùóþñÿ â íóëü âìåñòå ñî

ñâîèìè ïðîèçâîäíûìè äî (r − 1)-ãî ïîðÿäêà âêëþ÷èòåëüíî â óçëàõ

wk, k = 1, . . . ,M1 −M0 + s+ 1,

è óäîâëåòâîðÿþùóþ íåðàâåíñòâó
v∗k∫

v∗k+1

ϕ∗(τ)dτ ≥ 0.

Òîãäà
A∫

1

f ∗(τ)
τ p

dτ =
s∑

k=0

v∗k∫

v∗k+1

ϕ∗(τ)
τλ+p dτ ≥

≥
s∑

k=0

1

(v∗k)λ+p

v∗k∫

v∗k+1

ϕ∗(τ)dτ +
s∑

k=0

(v∗k)
λ+p − (v∗k+1)

λ+p

(v∗k v
∗
k+1)

λ+p

v∗k∫

v∗k+1

ϕ∗−(τ)dτ = I3 + I4.

Ó÷èòûâàÿ íåðàâåíñòâà (2.5) è (2.6) èìååì îöåíêó:

sup
ϕ∈W r(1);ϕ(j)(vi)=0

v∗k∫

v∗k+1

ϕ∗(τ)dτ ≥ (v∗k − v∗k+1)
r+1

r!
[
4(N ∗

k − 1) + 2 r
√
r + 1

]r .

Òîãäà

I3 =
s∑

k=0

1

(v∗k)λ+p

v∗k∫

v∗k+1

ϕ∗(τ)dτ =
s∑

k=0

1

(v∗k)λ+p

(v∗k − v∗k+1)
r+1

r![4(N ∗
k − 1) + 2 r

√
r + 1 ]r

≥

≥

 [ lnN2]

M1



r+1 (

r + 1

λ− r − 1 + p

)r+1 1

r!

s∑

k=0

1

[4(N ∗
k − 1) + 2 r

√
r + 1 ]r

.
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Îñòàëîñü íàéòè ðàñïðåäåëåíèå óçëîâ Nk, ìèíèìèçèðóþùèõ ñóììó

V =
s∑

k=0

1

[4(N ∗
k − 1) + 2 r

√
r + 1 ]r

ïðè óñëîâèè
s∑

k=0
N ∗
k = N2.

Ñòàíäàðòíûìè ìåòîäàìè ìàòåìàòè÷åñêîãî àíàëèçà ìîæíî ïîêàçàòü,
÷òî òî÷êà

N ∗
0 = . . . = N ∗

s = [ lnN2]

äîñòàâëÿåò ìèíèìóì ñóììå V.
Ñëåäîâàòåëüíî,

I3 ≥ (A(λ−r−1+p)/(r+1) − 1)r+1

N r
2A

λ−r−1+pr!4r

(
r + 1

λ− r − 1 + p

)r+1
.

Îöåíèì I4:

I4 =
s∑

k=0

(v∗k)
λ+p − (v∗k+1)

λ+p

(v∗k v
∗
k+1)

λ+p

v∗k∫

v∗k+1

ϕ∗−(τ)dτ ≤

≤
s∑

k=0


 [ lnN2]

M1




(r+1)(λ+p)
λ−r−1+p (r + 1)(λ+ p)

λ− r − 1 + p
k

(r+1)(λ+p)
λ−1−r+p −1

v∗k∫

v∗k+1

ϕ∗−(τ)dτ.

Ïî ïîñòðîåíèþ â êàæäîì èíòåðâàëå [v∗k, v
∗
k+1] èìååòñÿ, ïî êðàéíåé ìå-

ðå, ïî îäíîìó óçëó, â êîòîðîì ôóíêöèÿ ϕ∗(t) âìåñòå ñî ñâîèìè ïðîèç-
âîäíûìè äî (r − 1)-ãî ïîðÿäêà îáðàùàåòñÿ â íóëü. Âîçüìåì â êàæäîì
èíòåðâàëå ïî îäíîìó óçëó è îáîçíà÷èì åãî ÷åðåç v∗∗k (k = 0, 1, . . . , s).

Â èíòåðâàëå [v∗k, v
∗
k+1] ôóíêöèÿ ϕ∗(t) ìîæåò áûòü ïðåäñòàâëåíà â âèäå

ϕ∗(τ) =
1

(r − 1)!

τ∫

v∗∗k

(τ − t)r−1ϕ∗(r)(t)dt,

è, ñëåäîâàòåëüíî,
∣∣∣∣∣∣∣∣

v∗k∫

v∗k+1

ϕ∗−(τ)dτ

∣∣∣∣∣∣∣∣
≤

v∗k∫

v∗k+1

|ϕ∗(τ)|dτ ≤ 1

(r + 1)!
(v∗k − v∗k+1)

r+1 =
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=
p+ λ

(r + 1)!

(
r + 1

λ− r − 1 + p

)r+2 ([lnN2])
r

M r+1
1

.

Ïîýòîìó |I4| = o(N−r
2 ).

Îòñþäà è èç îöåíêè I3 ñëåäóåò, ÷òî âåðõíÿÿ ãðàíü îöåíêè ñíèçó íà
[1, A] íå ìåíüøå âåëè÷èíû

(1 + o(1))
(A(λ−r−1+p)/(r+1) − 1)r+1

N r
2A

λ−r−1+pr! 4r

(
r + 1

λ− r − 1 + p

)r+1
. (2.8)

Ðàññìîòðèì èíòåãðàë
∞∫

A

f(τ)

τ p
dτ .

Èñïîëüçóÿ ôîðìóëó 24 ñòp. 298 èç [67], ïðèõîäèì ê íåðàâåíñòâó:

sup
ϕ∈W r

ρ (1)

∞∫

A

ϕ(τ)

τλ+p dτ ≥
1

r!

∞∫

A

(τ − A)r

τλ+p dτ =
D(r, λ, p)

r! Aλ−r−1+p , (2.9)

ãäå
D(r, λ, p) =

r∑

k=0

r!(−1)k

k!(r − k)!(λ− r − 1 + p+ k)
−

êîíñòàíòà, çàâèñÿùàÿ îò r, p è λ.
Íàéäåì íàèëó÷øåå ðàñïðåäåëåíèå óçëîâ N1 è N2 íà ñåãìåíòàõ [0, 1] è

[1, A].
Äëÿ ýòîãî íóæíî íàéòè ìèíèìóì ôóíêöèè

F (N1, N2) =

(
r + 1

r + 1− p

)r+1 1

4rr! N r
1
+

+
(A(λ−r−1+p)/(r+1) − 1)r+1

4rr! N r
2A

λ−r−1+p

(
r + 1

λ− r − 1 + p

)r+1
+

D(r, p, λ)

r!Aλ−r−1+p

ïðè óñëîâèè N1 +N2 = N.

Ìèíèìóì äîñòèãàåòñÿ ïðè

N1 =


 λ− r − 1 + p

λ− (r + 1− p)A(r+1−λ−p)/(r+1)N


 ,

N2 =


(r + 1− p)(1− A(r+1−λ−p)/(r+1))

λ− (r + 1− p)A(r+1−p−λ)/(r+1) N


 ,
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A =




4N

λ

(
λ− r − 1 + p

r + 1

) r+1
r

(2D(r, λ, p))1/r +
1

λ




r+1
λ−r−1+p

. (2.10)

Òàêèì îáðàçîì, âåðõíÿÿ ãðàíü îöåíêè ñíèçó âû÷èñëåíèÿ èíòåãðàëà
A∫
0

f(τ)
τp dτ íà êëàññå W r

ρ (1) íå ïðåâîñõîäèò âåëè÷èíû

1 + o(1)

4rr!


(r + 1)(λ− (r + 1− p)A(r+1−λ−p)/(r+1))

(r + 1− p)(λ− r − 1 + p)



r+1

1

N r

ïðè ëþáîì âûáîðå óçëîâ {tk}, k = 1, 2, . . . ,M è {vl}, l = 1, 2, . . . , n.
Èç ïîëó÷åííûõ ñîîòíîøåíèé (2.7) − (2.10) ñëåäóåò îöåíêà ñíèçó

ζN [Ψ] ≥ (1+o(1))
1

22r−1r!


(r + 1)(λ− (r + 1− p)A(r+1−p−λ)/(r+1))

(r + 1− p)(λ− r − 1 + p)



r+1

1

N r
.

Îöåíèì ïîãðåøíîñòü êâàäðàòóðíîé ôîðìóëû (2.3):

|RN(ϕ)| ≤ 2

∣∣∣∣∣∣∣

N1−1∑

k=1

tk+1∫

tk

ϕ(τ)− ϕ̃(τ)

τ p
dτ

∣∣∣∣∣∣∣
+

+

∣∣∣∣∣∣∣

t1∫

t−1

ϕ(τ)

τ p
dτ −

r−1∑

k=1

ϕ(k)(0)

k! k
N
−k(r+1)/(r+1−p)
1 (1− (−1)k)

∣∣∣∣∣∣∣
+

+2

∣∣∣∣∣∣∣

M1−1∑

k=M0

vk∫

vk+1

ϕ(τ)− ϕ̃(τ)

τλ+p dτ

∣∣∣∣∣∣∣
+ 2

∣∣∣∣∣∣∣
1

r!

∞∫

A

ϕ(τ)

τλ+p dτ

∣∣∣∣∣∣∣
= r1 + r2 + r3 + r4 .

Äëÿ îöåíêè ïîãðåøíîñòåé r1 è r2 âîñïîëüçóåìñÿ ðåçóëüòàòîì ïðåäû-
äóùåãî ðàçäåëà. Ïðîâîäÿ àíàëîãè÷íûå ðàññóæäåíèÿ, ïîëó÷àåì:

r1 = 2

∣∣∣∣∣∣∣

N1−1∑

k=1

tk+1∫

tk

f(τ)− f̃(τ)

τ p
dτ

∣∣∣∣∣∣∣
=

= 2

∣∣∣∣∣∣∣

N1−1∑

k=1

tk+1∫

tk

1

τ p

tk+1∫

tk


Kr(τ − t)

(r − 1)!
−

r−1∑

j=0

BkjKr−j(tk+1 − tk)

r(r − 1− j)!


 f (r)(t)dtdτ

∣∣∣∣∣∣∣
=

= 2

∣∣∣∣∣∣∣

N1−1∑

k=1

tk+1∫

tk

f (r)(t)

tk+1∫

tk

1

τ p


Kr(τ − t)

(r − 1)!
−

r−1∑

j=0

BkjKr−j(tk+1 − t)

(r − 1− j)!


 dτdt

∣∣∣∣∣∣∣
≤
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≤ 2
N1−1∑

k=1

1

tpk

tk+1∫

tk

|f (r)(t)|
∣∣∣∣∣∣
(tk+1 − t)r

r!
−

r−1∑

j=0

Bkj(tk+1 − tk)

(r − 1− j)!
(tk+1 − t)r−j−1

∣∣∣∣∣∣ dt ≤

≤ 2

r!

N1−1∑

k=1

1

tpk

tk+1∫

tk

∣∣∣∣∣∣(tk+1 − t)r −
r−1∑

j=0

r! Bkj(tk+1 − tk)

(r − 1− j)!
(tk+1 − t)r−j−1

∣∣∣∣∣∣ dt .

Èçâåñòíî, ÷òî (Ñ. M. Íèêîëüñêèé [65])
a+h∫

a−h
|Rrq(a, h, x)|qdx =

2hrq+1[Rrq(1)]q

rq + 1
.

Òîãäà
r1 ≤ 4Rr1(1)

M−1∑

k=1

((tk+1 − tk)/2)r+1

tpk(r + 1)!
≤

≤ (1 + o(1))
1

22r−1r! N r
1

(
r + 1

r + 1− p

)r
, (2.11)

r2 =

∣∣∣∣∣∣∣

t1∫

t−1

1

τ p


f(τ)−

r−1∑

k=0

f (k)(0)τ k

k!


 dτ

∣∣∣∣∣∣∣
=

=
1

(r − 1)!

∣∣∣∣∣∣∣

t1∫

t−1

1

τ p




τ∫

0

(τ − t)r−1f (r)(t)dt


 dτ

∣∣∣∣∣∣∣
≤

≤ 2

r!(r + 1− p)N r+1
1

= o(N−r
1 ), (2.12)

r3 ≤ 2

∣∣∣∣∣∣∣

M1∑

k=M0

vk∫

vk+1

ϕ(τ)− ϕ̃(τ)

τλ+p dτ

∣∣∣∣∣∣∣
=

= 2

∣∣∣∣∣∣∣

M1∑

k=M0

vk∫

vk+1

1

τλ+p




1

(r − 1)!

vk∫

vk+1

Kr(τ − v)ϕ(r)(v)dv−

−
r−1∑

l=0

Bkl

(r − l − 1)!

vk∫

vk+1

Kr−l(vk − v)ϕ(r)(v)dv


 dτ

∣∣∣∣∣∣∣
≤

≤ 2

r!

M1∑

k=M0

1

vλ+p
k+1

vk∫

vk+1

∣∣∣∣∣∣(vk − v)r −
r−1∑

l=0

r!Bkl(vk − vk+1)(vk − v)r−l−1

(r − l − 1)!

∣∣∣∣∣∣ dv,
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r3 ≤ 2

r!

M1∑

k=M0

1

vλ+p
k+1

2((vk − vk+1)/2)r+1Rr1(1)

r + 1
=

2

r!4r

M1∑

k=M0

(vk − vk+1)
r+1

vλ+p
k+1

=

=
2(A(λ−r−1+p)/(r+1) − 1)r+1

r!4rN r
2A

λ−r−1+p

(
r + 1

λ− r − 1 + p

)r+1
=

=
(1− A(r+1−λ−p)/(r+1))(λ− (r + 1− p)A(r+1−λ−p)/(r+1))r

(r + 1− p)r
×

× 1

22r−1r! N r

(
r + 1

λ− r − 1 + p

)r+1
. (2.13)

Â êà÷åñòâå ôóíêöèè ϕ(t) ∈ W r
ρ (1), îáðàùàþùåéñÿ â íóëü â òî÷êå A è

äîñòàâëÿþùåé ìàêñèìóì èíòåãðàëó
∞∫

A

ϕ(τ)

τ p+λ
dτ,

åñòåñòâåííî âçÿòü ôóíêöèþ ϕ(τ) = 1
r!(τ − A)r. Â ðåçóëüòàòå èìååì

r4 =
2

r!

∞∫

A

(τ − A)r

τλ+p dτ =
2D(r, λ, p)

r!Aλ−r−1+p . (2.14)

Èç îöåíîê (2.11) � (2.14) ïîëó÷àåì

RN [Ψ] ≤ (1 + o(1))
1

22r−1r!


(r + 1)(λ− (r + 1− p)A(r+1−p−λ)/(r+1))

(r + 1− p)(λ− r − 1 + p)


 1

N r
.

Ñîïîñòàâëÿÿ ýòó îöåíêó ñ îöåíêîé ñíèçó, óáåæäàåìñÿ â ñïðàâåäëèâî-
ñòè òåîðåìû.

3. Êâàäðàòóðíûå ôîðìóëû äëÿ èíòåãðàëîâ Àäàìàðà
ñ ïåðåìåííîé ñèíãóëÿðíîñòüþ íà êëàññàõ

ïåðèîäè÷åñêèõ ôóíêöèé
Ìíîãî÷èñëåííûå çàäà÷è àýðîäèíàìèêè è ýëåêòðîäèíàìèêè ïðèâîäÿò

ê ãèïåðñèíãóëÿðíûì èíòåãðàëüíûì óðàâíåíèÿì. Â ðàáîòå È. Ê. Ëèôà-
íîâà [56] ïîêàçàíî, ÷òî ðåøåíèå îäíîé èç çàäà÷ àýðîäèíàìèêè ïðèâîäèò
ê èíòåãðàëüíîìó óðàâíåíèþ

2π∫

0

ϕ(σ)

sin2 σ−s
2
dσ = f(s). (3.1)
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Â ñâÿçè ñ ýòèì îáñòîÿòåëüñòâîì ïðåäñòàâëÿåò èíòåðåñ ïîñòðîåíèå
àñèìïòîòè÷åñêè îïòèìàëüíûõ êâàäðàòóðíûõ ôîðìóë äëÿ âû÷èñëåíèÿ
èíòåãðàëà

Tϕ =
2π∫

0

ϕ(σ)

sinp σ−s2
dσ. (3.2)

Îòìåòèì, ÷òî èíòåãðàë
∫

γ

ϕ(τ)

(τ − t)p
dτ , ãäå γ � åäèíè÷íàÿ îêðóæíîñòü

ñ öåíòðîì â íà÷àëå êîîðäèíàò, ñâîäèòñÿ ê èíòåãðàëó òèïà (3.2). Ñäåëàâ
çàìåíó ïåðåìåííûõ τ = eiσ, t = eis, èìååì:

∫

γ

ϕ(τ)

(τ − t)p
dτ = i

2π∫

0

eiσϕ(eiσ)dσ

(eiσ − eis)p
=

= i
2π∫

0

eiσϕ(eiσ)e−ip(σ+s)/2dσ

(eiσ − eis)pe−ip(σ+s)/2 = i
2π∫

0

eiσϕ(eiσ)e−ip(σ+s)/2dσ

(ei(σ−s)/2 − e−i(σ−s)/2)p
=

= i
2π∫

0

eiσϕ(eiσ)e−ip(σ+s)/2dσ

(2i)p(sin σ−s
2 )p

=
e−ips/2i
(2i)p

2π∫

0

eiσϕ(eiσ)e−ipσ/2dσ
(sin σ−s

2 )p
=

=
e−ips/2i
(2i)p

2π∫

0

ψ(σ)

sinp σ−s2
dσ, (3.3)

ãäå ψ(σ) = eiσϕ(eiσ)e−ipσ/2.
Ïîñòðîèì îïòèìàëüíûå ïî ïîðÿäêó êâàäðàòóðíûå ôîðìóëû äëÿ âû-

÷èñëåíèÿ èíòåãðàëà (3.2) íà êëàññå W r(1).
Èíòåãðàë Tϕ áóäåì âû÷èñëÿòü ïî êâàäðàòóðíûì ôîðìóëàì âèäà

Tϕ =
N∑

k=1
ϕ(sk)pk(s) +RN(s, sk, pk(s), ϕ) (3.4)

ñ ïðîèçâîëüíûìè óçëàìè 0 ≤ sk ≤ 2π è âåñàìè pk(s) (k = 1, 2, . . . , N).
Òåîðåìà 3.1. Ïóñòü Ψ = W r(1) è èíòåãðàë Tϕ âû÷èñëÿåòñÿ ïî êâàä-

ðàòóðíûì ôîðìóëàì âèäà (3.4). Òîãäà

ζ[Ψ] ≥ (4 + o(1))Krπ
1−p

N r+1−p · 1

p− 1
· 1

2p−1

è îïòèìàëüíîé ïî ïîðÿäêó ÿâëÿåòñÿ êâàäðàòóðíàÿ ôîðìóëà

Tϕ =
2π∫

0

sN [ϕ(σ)] dσ

sinp σ−s2
+RN(ϕ), (3.5)
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ãäå sN [ϕ] ∈ Cr−1 � èíòåðïîëÿöèîííûé ñïëàéí ïîðÿäêà r ïî ðàâíîìåðíî-
ìó ðàçáèåíèþ vk = 2kπ/N (k = 0, 1, . . . , N). Ïîãðåøíîñòü êâàäðàòóðíîé
ôîðìóëû ðàâíà RN [Ψ] ³ N−(r+1−p).

Çäåñü Kr � ïîñòîÿííàÿ Ôàâàðà

Kr =
4

π

∞∑

k=0

(−1)k(r−1)

(2k + 1)r+1 .

Äîêàçàòåëüñòâî. Âû÷èñëèì îöåíêó ñíèçó ïîãðåøíîñòè êâàäðàòóð-
íîé ôîðìóëû âèäà (3.4) íà êëàññå W r(1) è íà ïðîèçâîëüíîì âåêòîðå
(S, P ) óçëîâ è âåñîâ. Ïóñòü âåêòîð óçëîâ S èìååò âèä S = (s1, . . . , sN).

Îáîçíà÷èì ÷åðåç ϕ∗(σ) ôóíêöèþ, óäîâëåòâîðÿþùóþ ñëåäóþùèì óñëî-
âèÿì:

1) ϕ∗(σ) ∈ W r(1);
2) minϕ∗(σ) = ϕ∗(sk) = 0, k = 1, 2, . . . , N ;

3)
2π∫

0

ϕ∗(σ) dσ =
2πKr

N r
.

Êàê ïîêàçàíî â ðàáîòå [60], òàêèå ôóíêöèè ñóùåñòâóþò.
Ðàçäåëèì ñåãìåíò [0, 2π] íà N ðàâíûõ ÷àñòåé òî÷êàìè vk = 2πk/N ,

k = 0, 1, . . . , N . Âîçüìåì ïðîèçâîëüíîå vj (j = 1, 2, . . . , N) è ïðåäñòàâèì
èíòåãðàë (Tϕ∗)(vj) â âèäå ñóììû

(Tϕ∗)(vj) =
2π∫

0

ϕ∗(σ)

sinp σ−vj

2

dσ ≥
[N/2]−1∑

k=1

vj−k∫

vj−k−1

ϕ∗(σ) dσ

sinp σ−vj

2

+

+
[N/2]−2∑

k=1

vj+k+1∫

vj+k

ϕ∗(σ) dσ

sinp σ−vj

2

≥
[N/2]−1∑

k=1

1

sinp (k+1)π
N

(

vk+j+1∫

vk+j

ϕ∗(σ) dσ+

vj−k∫

vj−k−1

ϕ∗(σ) dσ).

Ïîñêîëüêó ìàêñèìàëüíîå çíà÷åíèå ôóíêöèè (Tϕ∗)(s) íå ìåíüøå åãî
ñðåäíåãî çíà÷åíèÿ, òî

max
s

(Tϕ∗)(s) ≥ 1

N

N∑

j=1
(Tϕ∗)(vj).

Óñðåäíèì ñóììû (Tϕ∗)(vj)

(Tϕ∗)(s) ≥ 1

N

N∑

j=1
(Tϕ∗)(vj) =
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=
1

N

N∑

j=1

[N/2]−1∑

k=1

1

sinp (k+1)π
N




vj−k∫

vj−k−1

ϕ∗(σ) dσ +

vk+j+1∫

vk+j

ϕ∗(σ) dσ


 =

=
1

N

[N/2]−1∑

k=1

1

sinp (k+1)π
N

N∑

j=1



vk+j+1∫

vj+k

ϕ∗(σ) dσ +

vj−k∫

vj−k−1

ϕ∗(σ) dσ


 =

=
2

N

2π∫

0

ϕ∗(σ) dσ ·
[N/2]−1∑

k=1

1

sinp (k+1)π
N

.

Îöåíèì ñóììó

B(p) =
[N/2]−1∑

k=1

1

sinp (k+1)π
N

.

Î÷åâèäíî,
[N/2]−1∑

k=1

1

sinp (k+1)π
N

≥
[N/2]−1∑

k=1


 N

(k + 1)π



p

≥
(
N

π

)p 1

p− 1

1

2p−1 .

Â èòîãå ïîëó÷àåì
1

N

N∑

j=0
(Tϕ∗)(vj) ≥ Krπ

1−p

N r+1−p
1 + o(1)

p− 1

1

2p−3 .

Îöåíèì âåëè÷èíó ïîãðåøíîñòè êâàäðàòóðíîé ôîðìóëû (3.5). Äëÿ ýòî-
ãî îöåíèì âåëè÷èíó |RN(ϕ)|, ïîëàãàÿ, ÷òî s ∈ [sj, sj+1):

|RN(ϕ)| = sup
ϕ∈W r(1)

max
s

∣∣∣∣∣

2π∫

0

(ϕ(σ)− sN [ϕ(σ)])
1

sinp σ−s2
dσ

∣∣∣∣∣ ≤

≤
[N/2]−1∑

k=2

∣∣∣∣∣

sk+j+1∫

sk+j

(ϕ(σ)− sN [ϕ(σ)])
1

sinp σ−s2
dσ+

+
[N/2]−1∑

k=2

∣∣∣∣∣

sj−k∫

sj−k−1

(ϕ(σ)− sN [ϕ(σ)])
1

sinp σ−s2
dσ

∣∣∣∣∣+

+

∣∣∣∣∣

sj+2∫

sj−2

(ϕ(σ)− sN [ϕ(σ)])
1

sinp σ−s2
dσ

∣∣∣∣∣ = r1 + r2 + r3.

Ïåðâûå äâà ñëàãàåìûõ ýòîé ñóììû îöåíèâàþòñÿ îäèíàêîâî. Ïîýòîìó
îöåíèì òîëüêî ñóììó

[N/2]−1∑

k=2

∣∣∣∣∣

sk+j+1∫

sk+j

ϕ(σ)− sN [ϕ(σ)]

sinp σ−s2
dσ

∣∣∣∣∣ ≤
[N/2]−1∑

k=2

(
Kr

N r

)
2π

N

1

sinp sj+k−sj+1

2

=
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=
2π

N

Kr

N r

[N/2]−1∑

k=2

1

sinp sk−1

2
=

2π

N

Kr

N r

[N/2]−1∑

k=2

1

sinp π(k−1)
N

≤ 2πKr

N r+1B(p).

Â ïðåäûäóùèõ âûêëàäêàõ èñïîëüçîâàëèñü îöåíêè àïïðîêñèìàöèè ñïëàé-
íàìè, ïðèâåäåííûå â ñëåäñòâèè ê òåîðåìå 3.20 â ãëàâå 1 ïåðâîé ÷àñòè
êíèãè. Îñòàëîñü îöåíèòü ñëàãàåìîå r3. Ïóñòü h = min(s− sj−2, sj+2− s).
Íå îãðàíè÷èâàÿ îáùíîñòè, ïîëîæèì, h = s− sj−2. Òîãäà

r3 =

∣∣∣∣∣

sj+2∫

sj−2

(ϕ(σ)− sN [ϕ(σ)])
1

sinp σ−s2
dσ

∣∣∣∣∣ =

∣∣∣∣∣

sj+2∫

sj−2

ψ(σ)
1

sinp σ−s2
dσ

∣∣∣∣∣ ≤

≤
∣∣∣∣∣

sj+h∫

sj−2

ψ(σ)
1

sinp σ−s2
dσ

∣∣∣∣∣ +
∣∣∣∣∣

sj+2∫

sj+h

ψ(σ)
1

sinp σ−s2
dσ

∣∣∣∣∣ = r31 + r32,

ãäå ψ(σ) = ϕ(σ)− sN(σ).
Îöåíèì êàæäîå âûðàæåíèå r31 è r32 â îòäåëüíîñòè. Ïîëüçóÿñü îïðåäå-

ëåíèÿìè ñèíãóëÿðíîãî èíòåãðàëà, èíòåãðàëà â ñìûñëå Àäàìàðà è íåðà-
âåíñòâîì À. À. Ìàðêîâà (÷àñòü 1, ñ. 22), ëåãêî ïîëó÷àåì, ÷òî

r31 =

∣∣∣∣∣

s+h∫

sj−2

(ψ(σ)−ψ(s)− 1

1!
ψ′(s)(σ−s)− . . .− 1

(p− 1)!
ψ(p−1)(s)(σ−s)p−1)×

× 1

sinp σ−s2
dσ

∣∣∣∣∣ +
p−1∑

k=0

∣∣∣∣∣∣∣

sj+h∫

sj−2

ψ(k)(s)
(σ − s)k

k!

1

sinp σ−s2
dσ

∣∣∣∣∣∣∣
≤

≤ A
s+h∫

s

|σ − s|r−p dσ +
p−1∑

k=0

∣∣∣∣∣∣∣

sj+h∫

sj−2

ψ(k)(s)
(σ − s)k

k!

1

sinp σ−s2
dσ

∣∣∣∣∣∣∣
≤ AN−r−1+p.

Îöåíêà r32 ñëåäóåò èç öåïî÷êè íåðàâåíñòâ:

r32 ≤ Ah−p+1 max
σ∈[sj+h,sj+2]

|ψ(σ)| ≤ AN−rh−p+1 ≤ AN−(r+1−p).

Ñîáèðàÿ ïîñëåäíèå íåðàâåíñòâà è ñîïîñòàâëÿÿ èõ ñ îöåíêîé ñíèçó,
èìååì:

RN [Ψ] ³ N (r+1−p).

Òåîðåìà äîêàçàíà.
Âûøå áûëî ïîêàçàíî (ñì. ôîðìóëó (13.3)), ÷òî

108



∫

γ

ϕ(τ)

(τ − t)p
dτ =

e−ips/2i
(2i)p

2π∫

0

ψ(σ)dσ

sinp σ−s2
,

ãäå ψ(σ) = eiσϕ(eiσ)e−ipσ/2.
Äëÿ âû÷èñëåíèÿ èíòåãðàëà â ïðàâîé ÷àñòè ïðåäûäóùåãî ðàâåíñòâà

áûëà ïðåäëîæåíà êâàäðàòóðíàÿ ôîðìóëà (3.5). Ýòà ôîðìóëà òðóäíî ðå-
àëèçóåòñÿ íà ïðàêòèêå, ÷òî ÿâëÿåòñÿ åå ñóùåñòâåííûì íåäîñòàòêîì.

Ïîýòîìó äëÿ ïðàêòè÷åñêîãî âû÷èñëåíèÿ èíòåãðàëîâ ∫
γ

ϕ(τ)
(τ−t)pdτ è

2π∫
0

ψ(σ)dσ
sinp σ−s

2

öåëåñîîáðàçíî ïîñòðîèòü êâàäðàòóðíûå ôîðìóëû (âîçìîæíî è íå îïòè-
ìàëüíûå ïî ïîðÿäêó), ëåãêî ðåàëèçóåìûå íà ïðàêòèêå.

Èññëåäîâàíèå íà÷íåì ñ èíòåãðàëà

Cϕ =
1

πi

∫

γ

ϕ(τ)

(τ − t)p
dτ. (3.6)

Ñäåëàåì çàìåíó ïåðåìåííûõ t = eis, τ = eiσ. Òîãäà èíòåãðàë Cϕ ìîæ-
íî ïðåäñòàâèòü â âèäå

Cϕ =
1

πi

2π∫

0

iϕ(eiσ)eiσdσ

(eiσ − eis)p
=

=
1

πi

2π∫

0

iϕ(eiσ)eiσe−ip(σ+s)/2

(eiσ − eis)pe−ip(σ+s)/2 =

=
1

π

2π∫

0

ϕ(eiσ)eip(σ−s)/2e−i(p−1)σ

(ei(σ−s)/2 − e−i(σ−s)/2)p
=

=
1

π

2π∫

0

e−i(p−1)σϕ(eiσ)
(
cos (σ−s)

2 + i sin (σ−s)
2

)p
dσ

(2i)p sinp σ−s2
=

=
1

(2i)pπ

2π∫

0

e−i(p−1)σϕ(eiσ)

(
ctg

σ − s

2
+ i

)p
dσ. (3.7)

Ýòà ôîðìóëà ÿâëÿåòñÿ ðàñïðîñòðàíåíèåì ôîðìóëû Ãèëüáåðòà íà ãè-
ïåðñèíãóëÿðíûå èíòåãðàëû.

Íàì ïîíàäîáÿòñÿ çíà÷åíèÿ èíòåãðàëîâ 1
πi

∫
γ

τkdτ
(τ−t)p , k = −n,−n+ 1, . . . ,

−1, 0, 1 . . . , n.
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Èñïîëüçóÿ îïðåäåëåíèå ãèïåðñèíãóëÿðíîãî èíòåãðàëà, èìååì:

1

πi

∫

γ

τ kdτ

(τ − t)p
=

1

πi

k(k − 1) · · · (k − p+ 2)

(p− 1)!

∫

γ

τ k−p+1

τ − t
dτ =

=
k(k − 1) · · · (k − p+ 2)

(p− 1)!
tk−p+1 (3.8)

ïðè k ≥ p− 1,
1

πi

∫

γ

τ kdτ

(τ − t)p
= 0 (3.9)

ïðè 0 ≤ k ≤ p− 2,

1

πi

∫

γ

τ kdτ

(τ − t)p
=

1

πi
(−1)p−1k(k + 1) · · · (k + p− 1)

(p− 1)!

∫

γ

τ−k−p+1dτ

(τ − t)
=

= (−1)p
k(k + 1) · · · (k + p− 1)

(p− 1)!
t−k−p+1 (3.10)

ïðè −∞ < k < 0.
Ïðèâåäåííûå âûøå ôîðìóëû ïîçâîëÿþò ñòðîèòü ýôôåêòèâíûå êâàä-

ðàòóðíûå ôîðìóëû äëÿ âû÷èñëåíèÿ ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ.
Ïóñòü ôóíêöèÿ ϕ(t) ∈ W rHα(1) è r ≥ p− 1, 0 < α ≤ 1.
Ðàçëîæèì ôóíêöèþ ϕ(t) â ðÿä Ëîðàíà ïî áàçèñíûì ôóíêöèÿì tk,

k = . . . ,−n,−n + 1, . . . ,−1, 0, 1, . . . , n . . . . Íåòðóäíî âèäåòü, ÷òî äëÿ
ôóíêöèé, ïðèíàäëåæàùèõ ìíîæåñòâó W rHα(1), ðÿä ïî áàçèñíûì ôóíê-
öèÿì tk ñõîäèòñÿ è, êðîìå òîãî, ñïðàâåäëèâà â ìåòðèêå ïðîñòðàíñòâà C
ñëåäóþùàÿ îöåíêà

‖ϕ(t)− ϕN(t)‖C ≤ AN−r−α,

ãäå
ϕN(t) =

N∑

k=−N
ϕkt

k, ϕk =
1

2πi

∫ ϕ(t)dt

tk+1 .

Ðàññìîòðèì êâàäðàòóðíóþ ôîðìóëó

Cϕ = CϕN(t) +RN(ϕ) =
1

πi

∫

γ

ϕN(t)dt

(τ − t)p
+RN(ϕ).
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Îöåíèì ïîãðåøíîñòü ýòîé êâàäðàòóðíîé ôîðìóëû. Î÷åâèäíî,

|RN(ϕ)| ≤ 1

π

∣∣∣∣∣∣∣

∫

γ

ϕ(τ)− ϕN(τ)

(τ − t)p
dτ

∣∣∣∣∣∣∣
=

=
1

π(p− 1)!

∣∣∣∣∣∣∣

∫

γ

(ϕ(τ)− ϕN(τ))p−1

τ − t
dτ

∣∣∣∣∣∣∣
.

Òàê êàê |ϕ(τ)− ϕN(τ)| ≤ AN−r−α, òî |(ϕ(τ)− ϕN(τ)(k)| ≤ AN−r−α+k,
k = 0, 1, . . . , r.

Èç ïîñëåäíåé îöåíêè è îáðàòíûõ òåîðåì Áåðíøòåéíà [63] ñëåäóåò, ÷òî
(ϕ(τ)− ϕN(τ))(k) ∈ W r−kHα ïðè k = 0, 1, . . . , r.

Èç ðåçóëüòàòîâ [52] ñëåäóåò, ÷òî
∣∣∣∣∣∣∣

∫

γ

(ϕ(τ)− ϕN(τ))p−1

τ − t
dτ

∣∣∣∣∣∣∣
≤ AN−r+p−1−α lnN.

Ðàññìîòðèì òåïåðü êâàäðàòóðíóþ ôîðìóëó èíòåðïîëÿöèîííîãî âèäà.
Ïóñòü ϕ(t) ∈ W rHα(1). Â ìîíîãðàôèè [52] ïîñòðîåí èíòåðïîëÿöèîí-

íûé ïîëèíîì

uN(ϕ, t) =
N∑

k=−N
αkt

k, αk =
1

2N + 1

N∑

j=−N
ϕ(τj)τ

−k
j ,

τj = e2πij/(2n+1).

Òàì æå ïîêàçàíî, ÷òî ïîëèíîì uN(ϕ, t) ïðåäñòàâèì â âèäå

uN(ϕ, t) =
1

2N + 1

n∑

j=−n
ϕ(τj)


 t

τj



−N

1− (t/τj)
2N+1

1− t/τj
, (3.11)

è ïîëó÷åíà îöåíêà

|ϕ(t)− uN(ϕ, t)| ≤
(
1 +

4

π
+

2

π
ln

2

π
(2N + 1)

]
EN(ϕ, γ), (3.12)

ãäå EN(ϕ, γ)− íàèëó÷øåå ïðèáëèæåíèå ôóíêöèè ϕ(t) ïîëèíîìàìè âèäà
∑N
−N αkt

k íà êîíòóðå γ.
Âîñïîëüçîâàâøèñü èíòåðïîëÿöèîííûì ïîëèíîìîì uN(ϕ, t), ïîñòðîèì

êâàäðàòóðíóþ ôîðìóëó

Cϕ = CuN(ϕ, t) +RN(ϕ) =
1

πi

∫

γ

uN(ϕ, τ)dτ

(τ − t)p
+RN(ϕ). (3.13)
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Êâàäðàòóðíàÿ ôîðìóëà (3.13) ëåãêî ìîæåò áûòü ïðåäñòàâëåíà â ÿâíîì
âèäå, åñëè â (3.13) ïîäñòàâèòü (3.11) è ïðèìåíèòü ôîðìóëû (3.8) − (3.10).

Íå îñòàíàâëèâàÿñü íà ýòîì, îöåíèì ïîãðåøíîñòü êâàäðàòóðíîé ôîð-
ìóëû (3.13).

Äëÿ èññëåäîâàíèÿ ÷èñëåííûõ ìåòîäîâ ðåøåíèÿ ñèíãóëÿðíûõ èíòå-
ãðàëüíûõ óðàâíåíèé Â. Â. Èâàíîâ [52] ââåë ïðîñòðàíñòâî W (L), ãäå L−
çàìêíóòûé ãëàäêèé êîíòóð.

Ïóñòü ôóíêöèÿ ϕ(t), t ∈ L, è êîíòóð L óäîâëåòâîðÿþò óñëîâèÿì, ïðè
êîòîðûõ ñïðàâåäëèâû ôîðìóëû Ïëåìåëÿ − Ñîõîöêîãî:

ϕ(t) = ϕ+(t)− ϕ−(t), Sϕ = ϕ+(t) + ϕ−(t),

ãäå ϕ+(t) è ϕ−(t)− ãðàíè÷íûå çíà÷åíèÿ èíòåãðàëà òèïà Êîøè 1
2πi

∫
L

ϕ(τ)
τ−z dτ

ñîîòâåòñòâåííî ñëåâà è ñïðàâà îò êîíòóðà L ïðè åãî îáõîäå â ïîëîæèòåëü-
íîì íàïðàâëåíèè (ïðîòèâ ÷àñîâîé ñòðåëêè).

×åðåçW (L) îáîçíà÷àåòñÿ ëèíåéíîå íîðìèðîâàííîå ïðîñòðàíñòâî ôóíê-
öèé ϕ(t), äëÿ êîòîðûõ ϕ+(t) è ϕ−(t) íåïðåðûâíû. Íîðìà W (L) ââîäèòñÿ
ôîðìóëîé

||ϕ||W (L) = max
t∈L

|ϕ+(t)|+ max
t∈L

|ϕ−(t)|.
Â [52] ïîêàçàíî, ÷òî åñëè L− ïðîñòîé çàìêíóòûé êîíòóð, òî W (L)−

áàíàõîâî ïðîñòðàíñòâî è

||Sϕ||W (L) = ||ϕ||W (L), Sϕ =
1

πi

∫

L

ϕ(τ)

τ − t
dτ. (3.14)

Î÷åâèäíî,

|RN(ϕ)| ≤ 1

π

∣∣∣∣∣∣∣

∫

γ

(ϕ(τ)− uN(ϕ, τ))dτ

(τ − t)p

∣∣∣∣∣∣∣
≤

≤ 1

π(p− 1)!

∣∣∣∣∣∣∣

∫

γ

(ϕ(τ)− uN(ϕ, τ))p−1dτ

τ − t

∣∣∣∣∣∣∣
. (3.15)

Èç íåðàâåíñòâà (3.12) ñëåäóåò, ÷òî íà êëàññå ôóíêöèé W rHα(1) ñïðà-
âåäëèâà îöåíêà ||ϕ(τ)− uN(ϕ, τ)||C(γ) ≤ AN−r−α lnN.

Â [52] ïîëó÷åíû îöåíêè

||ϕ(τ)− uN(ϕ, τ)||W (γ) ≤
(
2 +

4

π
+

4

π
ln

2

π
(2N + 1)

)
EN(ϕ, γ),
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||ϕ+(τ)− u+
N(ϕ, τ)||C(γ) ≤

(
2 +

4

π
+

4

π
ln

2

π
(2N + 1)

)
EN(ϕ, γ),

||ϕ−(τ)− u−N(ϕ, τ)||C(γ) ≤
(
2 +

4

π
+

4

π
ln

2

π
(2N + 1)

)
EN(ϕ, γ).

Èñïîëüçóÿ ìåòîä äîêàçàòåëüñòâà îáðàòíûõ òåîðåì êîíñòðóêòèâíîé
òåîðèè ôóíêöèè [63], ìîæíî ïîêàçàòü, ÷òî

||(ϕ+(τ)− u+
N(ϕ, τ))(v)||C(γ) ≤ AN vEN(ϕ, γ) lnN, (3.16)

||(ϕ−(τ)− u−N(ϕ, τ))(v)||C(γ) ≤ AN vEN(ϕ, γ) lnN, (3.17).

Òîãäà èç íåðàâåíñòâ (3.14) − (3.17) ñëåäóåò îöåíêà

|RN(ϕ)| ≤ ANp−1EN(ϕ, γ) lnN.

Òàê êàê ôóíêöèÿ ϕ ∈ W rHα(1), r ≥ p− 1, òî îêîí÷àòåëüíî èìååì

|RN(ϕ)| ≤ AN−r+p−1 lnN.

Òàêèì îáðàçîì, äîêàçàíî ñëåäóþùåå óòâåðæäåíèå.
Òåîðåìà 3.2. Ïóñòü Ψ− ìíîæåñòâî ôóíêöèé ϕ(t), óäîâëåòâîðÿþùèõ

óñëîâèþ EN(ϕ, γ) ≤ AN−q, ãäå q > p − 1. Ïîãðåøíîñòü êâàäðàòóðíîé
ôîðìóëû (3.13) îöåíèâàåòñÿ íåðàâåíñòâîì

RN(Ψ) ≤ N p−1EN(ϕ, γ) lnN.

4. Ïðèáëèæåííûå ìåòîäû âû÷èñëåíèÿ èíòåãðàëîâ Àäàìàðà
íà êîíå÷íûõ ñåãìåíòàõ

Â ýòîì ïàðàãðàôå ïîñòðîèì îïòèìàëüíóþ ïî ïîðÿäêó êâàäðàòóðíóþ
ôîðìóëó äëÿ âû÷èñëåíèÿ èíòåãðàëîâ âèäà

Kϕ =
1∫

−1

ϕ(τ)

(τ − t)p
dτ, −1 < t < 1, (4.1)

p− öåëîå ÷èñëî, p = 2, 3, . . . .
Áóäåì âû÷èñëÿòü èíòåãðàë (4.1) ïî êâàäðàòóðíûì ôîðìóëàì âèäà

Kϕ =
N∑

k=1

ρ∑

l=0
pkl(t)ϕ

(l)(tk) +RN(t, pkl, tk, ϕ), (4.2)

ãäå {tk}− íàáîð óçëîâ, ðàñïîëîæåííûõ íà ñåãìåíòå [−1, 1].
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Òåîðåìà 4.1. Ïóñòü ϕ ∈ Ψ = W r(1). Äëÿ êâàäðàòóðíûõ ôîðìóë âèäà
(4.2) ïðè 0 ≤ ρ ≤ r − 1 ñïðàâåäëèâà îöåíêà ζN [Ψ] ≥ AN−r−1+p.

Äîêàçàòåëüñòâî. Ââåäåì óçëû vk = −1 + k/N, k = 0, 1, . . . , 2N,
è ïîêðîåì ñåãìåíò [−1, 1] áîëåå ìåëêèìè ñåãìåíòàìè ∆k = [vk, vk+1],
k = 0, 1, . . . , 2N. Òàê êàê êâàäðàòóðíàÿ ôîðìóëà (4.2) èìååò N óçëîâ, òî
èìååòñÿ, ïî êðàéíåé ìåðå, N ñåãìåíòîâ ∆k, âíóòðè êîòîðûõ íåò óçëîâ
êâàäðàòóðíîé ôîðìóëû (4.2). Íàçîâåì ýòè ñåãìåíòû îòìå÷åííûìè. Êàê
è â ïåðâîé ÷àñòè êíèãè ([14], ñ. 169) îáîçíà÷èì ÷åðåç Θ(k, l) îòíîøåíèå
÷èñëà îòìå÷åííûõ ñåãìåíòîâ ∆k,∆k+1, . . . ,∆l ê îáùåìó ÷èñëó ñåãìåíòîâ
l−k, k = 0, 1, . . . , 2N−l, l = k+1, . . . , 2N−l. Â ïåðâîé ÷àñòè êíèãè ([14],
ñ. 169) áûëî ïîêàçàíî, ÷òî ñóùåñòâóåò òàêîå ÷èñëî k̄, k̄ < 3(N + 1)/2,
äëÿ êîòîðîãî min

l>k
Θ(k̄, l) ≥ 1/3.

Ââåäåì ôóíêöèþ ϕ∗(t), ðàâíóþ íóëþ íà âñåõ ñåãìåíòàõ ∆k ïðè k < k̄
è ðàâíóþ íóëþ íà âñåõ íåîòìå÷åííûõ ñåãìåíòàõ. Íà îòìå÷åííûõ ñåãìåí-
òàõ ∆j, j ≥ k̄ ïîëîæèì ϕ∗(t) = A((t − tj)(tj+1 − t))r/N r, ãäå êîíñòàíòà
A ïîäáèðàåòñÿ èç òðåáîâàíèÿ, ÷òîáû ϕ∗(t) ∈ W r(1). Î÷åâèäíî, òàêàÿ
êîíñòàíòà ñóùåñòâóåò è íå çàâèñèò îò j.

Òîãäà

sup
ϕ(t)∈W r(1)

max
t

1∫

−1

ϕ(τ)

(τ − t)p
dτ ≥

1∫

−1

ϕ∗(τ)
(τ − tk̄)

p
dτ ≥ AN−(r+1−p).

Òåîðåìà äîêàçàíà.
Ïîñòðîèì íåñêîëüêî îïòèìàëüíûõ ïî ïîðÿäêó êâàäðàòóðíûõ ôîðìóë

äëÿ âû÷èñëåíèÿ èíòåãðàëà Kϕ.
Ââåäåì óçëû vk = −1+2k/N, k = 0, 1, . . . , N. Ïîêðîåì ñåãìåíò [−1, 1]

áîëåå ìåëêèìè ñåãìåíòàìè ∆k = [vk, vk+1], k = 0, 1, . . . , N − 1. Â êàæ-
äîì ñåãìåíòå ∆k ïîñòðîèì èíòåðïîëÿöèîííûé ïîëèíîì Ýðìèòà ïî óç-
ëàì tk1, t

k
2, . . . , t

k
m, ãäå tk1 = vk, t

k
m = vk+1, à ÷èñëî m îïðåäåëèì êàê íàè-

ìåíüøåå öåëîå ÷èñëî, óäîâëåòâîðÿþùåå íåðàâåíñòâó mp ≥ r. Óçëû tkj ,

j = 1, 2, . . . ,m, ìîãóò áûòü êàê ðàâíîîòñòîÿùèìè, òàê è îáðàçàìè óçëîâ
îðòîãîíàëüíûõ ìíîãî÷ëåíîâ ïðè îòîáðàæåíèè ñåãìåíòà [−1, 1] íà ñåã-
ìåíò ∆k. Íà ñåãìåíòå ∆k ïîñòðîèì èíòåðïîëÿöèîííûé ïîëèíîì Ýðìèòà,
ðàâíûé â êàæäîì èç ýòèõ óçëîâ çíà÷åíèÿì ôóíêöèè ϕ(t) è åå ïðîèçâîä-
íûõ äî p-ãî ïîðÿäêà âêëþ÷èòåëüíî. Ïîñòðîåííûé íà ñåãìåíòå ∆k ýðìè-
òîâ ïîëèíîì îáîçíà÷èì êàê Hp(τ,∆k), k = 0, 1, . . . , N−1. (Îòìåòèì, ÷òî
ïðè p = 2 ïîëèíîì Ýðìèòà ïîñòðîåí â ÿâíîì âèäå â ìîíîãðàôèè [63]).
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Èíòåãðàë (4.1) áóäåì âû÷èñëÿòü ïî êâàäðàòóðíîé ôîðìóëå

Kϕ =
N−1∑

k=0

∫

∆k

Pr


Hp(τ,∆k)− Tp(Hp(τ,∆k), t)

(τ − t)p
; ∆k


 dτ+

+
∫

∆k


Tp(Hp(τ,∆k), t)

(τ − t)p


 dτ +RN(ϕ). (4.3)

Çäåñü ÷åðåç Tp è Pr îáîçíà÷åíû îòðåçêè ðÿäà Òåéëîðà è îïåðàòîðû ïðî-
åêòèðîâàíèÿ, ââåäåííûå â ðàçäåëå 2.

Òåîðåìà 4.2. Ïóñòü Ψ = W r(1). Ñðåäè âñåâîçìîæíûõ êâàäðàòóðíûõ
ôîðìóë âèäà (4.2) îïòèìàëüíîé ïî ïîðÿäêó ÿâëÿåòñÿ ôîðìóëà (4.3). Åå
ïîãðåøíîñòü ðàâíà RN [Ψ] ³ N−r−1+p.

Äîêàçàòåëüñòâî. Ïðåæäå âñåãî íóæíî îöåíèòü ðàçíîñòü

r1 =
N−1∑

k=0

∣∣∣∣∣∣∣

∫

∆k

ϕ(τ)−Hp(τ,∆k)

(τ − t)p
dτ

∣∣∣∣∣∣∣
.

Ïóñòü t ∈ ∆j, j = 0, 1, . . . , N − 1, t ∈ (−1, 1).
Ïðåäñòàâèì ñóììó r1 â âèäå

r1 =
j−2∑

k=0

∣∣∣∣∣∣∣

∫

∆k

ψ(τ,∆k)

(τ − t)p
dτ

∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣∣

∫

∆j−1

ψ(τ,∆j−1)

(τ − t)p
dτ

∣∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣∣

∫

∆j

ψ(τ,∆j)

(τ − t)p
dτ

∣∣∣∣∣∣∣∣
+

+

∣∣∣∣∣∣∣∣

∫

∆j+1

ψ(τ,∆j+1)

(τ − t)p
dτ

∣∣∣∣∣∣∣∣
+

N−1∑

k=j+2

∣∣∣∣∣∣∣

∫

∆k

ψ(τ,∆k)

(τ − t)p
dτ

∣∣∣∣∣∣∣
= r11 + · · ·+ r15, (4.4)

ãäå ψ(τ,∆k) = ϕ(τ)−Hp(ϕ,∆k).
Îöåíèì êàæäîå èç âûðàæåíèé r11 − r15 â îòäåëüíîñòè.
Íåòðóäíî âèäåòü, ÷òî

r11 ≤
j−2∑

k=0

(
N

k − j

)p ∫

∆k

|ψ(τ,∆k)| ≤ A
1

N r+1−p . (4.5)

Àíàëîãè÷íàÿ îöåíêà èìååò ìåñòî è äëÿ r15 :

r15 ≤ A
1

N r+1−p . (4.6)
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Îöåíèì èíòåãðàë r12. Î÷åâèäíî,

r12 =

∣∣∣∣∣∣∣∣

∫

∆j−1

ψ(τ,∆j−1)

(τ − t)p
dτ

∣∣∣∣∣∣∣∣
≤

∫

∆j−1

|ψ(τ,∆j−1)|
|τ − t|p dτ.

Òàê êàê ôóíêöèÿ ψ(τ,∆j−1) îáðàùàåòñÿ â íóëü âìåñòå ñ ïðîèçâîäíûìè
äî p-ãî ïîðÿäêà âêëþ÷èòåëüíî â òî÷êå vj, òî, âîñïîëüçîâàâøèñü ôîðìó-
ëîé Òåéëîðà äëÿ ðàçëîæåíèÿ ôóíêöèè ψ(τ,∆j−1) ïî ñòåïåíÿì (τ − τj)
äî p-ãî ïîðÿäêà, èìååì:

|ψ(τ,∆j−1)| ≤ |ψ(p+1)(ζ,∆j−1)|
(p+ 1)!

(τ − vj)
p+1, vj−1 < ζ < vj.

Òàê êàê ‖ψ(τ,∆j−1)‖C ≤ Ahr = AN−r, âîñïîëüçîâàâøèñü íåðàâåí-
ñòâîì À. À. Ìàðêîâà (òåîðåìà 3.8 èç ãëàâû 1 ïåðâîé ÷àñòè êíèãè), èìååì

|ψ(p+1)(ζ,∆j−1)| ≤ AN−r+p+1.

Ñëåäîâàòåëüíî,
∫

∆j−1

|ψ(τ,∆j+1|
|τ − tj|p dτ ≤ A

N r−p−1

∫

∆j−1

|τ − tj|dτ ≤ A

N r−p+1

è
r12 ≤ AN−(r+1−p). (4.7)

Àíàëîãè÷íàÿ îöåíêà ñïðàâåäëèâà è äëÿ r14 :

r14 ≤ AN−r−1+p. (4.8)

Ïðèñòóïèì ê îöåíêå r13. Ïóñòü òî÷êà t ðàñïîëîæåíà ìåæäó óçëàìè tij
è ti+1

j . Òîãäà

r13 ≤
∣∣∣∣∣∣∣∣

tij∫

vj

ψ(τ,∆j)

(τ − t)p
dτ

∣∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣∣

ti+1
j∫

tij

ψ(τ,∆j)

(τ − t)p
dτ

∣∣∣∣∣∣∣∣
+

+

∣∣∣∣∣∣∣∣∣

vj+1∫

ti+1
j

ψ(τ,∆j)

(τ − t)p
dτ

∣∣∣∣∣∣∣∣∣
= r131 + r132 + r133. (4.9)

Îöåíèì êàæäîå ñëàãàåìîå â îòäåëüíîñòè.
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Äëÿ îöåíêè r131 çàìåòèì, ÷òî â èíòåãðàëå r131 ≤
tij∫
vj

|ψ(τ,∆j)|
|τ−tij |p dτ è ÷èñëè-

òåëü è çíàìåíàòåëü èìåþò â òî÷êå tij íóëè p-ãî ïîðÿäêà.
Ïîâòîðÿÿ ðàññóæäåíèÿ, ïðîâåäåííûå âûøå ïðè îöåíêå r12, èìååì:

r131 ≤ AN−r−1+p. (4.10)

Àíàëîãè÷íàÿ îöåíêà ñïðàâåäëèâà è äëÿ r133 :

r133 ≤ AN−r−1+p. (4.11)

Ïðèñòóïèì ê îöåíêå èíòåãðàëà r132. Âîñïîëüçîâàâøèñü îïðåäåëåíèåì
èíòåãðàëà Àäàìàðà, èìååì:

r132 =
1

p!

∣∣∣∣∣∣∣∣

ti+1
j∫

tij

ψ(p)(τ,∆j)dτ

∣∣∣∣∣∣∣∣
≤ AN−r−1+p. (4.12)

Ñîáèðàÿ îöåíêè (4.4) � (4.12), èìååì:

r1 ≤ AN−r−1+p. (4.13)

Îñòàëîñü îöåíèòü ðàçíîñòü

r2 =

∣∣∣∣∣∣∣

N−1∑

k=0

∫

∆k




Hp(τ,∆k)− Tp(Hp(τ,∆k), t)

(τ − t)p
−

−Pr

Hp(τ,∆k)− Tp(Hp(τ,∆k), t)

(τ − t)p
; ∆k






 dτ

∣∣∣∣∣∣ .

Òàê êàê âûðàæåíèå
Hp(τ,∆k)− Tp(Hp(τ,∆k), t)

(τ − t)p

ÿâëÿåòñÿ ïîëèíîì ñòåïåíè íå âûøå 2r − 1, à îïåðàòîð Pr îïðåäåëÿåò
êâàäðàòóðíóþ ôîðìóëó Ãàóññà, òî r2 ≡ 0.

Îòñþäà è èç (4.13) ñëåäóåò îöåíêà

RN [Ψ] ≤ AN−r−1+p. (4.14)

Ñîïîñòàâëÿÿ ýòó îöåíêó ñ óòâåðæäåíèåì òåîðåìû 4.1, çàâåðøàåì äî-
êàçàòåëüñòâî òåîðåìû.
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Ïîñòðîèì îïòèìàëüíóþ ïî ïîðÿäêó êâàäðàòóðíóþ ôîðìóëó, óäîáíóþ
äëÿ ïðàêòè÷åñêîãî ïðèìåíåíèÿ.

Ââåäåì óçëû tk = −1 + 2k/N, k = 0, 1, . . . , N. Ïîêðîåì ñåãìåíò
[−1, 1] áîëåå ìåëêèìè ñåãìåíòàìè ∆k = [tk, tk+1], k = 0, 1, . . . , N − 1.
Îáîçíà÷èì ÷åðåç tk0, tk1, . . . , tkr óçëû tkj = tk + 2j/(rN), j = 0, 1, . . . , r,
k = 0, 1, . . . , N − 1. ×åðåç ϕr(t,∆k) îáîçíà÷èì ïîëèíîì ñòåïåíè r, èí-
òåðïîëèðóþùèé ôóíêöèþ ϕ(t) íà cåãìåíòå ∆k ïî óçëàì tk0, tk1, . . . , tkr . ×å-
ðåç ϕ2r(t,∆k ∪∆k+1) îáîçíà÷èì ïîëèíîì ñòåïåíè 2r, èíòåðïîëèðóþùèé
ôóíêöèþ ϕ(t) íà cåãìåíòå ∆k∪∆k+1 ïî óçëàì tk0, tk1, . . . , tkr , tk+1

1 , . . . , tk+1
r .

Îáîçíà÷èì ÷åðåç ζ1, . . . , ζr óçëû ïîëèíîìà Ëåæàíäðà ñòåïåíè r, ðàñïî-
ëîæåííûå íà ñåãìåíòå [−1, 1]. ×åðåç ζk1 , . . . , ζkr îáîçíà÷èì îáðàçû óçëîâ
ζ1, . . . , ζr, ïðè ëèíåéíîì îòîáðàæåíèè ñåãìåíòà [−1, 1] íà ñåãìåíò ∆k,

k = 0, 1, . . . , N − 1. Îáîçíà÷èì ÷åðåç Pr(ϕ,∆k) îïåðàòîð, ïðîåêòèðóþ-
ùèé ôóíêöèþ ϕ ∈ C(∆k) íà èíòåðïîëÿöèîííûé ïîëèíîì còåïåíè r − 1
ïî óçëàì ζkj , j = 1, 2, . . . , r, k = 0, 1, . . . , N − 1.

Îáîçíà÷èì ÷åðåç Tr(ϕ,∆k, c) îòðåçîê ðÿäà Òåéëîðà ðàçëîæåíèÿ ôóíê-
öèè ϕ ïî ñòåïåíÿì (t − c) äî r-ãî ïîðÿäêà, îïðåäåëåííûé íà ñåãìåí-
òå ∆k. Îòìåòèì, ÷òî òî÷êà c íå îáÿçàíà ïðèíàäëåæàòü ñåãìåíòó ∆k,

k = 0, 1, . . . , N − 1.
Ïóñòü îñîáàÿ òî÷êà t ∈ [vj, v

′
N−1] è, êðîìå òîãî, ïóñòü t ∈ [vj, v

′
j], j =

= 1, 2, . . . , N−1. Îñòàëüíûå ñëó÷àè ðàññìàòðèâàþòñÿ àíàëîãè÷íî. Çäåñü
v′j = (vj + vj+1)/2, j = 0, 1, . . . , N − 1. Èíòåãðàë (4.1) áóäåì âû÷èñëÿòü
ïî êâàäðàòóðíîé ôîðìóëå

Kϕ =
N−1∑

k=0

′
∫

∆k

Pr


ϕr(τ,∆k)− Tp(ϕr(τ,∆k),∆k, t)

(τ − t)p
; ∆k


 dτ+

+
N−1∑

k=0

′
∫

∆k

Tp(ϕr(τ,∆k),∆k, t)

(τ − t)p
dτ+

+
∫

∆j−1

Pr


ϕ2r(τ,∆j−1 ∪∆j)− Tp(ϕ2r(τ,∆j−1 ∪∆j),∆j−1, t)

(τ − t)p
; ∆j−1


 dτ+

+
∫

∆j

Pr


ϕ2r(τ,∆j−1 ∪∆j)− Tp(ϕ2r(τ,∆j−1 ∪∆j),∆j, t)

(τ − t)p
; ∆j


 dτ+

+
∫

∆j−1

Tp(ϕ2r(τ,∆j−1 ∪∆j),∆j−1, t)

(τ − t)p
dτ+
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+
∫

∆j

Tp(ϕ2r(τ,∆j−1 ∪∆j),∆j, t)

(τ − t)p
dτ +RN(ϕ), (4.15)

ãäå ∑′ îçíà÷àåò ñóììèðîâàíèå ïî k 6= j − 1, j.
Çàìå÷àíèÿ.
1. Èíòåãðàë

∫

∆j

Pr


ϕr(τ,∆j)− Tr(ϕr(τ,∆j),∆j, t)

(τ − t)p
; ∆j


 dτ

ðàâåí íóëþ.
2. Òàê êàê èíòåãðàë (4.1) âû÷èñëÿåòñÿ â òî÷êàõ t, ïðîáåãàþùèõ ïðî-

ìåæóòîê (−1, 1), òî âìåñòî ôîðìóëû (4.15) èíîãäà áûâàåò óäîáíûì èñ-
ïîëüçîâàòü ôîðìóëó

Kϕ =
N−1∑

k=0

′
∫

∆k

Tr(ϕr(τ,∆k),∆k, t)

(τ − t)p
dτ+

+
∫

∆j−1

Tr(ϕ2r(τ,∆j−1 ∪∆j),∆j−1, t)

(τ − t)p
dτ+

+
∫

∆j

Tr(ϕ2r(τ,∆j−1 ∪∆j),∆j, t)

(τ − t)p
dτ +RN(ϕ). (4.16)

Òåîðåìà 4.3. Ïóñòü ϕ ∈ Ψ = W r(1), t ∈ [vj, vj+1], j = 1, 2, . . . , N − 2.
Ñðåäè âñåâîçìîæíûõ êâàäðàòóðíûõ ôîðìóë âèäà (4.2) îïòèìàëüíûìè
ïî ïîðÿäêó ÿâëÿþòñÿ ôîðìóëû (4.15) è (4.16). Èõ ïîãðåøíîñòü ðàâíà

RN [Ψ] ³ N−(r+1−p).

Äîêàçàòåëüñòâî.Äîêàçàòåëüñòâî òåîðåìû ïðîâåäåì òîëüêî äëÿ êâàä-
ðàòóðíîé ôîðìóëû (4.15). Èç çàìå÷àíèÿ 1 ñëåäóåò, ÷òî îíè ýêâèâàëåíò-
íû. Îöåíêà ñíèçó ôóíêöèîíàëà ζN [Ψ] ïðèâåäåíà â òåîðåìå 4.1. Ïîýòîìó
îãðàíè÷èìñÿ îöåíêîé ñâåðõó ïîãðåøíîñòè RN [Ψ]. Äëÿ ýòîãî, ïîëàãàÿ,
÷òî t ∈ ∆j, ïðåäñòàâèì |RN(ϕ)| ñëåäóþùèì îáðàçîì:

|RN(ϕ)| ≤
N−1∑

k=0

′
∣∣∣∣∣∣∣

∫

∆k

ϕ(τ)− ϕr(τ,∆k)

(τ − t)p
dτ

∣∣∣∣∣∣∣
+

+
N−1∑

k=0

′
∣∣∣∣∣∣∣

∫

∆k

Rr


ϕr(τ,∆k)− Tp(ϕr(τ,∆k),∆k, t)

(τ − t)p
; ∆k


 dτ

∣∣∣∣∣∣∣
+
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+

∣∣∣∣∣∣∣∣

∫

∆j−1∪∆j

ϕ(τ)− ϕ2r(τ,∆j−1 ∪∆j)

(τ − t)p
dτ

∣∣∣∣∣∣∣∣
+

+

∣∣∣∣∣∣∣∣

∫

∆j−1

Rr


ϕ2r(τ,∆j−1 ∪∆j)− Tp(ϕ2r(τ,∆j−1 ∪∆j),∆j−1, t)

(τ − t)p
; ∆j−1


 dτ

∣∣∣∣∣∣∣∣
+

+

∣∣∣∣∣∣∣∣

∫

∆j

Rr


ϕ2r(τ,∆j−1 ∪∆j)− Tp(ϕ2r(τ,∆j−1 ∪∆j),∆j, t)

(τ − t)p
; ∆j


 dτ

∣∣∣∣∣∣∣∣
=

= r1 + · · ·+ r5, (4.17)

ãäå ∑′ îçíà÷àåò ñóììèðîâàíèå ïî k 6= j − 1, j, Rr = E − Pr, E− òîæäå-
ñòâåííûé îïåðàòîð.

Îöåíèì êàæäîå èç âûðàæåíèé, âõîäÿùèõ â (4.17) â îòäåëüíîñòè.
Ïðåæäå âñåãî îöåíèì r1 :

r1 ≤
∣∣∣∣∣∣∣

j−2∑

k=0

∫

∆k

ψ(τ,∆k)

(τ − t)p
dτ

∣∣∣∣∣∣∣
+

+

∣∣∣∣∣∣∣

N−1∑

k=j+1

∫

∆k

ψ(τ,∆k)

(τ − t)p
dτ

∣∣∣∣∣∣∣
= r11 + r12, (4.18)

ãäå ψ(τ,∆k) = ϕ(τ)− ϕr(τ,∆k), k = 0, 1, . . . , N − 1.
Íåòðóäíî âèäåòü, ÷òî

r11 + r12 ≤ AN−r−1+p. (4.19)

Èç îïðåäåëåíèÿ âûðàæåíèé r2, r4, r5 ñëåäóåò, ÷òî

r2 = r4 = r5 = 0. (4.20)

Îñòàëîñü îöåíèòü èíòåãðàë r3. Âîñïîëüçîâàâøèñü îïðåäåëåíèåì èíòå-
ãðàëà Àäàìàðà, èìååì:

r3 ≤ AN−r−1+p. (4.21)

Ñîáèðàÿ îöåíêè (4.17) � (4.21), ïðèõîäèì ê íåðàâåíñòâó: |RN(ϕ)| ≤
≤ BN−(r+1−p). Òàê êàê ýòà îöåíêà ïîëó÷åíà äëÿ ïðîèçâîëüíîé ôóíê-
öèè ϕ ∈ W r(1), òî òåì ñàìûì äîêàçàíà ñïðàâåäëèâîñòü íåðàâåíñòâà
RN [W r(1)] ≤ BN−(r+1−p).

Ñîïîñòàâëÿÿ ýòó îöåíêó ñ óòâåðæäåíèåì òåîðåìû 4.1, çàâåðøàåì äî-
êàçàòåëüñòâî òåîðåìû.
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5. Èíòåãðàëû Àäàìàðà ñ ïåðåìåííîé ñèíãóëÿðíîñòüþ
íà áåñêîíå÷íîì èíòåðâàëå

Â äàííîì ïàðàãðàôå ïîñòðîåíû îïòèìàëüíûå ïî ïîðÿäêó ïî òî÷íîñòè
àëãîðèòìû âû÷èñëåíèÿ èíòåãðàëîâ

Kϕ =
∞∫

−∞

ϕ(τ) dτ

|τ − t|p+λ ; p = 1, 2, . . . ; 0 < λ < 1, (5.1)

Fϕ =
∞∫

−∞

ϕ(τ) dτ

(τ − t)p
, p = 2, 3, . . . . (5.2)

Ïðè ýòîì ÷àñòü ïðèâåäåííûõ íèæå ðåçóëüòàòîâ ðàíåå áûëà îïóáëèêî-
âàíà â [24], [26].

Áóäåì âû÷èñëÿòü èíòåãðàëû (5.1) è (5.2) â ïðåäïîëîæåíèè, ÷òî ϕ(t) =
= ρ(t)ψ(t), ãäå ρ(t) � âåñîâàÿ ôóíêöèÿ. Â êà÷åñòâå âåñîâûõ ôóíêöèé
èñïîëüçóþòñÿ ôóíêöèè ρ1(t) = a−|t|, ρ2(t) = e−t

2

, ρ3(t) = 1/(1 + t2)α.
Áóäåì ñ÷èòàòü, ÷òî ϕ(t) ∈ W r

ρi
(1), åñëè ϕ(t) = ρi(t)ψ(t), ãäå ψ(t) ∈

∈ W r(1). Ïðè ýòîì ñäåëàåì ïðåäïîëîæåíèå, ÷òî âñå ïðîèçâîäíûå ôóíê-
öèè ψ(t) äî (r−1)-ãî ïîðÿäêà âêëþ÷èòåëüíî îãðàíè÷åíû îäíîé è òîé æå
ïîñòîÿííîé, ïî ìîäóëþ ìåíüøåé èëè ðàâíîé åäèíèöå.

Âû÷èñëåíèå èíòåãðàëîâ (5.1) è (5.2) áóäåì ïðîâîäèòü ïî ôîðìóëàì

Kϕ =
2N∑

k=1

s∑

l=0
pkl(t)ϕ

(l)(tk) +RN(t, tk, pkl, ϕ); (5.3)

Fϕ =
2N∑

k=1

s∑

l=0
pkl(t)ϕ

(l)(tk) +RN(t, tk, pkl, ϕ). (5.4)

Òåîðåìà 5.1. Ïóñòü Ψ = W r
ρi
(1), i = 1, 2, 3, èíòåãðàëKϕ âû÷èñëÿåòñÿ

ïî êâàäðàòóðíîé ôîðìóëå âèäà (5.3) ïðè s = 0. Òîãäà

ζN [Ψ] ≥ C

N r+1−p−λ ,

ãäå C � ïîñòîÿííàÿ, íå çàâèñÿùàÿ îò N .
Òåîðåìà 5.2. Ïóñòü Ψ = W r

ρi
(1), i = 1, 2, 3, èíòåãðàë Fϕ âû÷èñëÿåòñÿ

ïî êâàäðàòóðíîé ôîðìóëå âèäà (5.4) ïðè s = 0. Òîãäà ζN [Ψ] ≥
≥ CN−(r+1−p), ãäå C � ïîñòîÿííàÿ, íå çàâèñÿùàÿ îò N .

Òåîðåìà 5.3. Ïóñòü Ψ = W r
ρi
(1), i = 1, 2, 3, èíòåãðàëKϕ âû÷èñëÿåòñÿ

ïî êâàäðàòóðíîé ôîðìóëå âèäà (5.3). Òîãäà ζN [Ψ] ≥ CN−(r+1−p−λ), ãäå
C � ïîñòîÿííàÿ, íå çàâèñÿùàÿ îò N .
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Òåîðåìà 5.4. Ïóñòü Ψ = W r
ρ1

(1), i = 1, 2, 3, èíòåãðàë Fϕ âû÷èñëÿåòñÿ
ïî êâàäðàòóðíîé ôîðìóëå âèäà (5.4). Òîãäà

ζN [Ψ] ≥ C

N r+1−p ,

ãäå C � ïîñòîÿííàÿ, íå çàâèñÿùàÿ îò N .
Ïîñòðîèì êâàäðàòóðíóþ ôîðìóëó äëÿ âû÷èñëåíèÿ èíòåãðàëà Kϕ íà

êëàññå W r
ρi
(1) (i = 1, 2, 3). Ââåäåì îáîçíà÷åíèÿ: A1 = [(r − p+ 1) lnN ];

A2 = [(r lnN)1/2]; A3 = [(N 2/ lnN)1/(2α−1)];
t1k = k; k = −A1, . . . ,−1, 0, 1, . . . , A1 − 1;
t2k = k; k = −A2, . . . ,−1, 0, 1, . . . , A2 − 1;
t3k = k; k = −A3, . . . ,−1, 0, 1, . . . , A3 − 1;
n1
k = [N/a|k|/r], k = −A1, . . . , A1 − 1;
n2
k = [N/ exp(k2/r)], k = −A2, . . . , A2 − 1;
n3
k = [N/|k|2α−1/2], k = −A3, . . . ,−1, 1, . . . , A3 − 1; ïðè k = 0 n3

0 = N.

Èíòåãðàë Kϕ áóäåì âû÷èñëÿòü ïî êâàäðàòóðíîé ôîðìóëå

Kϕ =
Ai−1∑

k=−Ai

t
(i)
k+1∫

t
(i)
k

Tni
k
(ϕni

k
(τ), t)

|τ − t|p+λ dτ +Ri
N(ϕ), (5.5)

ãäå ϕN(τ) = Pnk
[τ ] ïðè τ ∈ [tk, tk+1], k = −Ai, . . . , Ai−1, Pn[ϕ] � îïåðàòîð

ïðîåêòèðîâàíèÿ íà ìíîæåñòâî èíòåðïîëÿöèîííûõ ïîëèíîìîâ ñòåïåíè n
ïî óçëàì ïîëèíîìîâ ×åáûøåâà ïåðâîãî ðîäà ñòåïåíè n+ 1.

Òåîðåìà 5.5. Ïîãðåøíîñòü êâàäðàòóðíûõ ôîðìóë âèäà (5.5), ïðåäíà-
çíà÷åííûõ äëÿ âû÷èñëåíèÿ èíòåãðàëà Àäàìàðà (5.1) ïðè ϕ(0) = 0, s = 0,
íà êëàññå Ψ = W r

ρi
(1), i = 1, 2, 3, ðàâíà RN [Ψ] = AN−r+p+λ lnN .

Ïóñòü t ∈ [tij, t
i
j+1]. Ðàññìîòðèì êâàäðàòóðíóþ ôîðìóëó

F (ρiψ) =
Ai−1∑

k=−Ai

′
t
(i)
k+1∫

t
(i)
k

Tnk
(ϕN(τ,∆k), t)

(τ − t)p
dτ+

+

tij+2∫

tij−1

Tnj−1+nj+nj+1
(ϕN(τ,∆j−1 ∪∆j ∪∆j+1, t))dτ

(τ − t)p
+RN(ϕ), (5.6)

ãäå t ∈ (−Ai, Ai), i = 1, 2, 3; ϕN(t,∆k) = Lnk
(ϕ(t),∆k), k = 1, 2, . . . ,

j− 2, j+1, . . . , N − 1, ϕN(t,∆j−1∪∆j ∪∆j+1) = Lnj−1+nj+nj+1
(ϕ(t,∆j−1∪

∪∆j ∪∆j+1)).
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Çäåñü ÷åðåç Ln[ϕ(t)] îáîçíà÷åí ïîëèíîì, èíòåðïîëèðóþùèé ôóíêöèþ
ϕ(t) â ñåãìåíòå [tk, tk+1] ïî n ðàâíîîòñòîÿùèì óçëàì, âêëþ÷àþùèì êîíöû
ñåãìåíòà, ∑′ îçíà÷àåò ñóììèðîâàíèå ïî k 6= (j − 1, j, j + 1).

×åðåç Tp(ϕ, [a, b], c) îáîçíà÷èì îòðåçîê ðÿäà Òåéëîðà

Tp(ϕ, [a, b], c) = ϕ(c) +
ϕ′(c)
1!

(t− c) + · · ·+ ϕ(p)(c)

p!
(t− c)p

ðàçëîæåíèÿ ôóíêöèè ϕ(t), îïðåäåëåííîé íà ñåãìåíòå [a, b].
Îòìåòèì, ÷òî åñëè ϕ(t) ÿâëÿåòñÿ ïîëèíîìîì, ïîñòðîåííûì íà ñåãìåí-

òå [a, b], òî â ðàçëîæåíèè Tp(ϕ, [a, b], c) òî÷êà c íå îáÿçàíà ïðèíàäëåæàòü
ñåãìåíòó [a, b].

Òåîðåìà 5.6. Ïîãðåøíîñòü êâàäðàòóðíûõ ôîðìóë (5.6), ïðåäíàçíà-
÷åííûõ äëÿ âû÷èñëåíèÿ èíòåãðàëà Êîøè − Àäàìàðà (5.2) ïðè ϕ(0) = 0
íà êëàññå Ψ = W r

ρi
(1), i = 1, 2, 3, ðàâíà RN [Ψ] = O(N−r+p+1 lnN).

Îáîçíà÷èì ÷åðåç Tr(t,∆k) ïîëèíîì ×åáûøåâà 1-ãî ðîäà ñòåïåíè r,
íàèìåíåå óêëîíÿþùèéñÿ îò íóëÿ â ðàâíîìåðíîé ìåòðèêå íà ñåãìåíòå
∆k, à ÷åðåç x(k)

1 , . . . , x(k)
r � åãî êîðíè. ×åðåç Pr(t,∆k) îáîçíà÷èì ïîëèíîì,

èíòåðïîëèðóþùèé ôóíêöèþ ϕ(t) íà ñåãìåíòå ∆k ïî óçëàì x
(k)
1 , . . . , x(k)

r .
Âîñïîëüçóåìñÿ îáîçíà÷åíèÿìèAi, t

i
k, n

i
k, ââåäåííûìè ïðè ïîñòðîåíèè êâàä-

ðàòóðíûõ ôîðìóë âèäà (5.5), (5.6). Ðàçäåëèì êàæäûé èç ñåãìåíòîâ [tik, t
i
k+1]

íà mi
k = [nik/r] + 1 ðàâíûõ ÷àñòåé è ââåäåì îáîçíà÷åíèÿ: tik,l = k + l/mi

k.

Èíòåãðàë (5.1) áóäåì âû÷èñëÿòü ïî êâàäðàòóðíîé ôîðìóëå:

K(ρiψ) =
Ai−1∑

k=−Ai

mi
k−1∑

l=0

tik,l+1∫

tik,l

ρi(τ)(Pr(ψ, [t
i
k,l, t

i
k,l+1]))

|τ − t|p+λ dτ +RN(ϕ). (5.7)

Ïðè ïîñòðîåíèè êâàäðàòóðíûõ ôîðìóë âèäà (5.7) ïðåäïîëàãàåòñÿ, ÷òî
åñëè s = 0, òî tij,s−1 = tj−1,mi

j−1−1. Âûøå ïîëàãàëîñü ϕ(t) = ρi(t)ψ(t).
Òåîðåìà 5.7. Ïîãðåøíîñòü êâàäðàòóðíîé ôîðìóëû (5.7), ïðåäíàçíà-

÷åííîé äëÿ âû÷èñëåíèÿ èíòåãðàëà Àäàìàðà (5.1) ïðè ϕ(0) = 0 íà êëàññå
Ψ = W r

ρi
(1), i = 1, 2, 3, ðàâíà RN [Ψ] = O(N−r+p−1+λ).

Ïóñòü t ∈ [tij,s, t
i
j,s+1]. Èíòåãðàë Fϕ áóäåì âû÷èñëÿòü ïî êâàäðàòóðíîé

ôîðìóëå

Fϕ =
j−1∑

k=−Ai

mi
k−1∑

l=0

tik,l+1∫

tik,l

Tp(Pr(ϕ, [t
i
k,l, t

i
k,l+1]), t)

(τ − t)p
dτ+
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+
s−2∑

l=0

tij,l+1∫

tij,l

Tp(Pr(ϕ, [t
i
j,l, t

i
j,l+1]), t)

(τ − t)p
dτ +

tij,s+2∫

tij,s−1

Tp(Pr(ϕ, [t
i
j,s−1, t

i
j,s+2]), t)

(τ − t)p
dτ+

+
mi

j−1∑

l=s+2

tij,l+1∫

tij,l

Tp(Pr(ϕ, [t
i
j,l, t

i
j,l+1]), t)

(τ − t)p
dτ+

+
Ai−1∑

k=j+1

mi
k−1∑

l=0

tik,l+1∫

tik,l

Tp(Pr(ϕ, [t
i
k,l, t

i
k,l+1]), t)

(τ − t)p
dτ+

+Ri
N(ϕ), i = 1, 2, 3. (5.8)

Òåîðåìà 5.8. Ïîãðåøíîñòü êâàäðàòóðíûõ ôîðìóë (5.8), ïðåäíàçíà-
÷åííûõ äëÿ âû÷èñëåíèÿ èíòåãðàëà Êîøè − Àäàìàðà (5.2) ïðè ϕ(0) = 0
íà êëàññå Ψ = W r

ρi
(1), i = 1, 2, 3, ðàâíà |RN [Ψ]| = O(N−r−1+p).

Äîêàçàòåëüñòâà òåîðåì.
Äîêàçàòåëüñòâî òåîðåìû 5.1 ïðîâîäèòñÿ ïî àíàëîãèè ñ áîëåå ñëîæ-

íûì äîêàçàòåëüñòâîì òåîðåìû 5.2 è ïîýòîìó îïóñêàåòñÿ.
Äîêàçàòåëüñòâî òåîðåìû 5.2. Äëÿ îïðåäåëåííîñòè îãðàíè÷èìñÿ äî-

êàçàòåëüñòâîì òåîðåìû ïðè âåñå ρ1(t). Ââåäåì ìíîæåñòâî òî÷åê Q, ñî-
ñòîÿùåå èç óçëîâ {tk} êâàäðàòóðíîé ôîðìóëû (5.4) è òî÷åê vk = −1+
+k/N , k = 0, 1, . . . , 2N . Íå îãðàíè÷èâàÿ îáùíîñòè, ìîæíî ñ÷èòàòü,
÷òî ìíîæåñòâà óçëîâ {tk}, k = −N,−N + 1, . . . ,−1, 0, 1, . . . , N è {vl},
l = 0, 1, . . . , 2N íå ñîâïàäàþò. Òî÷êè ìíîæåñòâà Q îáîçíà÷èì ÷åðåç wk.

Ââåäåì ôóíêöèþ ϕ∗j(t) = e−|t|ψ∗j (t), ãäå

ψ∗j (t) =
A(t− wk)

r(wk+1 − t)r

((wk+1 − wk)/2)r
sgn(t− vj)

p, t ∈ [wk, wk+1].

Êîíñòàíòà A âûáèðàåòñÿ èç óñëîâèÿ ψ∗j (t) ∈ W r(1).
Ðàññìîòðèì èíòåãðàë

Fϕ∗j(vj) =
∞∫

−∞

ϕ∗j(τ) dτ
(τ − vj)p

≥
1∫

−1

ϕ∗j(τ) dτ
(τ − vj)p

≥
2N−j−1∑

k=1

vk+j+1∫

vk+j

ϕ∗j(τ) dτ
(τ − vj)p

+

+
j−2∑

k=0

vk+1∫

vk

ϕ∗j(τ) dτ
(τ − vj)p

≥
2N−j−1∑

k=1

(N
k

)p vk+j+1∫

vk+j

ϕ∗j(τ) dτ +
j−1∑

k=1

(N
k

)p vj−k∫

vj−k−1

ϕ∗j(τ) dτ.
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Óñðåäíèì ïîëó÷åííîå íåðàâåíñòâî ïî çíà÷åíèÿì j (j = 0, 1, . . . , 2N).
Â ðåçóëüòàòå èìååì

sup
ϕj∈W r

ρj
(1)

max
t

(Fϕ)(t) ≥ 1

2N

2N−1∑

j=0
(Fϕ∗j(vj)) ≥

≥ 1

2N

2N−1∑

j=0

[2N−j−1∑

k=1

(
N

k

)p vk+j+1∫

vk+j

ϕ∗(τ) dτ +
j−1∑

k=1

(
N

k

)p vj−k∫

vj−k−1

ϕ∗(τ) dτ
]

=

=
Np−1

2

[2N−1∑

j=0

2N∑

k=1

K1(2N − j − 1− k)

kp

vj+k+1∫

vj+k

ϕ∗(τ) dτ+

+
2N−1∑

j=0

2N∑

k=1

K1(j − 1− k)

kp

vj−k∫

vj−k−1

ϕ∗(τ) dτ
]

=

=
Np−1

2

2N∑

k=1

1

kp



v2N∫

vk

ϕ∗(τ) dτ +

v2N−k∫

v0

ϕ∗(τ) dτ

 ≥

≥ Np−1

2

1∫

−1

ϕ∗(τ) dτ
2N∑

k=1

1

kp
≥ C

N r−p+1 ,

ãäå K1(x) = 1, åñëè x ≥ 0 è K1(x) = 0, åñëè x < 0.
Òåîðåìà äîêàçàíà.
Äîêàçàòåëüñòâà òåîðåì 5.3 è 5.4 ïðîâîäÿòñÿ ïî àíàëîãèè ñ äîêàçà-

òåëüñòâîì ïðåäûäóùåé òåîðåìû.
Äîêàçàòåëüñòâî òåîðåìû 5.5. Ïîãðåøíîñòü êâàäðàòóðíîé ôîðìóëû

(5.5) îöåíèâàåòñÿ íåðàâåíñòâîì

|Ri
n(ϕ)| =

j−1∑

k=−Ai

|
tik+1∫

tik

ϕ(τ)− ϕN(τ)

|τ − t|p+λ dτ |+ |
tij+2∫

tij−1

ϕ(τ)− ϕN(τ)

|τ − t|p+λ dτ |+

+
2N−1∑

k=j+2
|
tik+1∫

tik

ϕ(τ)− ϕN(τ)

|τ − t|p+λ dτ |+ |
−Ai∫

−∞

ϕ(τ) dτ

|τ − t|p+λ |+ |
∞∫

Ai

ϕ(τ) dτ

|τ − t|p+λ | =

= ri1 + ri2 + ri3 + ri4 + ri5. (5.9)

Áóäåì ñ÷èòàòü, ÷òî j > 0. Ïîäðîáíî ðàññìîòðèì ñëó÷àé, êîãäà âåñîâîé
ôóíêöèåé ÿâëÿåòñÿ ρ1(t) = exp(−|t|). Íåòðóäíî âèäåòü, ÷òî

r1
1 =

j−1∑

k=−A1

|
t1k+1∫

t1k

ϕ(τ)− ϕN(τ)

|τ − t|p+λ dτ | ≤
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≤
−1∑

k=−A1

|
t1k+1∫

t1k

ϕ(τ)− ϕN(τ)

|τ − t|p+λ dτ |+
j−1∑

k=0
|
t1k+1∫

t1k

ϕ(τ)− ϕN(τ)

|τ − t|p+λ dτ | ≤

≤
−1∑

k=−A1


 1

|k|+ j



p+λ t1k+1∫

t1k

|ϕ(τ)− ϕN(τ)| dτ+

+
j−1∑

k=0


 1

|k − j|



p+λ t1k+1∫

t1k

|ϕ(τ)− ϕN(τ)| dτ ≤

≤
−1∑

k=−A1

C


 1

|k|+ j



p+λ

lnn1
k

(n1
k)
r

max
t1k≤t≤t1k+1

|ϕ(r)(t)|+

+
j−1∑

k=0
C

(
1

j − k

)p+λ lnn1
k

(n1
k)
r

max
t1k≤t≤t1k+1

|ϕ(r)(t)| ≤

≤
−1∑

k=−A1

C


 1

|k|+ j



p+λ

lnn1
k

(n1
k)
r
exp(−|t1k+1|)+

+
j−1∑

k=0
C

(
1

j − k

)p+λ lnn1
k

(n1
k)
r
exp(−t1k+1) ≤

≤
−1∑

k=−A1

C


 1

|k|+ j



p+λ

lnn1
k

(n1
k)
r
exp(−k)+

+
j−1∑

k=0
C

(
1

j − k

)p+λ lnn1
k

(n1
k)
r
exp(−k) ≤

≤
−1∑

k=−A1

C

|j − k|p+λ
ln(N/e|k|/r)
(N/e|k|/r)r

exp(−|k|)+

+
j−1∑

k=0

C

(j − |k|)p+λ
ln(N/ek/r)

(N/ek/r)r
exp(−k) ≤ CN−r lnN. (5.10)

Ïðèñòóïèì ê îöåíêå r′2. Âîñïîëüçîâàâøèñü îïðåäåëåíèåì ãèïåðñèíãó-
ëÿðíîãî èíòåãðàëà è òåì îáñòîÿòåëüñòâîì, ÷òî r ≥ p+ 1, èìååì:

r′2 =

∣∣∣∣∣∣∣∣

t1j+2∫

t1j−1

ϕ(τ)− ϕN(τ)

|τ − t|p+λ dτ

∣∣∣∣∣∣∣∣
=
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=

∣∣∣∣∣∣∣∣

t∫

t1j−1

ϕ(τ)− ϕN(τ)

(t− τ)p+λ
dτ +

t1j+2∫

t

ϕ(τ)− ϕN(τ)

(τ − t)p+λ

∣∣∣∣∣∣∣∣
≤

≤
∣∣∣∣∣∣∣∣

t−h1
j∫

t1j−1

ψN(τ)dτ

(t− τ)p+λ

∣∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣∣

t∫

t−h1
j

ψN(τ)dτ

(t− τ)p+λ

∣∣∣∣∣∣∣∣
+

+

∣∣∣∣∣∣∣∣

t+h1
j∫

t

ψN(τ)dτ

(τ − t)p+λ

∣∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣∣

t1j+2∫

t+h1
j

ψN(τ)dτ

(τ − t)p+λ

∣∣∣∣∣∣∣∣
=

= r′21 + r′22 + r′23 + r′24, (5.11)

ãäå h1
j = 1/n1

j , ψN(τ) = ϕ(t)− ϕN(t).
Îöåíèì êàæäîå èç ñëàãàåìûõ â ïðàâîé ÷àñòè ïðåäûäóùåãî íåðàâåí-

ñòâà.
Î÷åâèäíî,

r′21 ≤
M1

j−1∑

k=1

∣∣∣∣∣∣∣∣

t−kh1
j∫

t−(k+1)h1
j

ψN(τ)dτ

(t− τ)p+λ

∣∣∣∣∣∣∣∣
≤

≤ B(n1
j)
−(r+1−p−λ) lnn1

j

M1
j∑

k=1

1

kp+λ
≤ B(n1

j)
−(r+1−p−λ) lnn1

j . (5.12)

Çäåñü Mj = [(t− t1j−1)/h
1
j ], ïðè÷åì äëÿ ïðîñòîòû îáîçíà÷åíèé ïîëàãà-

åì, ÷òî (t− t1j−1)/h
1
j− öåëîå ÷èñëî.

Àíàëîãè÷íî îöåíèâàåòñÿ

r′24 ≤ B(nj)
−(r+1−p−λ) lnn1

j . (5.13)

Ïðèñòóïèì ê îöåíêå r′22. Âîñïîëüçîâàâøèñü îïðåäåëåíèåì ãèïåðñèí-
ãóëÿðíîãî èíòåãðàëà, èìååì:

r′22 =

∣∣∣∣∣∣∣∣

p−1∑

k=0
Dk

ψ
(k)
N (t− h1

j)

(h1
j)
p+λ−k−1 +Dp

t∫

t−h1
j

ψ
(p)
N (τ)

(t− τ)λ
dτ

∣∣∣∣∣∣∣∣
≤

≤
p−1∑

k=0

∣∣∣∣∣∣∣
Dk

ψ
(k)
N (t− h1

j)

(h1
j)
p+λ−k−1

∣∣∣∣∣∣∣
+ |Dp|

∣∣∣∣∣∣∣∣

t∫

t−h1
j

ψ
(p)
N (τ)

(t− τ)λ
dτ

∣∣∣∣∣∣∣∣
=

= r′221 + r′222. (5.14)
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Èç îáðàòíûõ òåîðåì êîíñòðóêòèâíîé òåîðèè ôóíêöèé (ïîäðîáíîå äî-
êàçàòåëüñòâî ñì. â ðàçäåëå 4 ãëàâû 1) ñëåäóåò, ÷òî

|ψ(k)
N (t− h1

j)| ≤ Cn
−(r−k)
j e−|j| lnnj.

Ïîýòîìó ∣∣∣∣∣∣∣

ψ
(k)
N (t− h1

j)

(h1
j)
p+λ−k−1

∣∣∣∣∣∣∣
≤ Cnr+1−p−λ

j e−|j| lnnj

è, ñëåäîâàòåëüíî,

r′221 ≤
C

n
(r+1−p−λ)
j ej

≤ C
e|j|(r+1−p−λ)/re−j

N r+1−p−λ lnnj ≤

≤ C
lnN

N r+1−p−λ . (5.15)

Ïðèñòóïèì ê îöåíêå âûðàæåíèÿ r′222 :

r′222 ≤ |Dp||ψ(p)
N (τ)|h1−λ

j ≤ C(n1
j)
r−p+1−λ lnn1

j ≤

≤ C
lnN

N r+1−p−λ . (5.16)

Èç îöåíîê (5.15), (5.16) ñëåäóåò, ÷òî

r′22 ≤ C
lnN

N r+1−p−λ . (5.17)

Àíàëîãè÷íàÿ îöåíêà ñïðàâåäëèâà è äëÿ r′23 :

r′23 ≤ C
lnN

N r+1−p−λ . (5.18)

Èç îöåíîê (5.12), (5.13), (5.17), (5.18) ñëåäóåò íåðàâåíñòâî

r′2 ≤ C
lnN

N r+1−p−λ . (5.19)

Âûðàæåíèå r′3 îöåíèâàåòñÿ ïî àíàëîãèè ñ âûðàæåíèåì r′1 è äëÿ íåãî
ñïðàâåäëèâà îöåíêà

r′3 ≤ C
lnN

N r
. (5.20)

Îöåíèì èíòåãðàë r1
5, ïîëàãàÿ, ÷òî ϕ(0) = 0. Òîãäà

r1
5 =

∞∫

A1

ϕ(τ) dτ

|τ − t|p+λ =
∞∫

A1

ϕ(τ)− ϕ(0)

|τ − t|p+λ dτ =
∞∫

A1

e−τ(ψ(τ)− ψ(0))

|τ − t|p+λ dτ.
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Ðàññìîòðèì îòäåëüíî ñëó÷àè, êîãäà −A1 ≤ t ≤ A1 è êîãäà
t ∈ (−∞,−A1] ∪ [A1,∞). Â ïåðâîì ñëó÷àå

r1
5 ≤

∞∫

A1

e−ττ dτ
|τ − t|p+λ ≤ CA1

∞∫

A1

e−τ dτ = CN−r+p−1 lnN.

Âî âòîðîì ñëó÷àå, âîñïîëüçîâàâøèñü îïðåäåëåíèåì èíòåãðàëà Àäàìà-
ðà, èìååì:

r1
5 ≤

∞∫

A1

e−τ(ψ(τ)− ψ(0))

|τ − t|p+λ dτ ≤

≤ C
∞∫

A1

(e−τ(ψ(τ)− ψ(0)))(p)

|τ − t|λ dτ + CN−r+p−1 = CN−r+p−1.

Ñëåäîâàòåëüíî,
r1
5 = CN−r+p−1. (5.21)

Èíòåãðàë r1
4 îöåíèâàåòñÿ àíàëîãè÷íî:

r′4 ≤ CN−r+p−1. (5.22)

Èç íåðàâåíñòâ (5.9), (5.10), (5.19) − (5.22) ñëåäóåò ñïðàâåäëèâîñòü
óòâåðæäåíèÿ òåîðåìû äëÿ êâàäðàòóðíîé ôîðìóëû (5.5). Ïîãðåøíîñòü
êâàäðàòóðíîé ôîðìóëû (5.6) îöåíèâàåòñÿ àíàëîãè÷íî.

Òåîðåìà äîêàçàíà.
Äîêàçàòåëüñòâî òåîðåìû 5.6. Ïîãðåøíîñòü êâàäðàòóðíîé ôîðìó-

ëû (5.7) îöåíèâàåòñÿ íåðàâåíñòâîì

|Ri
n(ϕ)| ≤

j−1∑

k=−Ai

|
tik+1∫

tik

ϕ(τ)− ϕN(τ)

(τ − t)p
dτ |+ |

tij+2∫

tij−1

ϕ(τ)− ϕN(τ)

(τ − t)p
dτ |+

+
2N−1∑

k=−j+2
|
tik+1∫

tik

ϕ(τ)− ϕN(τ)

(τ − t)p
dτ |+ |

−Ai∫

−∞

ϕ(τ) dτ

(τ − t)p
|+ |

∞∫

Ai

ϕ(τ) dτ

(τ − t)p
| =

= ri1 + ri2 + ri3 + ri4 + ri5.

Âûðàæåíèÿ ri1, ri3, ri4, ri5 îöåíèâàþòñÿ òî÷íî ïî òàêîé æå ñõåìå, ÷òî è
àíàëîãè÷íûå âûðàæåíèÿ, ðàññìîòðåííûå ïðè äîêàçàòåëüñòâå ïðåäûäó-
ùåé òåîðåìû. Èñêëþ÷åíèå ñîñòàâëÿåò îöåíêà èíòåãðàëà ri2
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r1
2 = |

tij+2∫

tij−1

ϕ(τ)− ϕN(τ)

(τ − t)p
dτ | = |

tij+2∫

tij−1

(ϕ(τ)− ϕN(τ))(p−1)

(τ − t)
dτ |+ AN−r+p−1 ≤

≤ AN−r+p−1 lnN.

Èç ïîëó÷åííûõ îöåíîê ñëåäóåò íåðàâåíñòâî |Ri
N(ϕ)| ≤ AN−r+p−1 lnN .

Îòñþäà ñëåäóåò, ÷òî RN [Ψ] ≤ AN−r+p−1 lnN.
Òåîðåìà äîêàçàíà.
Äîêàçàòåëüñòâî òåîðåìû 5.7. Â ëåììå 3.2 èç ãëàâû 1 ïåðâîé ÷àñòè

êíèãè ïðèâåäåíà êëàññè÷åñêàÿ îöåíêà ïîãðåøíîñòè èíòåðïîëÿöèîííîé
ôîðìóëû, óòâåðæäàþùàÿ, ÷òî íà ñåãìåíòå [−1, 1] ïîãðåøíîñòü èíòåðïî-
ëÿöèîííîé ôîðìóëû

|f(τ)− Pr(τ, [−1, 1])| ≤ max |f (r)|/r!2r−1.

Ïîëüçóÿñü ýòîé îöåíêîé è ïîâòîðÿÿ âûêëàäêè, ïðèâåäåííûå ïðè äî-
êàçàòåëüñòâå òåîðåìû 5.5, óáåæäàåìñÿ â ñïðàâåäëèâîñòè îöåíêè:

|RN(ϕ)| ≤ CN−r+p−1+λ.

Îòñþäà ñëåäóåò, ÷òî RN [Ψ] ≤ CN−r+p−1+λ. Òåîðåìà äîêàçàíà.
Äîêàçàòåëüñòâî òåîðåìû 5.8. Ïîãðåøíîñòü êâàäðàòóðíîé ôîðìóëû

(5.18) îöåíèâàåòñÿ íåðàâåíñòâîì

|Ri
N(ϕ)| ≤

j−1∑

k=−Ai

mi
k−1∑

l=0
|
tik,l+1∫

tik,l

ϕ(τ)− Pr(τ, [t
i
k,l, t

i
k,l+1])

(τ − t)p
dτ |+

+
s−2∑

l=0
|
tij,l+1∫

tij,l

ϕ(τ)− Pr(τ, [t
i
j,l, t

i
j,l+1])

(τ − t)p
dτ |+

+|
tij,s+2∫

tij,s−1

ϕ(τ)− Pr(τ, [t
i
j,s−1, t

i
j,s+2])

(τ − t)p
dτ |+

+
mi

j−1∑

l=s+2
|
tij,l+1∫

tij,l

ϕ(τ)− Pr(τ, [t
i
j,l, t

i
j,l+1])

(τ − t)p
dτ |+
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+
Ai−1∑

k=j+1

mi
k−1∑

l=0
|
tik,l+1∫

tik,l

ϕ(τ)− Pr(τ, [t
i
k,l, t

i
k,l+1])

(τ − t)p
dτ | ≤

≤ ri1 + ri2 + ri3 + ri4 + ri5.

Ñóììû ri1 è ri5 îöåíèâàþòñÿ îäèíàêîâî. Äëÿ îïðåäåëåííîñòè áóäåì
ñ÷èòàòü j > 0. Íåòðóäíî âèäåòü, ÷òî

ri1 =
−1∑

k=−Ai

1

(j − k)p

mi
k−1∑

l=0

tik,l+1∫

tik,l

|ϕ(τ)− Pr(τ, [t
i
k,l, t

i
k,l+1]) dτ |+

+
j−1∑

k=0

1

(j − k)p

mi
k−1∑

l=0

tik,l+1∫

tik,l

|ϕ(τ)− Pr(τ, [t
i
k,l, t

i
k,l+1])| dτ ≤ CN−r.

Ñóììû ri2 è ri4 òàêæå îöåíèâàþòñÿ îäèíàêîâî. Ïîýòîìó îãðàíè÷èìñÿ
ðàññìîòðåíèåì ïåðâîé èç íèõ

ri2 =
s−2∑

l=0
|
tij,l+1∫

tij,l

ϕ(τ)− Pr(τ, [t
i
j,l, t

i
j,l+1])

(τ − t)p
dτ | ≤

≤
s−2∑

l=0


 mi

j

s− l



p tij,l+1∫

tij,l

|ϕ(τ)− Pr(τ, [t
i
j,l, t

i
j,l+1])| dτ ≤

≤
s−2∑

l=0


 mi

j

s− l



p 

 1

2mi
j



r+1

Rr(1)

2r(r + 1)!
≤ CN−r−1+p.

Îñòàëîñü îöåíèòü èíòåãðàë ri3

ri3 = |
tij,s+2∫

tij,s−1

ϕ(τ)− Pr(τ, [t
i
j,s−1, t

i
j,s+2])

(τ − t)p
dτ | ≤ CN−r+1−1 ln r =

= O(N−r+p−1).

Èç îöåíîê âåëè÷èí ri1, . . . , ri5 ñëåäóåò, ÷òî |RN(ϕ)| ≤ AN−r−1+p è, ñëå-
äîâàòåëüíî, RN [Ψ] ≤ AN−r−1+p.

Òåîðåìà äîêàçàíà.
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Ïðåäûäóùèå êâàäðàòóðíûå ôîðìóëû òðåáîâàëè ðàçëîæåíèÿ ïîëèíî-
ìîâ Pr(ϕ,∆k) â ðÿä Òåéëîðà ïî ñòåïåíÿì äî r-ãî ïîðÿäêà, ãäå r ìîãëî
áûòü äîñòàòî÷íî áîëüøèì ÷èñëîì.

Ïðåäñòàâëÿåò èíòåðåñ ïîñòðîåíèå êâàäðàòóðíûõ ôîðìóë, â êîòîðûõ
ïîëèíîìû Pr(ϕ,∆k) ðàçëàãàþòñÿ ïî ôîðìóëå Òåéëîðà äî p-ãî ïîðÿäêà.

Äëÿ ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ íà êîíå÷íûõ èíòåðâàëàõ èíòåãðè-
ðîâàíèÿ ïîäîáíûå ôîðìóëû ïîñòðîåíû â ïðåäûäóùåì ðàçäåëå. Ðàñïðî-
ñòðàíèì ïîëó÷åííûå òàì ðåçóëüòàòû íà èíòåãðàëû âèäà (5.2). Ïðè ýòîì
äëÿ êðàòêîñòè îãðàíè÷èìñÿ ðàññìîòðåíèåì òîëüêî êâàäðàòóðíûõ ôîð-
ìóë âèäà (5.8).

Áóäåì òàêæå èñïîëüçîâàòü îáîçíà÷åíèÿ, ââåäåííûå ïðè îïèñàíèè êâàä-
ðàòóðíîé ôîðìóëû (5.8).

Ïóñòü t ∈ ∆i
j,s. Èíòåãðàë F (ϕ) áóäåì âû÷èñëÿòü ïî êâàäðàòóðíîé

ôîðìóëå

F (ϕ) =
j−1∑

k=−Ai

mi
k−1∑

l=0

∫

∆i
k,l

Pr


ϕr(τ,∆

i
k,l)− Tp(ϕr(τ,∆

i
k,l),∆

i
k,l, t)

(τ − t)p
; ∆i

k,l


 dτ+

+
s−2∑

l=0

∫

∆i
j,l

Pr


ϕr(τ,∆

i
j,l)− Tp(ϕr(τ,∆

i
j,l),∆

i
j,l, t)

(τ − t)p
; ∆i

j,l


 dτ+

+
∫

∆∗i
j,s

Pr


ϕr(τ,∆

∗i
j,s)− Tp(ϕr(τ,∆

∗i
j,s),∆

∗i
j,s, t)

(τ − t)p
; ∆∗i

j,s


 dτ+

+
mi

j−1∑

l=s+2

∫

∆i
j,l

Pr


ϕr(τ,∆

i
j,l)− Tp(ϕr(τ,∆

i
j,l),∆

i
j,l, t)

(τ − t)p
; ∆j,l


 dτ+

+
Ai−1∑

k=j+1

mi
k−1∑

l=0

∫

∆i
k,l

Pr


ϕr(τ,∆

i
k,l)− Tp(ϕr(τ,∆

i
k,l),∆

i
k,l, t)

(τ − t)p
; ∆i

k,l


 dτ+

+Ri
N(ϕ), (5.23)

ãäå ϕr(τ,∆k) = Pr(ϕ,∆k), ∆∗i
j,s = ∆i

j,s−1 ∪∆i
j,s ∪∆i

j,s+1.
Äëÿ êâàäðàòóðíîé ôîðìóëû (5.23) ñïðàâåäëèâû óòâåðæäåíèÿ, ñôîð-

ìóëèðîâàííûå â òåîðåìå 5.8. Íà èõ äîêàçàòåëüñòâå íå îñòàíàâëèâàåìñÿ,
òàê êàê îíè ÿâëÿþòñÿ îáúåäèíåíèåì äîêàçàòåëüñòâ òåîðåìû 5.8 è òåîðå-
ìû 4.3.
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6. Ïðèáëèæåííîå âû÷èñëåíèå ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ
â êîìïëåêñíîé ïëîñêîñòè

Ðàññìîòðèì èíòåãðàë Àäàìàðà â êîìïëåêñíîé ïëîñêîñòè

Aϕ =
∫

L

ϕ(τ) dτ

(τ − t)p
(6.1)

ïî çàìêíóòîìó êîíòóðó L. Ôóíêöèÿ ϕ(τ) îïðåäåëåíà íà âñåì êîíòóðå è
èìååò ïðîèçâîäíûå äî r-ãî ïîðÿäêà âêëþ÷èòåëüíî, ïðè÷åì max

L
|ϕ(r)(τ)| ≤

≤ 1, ò. å. ϕ(τ) ∈ W r(1). Ïðåäïîëîæèì, ÷òî ôóíêöèÿ ϕ(τ) çàäàíà ñ ïî-
ãðåøíîñòüþ. Ýòî îçíà÷àåò, ÷òî âìåñòî ôóíêöèè ϕ(τ) çàäàíà ôóíêöèÿ
ϕ̃(τ), òàêàÿ, ÷òî max |ϕ(τ)− ϕ̃(τ)| ≤ ε.

Ïðîâåäåì ðàçáèåíèå êîíòóðà L íà N ðàâíûõ ÷àñòåé òî÷êàìè tk è ïî-
ñòðîèì êâàäðàòóðíóþ ôîðìóëó ñëåäóþùåãî âèäà:

Aϕ =
1

2

N−1∑

k=0
ϕ̃(t′k)

tk+1∫

tk


 1

(τ − t+ n̄h)p
+

1

(τ − t− n̄h)p


 dτ +RN(ϕ), (6.2)

ãäå t′k � òî÷êà êîíòóðà L, ðàâíîîòñòîÿùàÿ îò tk è tk+1; h = N−1/p; n̄ �
íîðìàëüíûé âåêòîð ê êîíòóðó L â òî÷êå t′k, íàïðàâëåííûé âíå êîíòóðà L.

Òåîðåìà 6.1. Ïóñòü ôóíêöèÿ ϕ(τ) ∈ W r(1) (r ≥ p) çàäàíà íà êðèâîé
L çíà÷åíèÿìè ϕ̃(t′k), ïðè÷åì |ϕ(t′k)− ϕ̃(t′k)| ≤ ε. Ïîãðåøíîñòü êâàäðàòóð-
íîé ôîðìóëû (6.2) ïðè h = N−1/p îöåíèâàåòñÿ íåðàâåíñòâîì
RN [W r(1)] ≤ A(N−1/p lnN + εN 1−1/p).

Äîêàçàòåëüñòâî. Èç ðåçóëüòàòîâ Ë. À. ×èêèíà [71] ñëåäóåò, ÷òî
1

πi

∫

L

ϕ(τ) dτ

(τ − t)p
= e+(t) + e−(t),

ãäå e+(t) = lim
η→0

1

2πi

∫

L

ϕ(τ) dτ

(τ − (t+ n̄η))p
, e−(t) = lim

η→0

1

2πi

∫

L

ϕ(τ) dτ

(τ − (t− n̄η))p
.

Ïî îïðåäåëåíèþ èíòåãðàëà Àäàìàðà
∫

L

ϕ(τ) dτ

(τ − t)p
=

1

(p− 1)!

∫

L

ϕ(p−1)(τ)

τ − t
dτ.

Èíòåãðèðóÿ ïî ÷àñòÿì, èìååì:
∫

L

ϕ(τ) dτ

(τ − (t− n̄h))p
+

∫

L

ϕ(τ) dτ

(τ − (t+ n̄h))p
=
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=
1

(p− 1)!




∫

L

ϕ(p−1)(τ) dτ

τ − (t− n̄h)
+

∫

L

ϕ(p−1)(τ) dτ

τ − (t+ n̄h)


 .

Òîãäà
∫

L

ϕ(τ) dτ

(τ − t)p
= lim

η→0

1

2(p− 1)!




∫

L

ϕ(p−1)(τ) dτ

τ − (t− n̄η)
+

∫

L

ϕ(p−1)(τ) dτ

τ − (t+ n̄η)


 .

Èç ýòîãî ñîîòíîøåíèÿ ñëåäóåò îöåíêà ïîãðåøíîñòè êâàäðàòóðíîé ôîð-
ìóëû (6.2):

|RN(ϕ)| =

=

∣∣∣∣∣
∫

L

ϕ(τ) dτ

(τ − t)p
− 1

2

N∑

k=0
ϕ̃(t′k)

tk+1∫

tk


 1

(τ − (t− n̄h))p
+

1

(τ − (t+ n̄h))p


 dτ

∣∣∣∣∣ ≤

≤ 1

2(p− 1)!

∣∣∣∣∣limη→0

{[∫

L

ϕ(p−1)(τ) dτ

τ − (t− n̄η)
+

∫

L

ϕ(p−1)(τ) dτ

τ − (t+ n̄η)

]
−

−
[∫

L

ϕ(p−1)(τ) dτ

τ − (t− n̄h)
+

∫

L

ϕ(p−1)(τ) dτ

τ − (t+ n̄h)

]}∣∣∣∣∣+

+
1

2

∣∣∣∣∣
∫

L

ϕ(τ) dτ

[τ − (t− n̄h)]p
−

N−1∑

k=0
ϕ(t′k)

tk+1∫

tk

dτ

(τ − (t− n̄h))p

∣∣∣∣∣+

+
1

2

∣∣∣∣∣
∫

L

ϕ(τ) dτ

(τ − (t+ n̄h))p
−

N−1∑

k=0
ϕ(t′k)

tk+1∫

tk

dτ

(τ − (t+ n̄h))p

∣∣∣∣∣+

+
1

2

N−1∑

k=0
|ϕ(t′k)− ϕ̃(t′k)|

tk+1∫

tk

|dτ |
|τ − (t− n̄h)

|p+

+
1

2
|
N−1∑

k=0
|ϕ(t′k)− ϕ̃(t′k)|

tk+1∫

tk

|dτ |
|τ − (t+ n̄h)

|p ≤

≤ 1

2
(r1 + r2 + r3 + r4 + r5 + r6).

Îöåíèì êàæäîå ñëàãàåìîå â îòäåëüíîñòè:

r1 = lim
η→0

∣∣∣∣∣
∫

L


 ϕ(τ)

(τ − (t+ n̄h))p
− ϕ(τ)

(τ − (t+ n̄η))p


 dτ

∣∣∣∣∣ ≤
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≤ 1

(p− 1)!
lim
η→0

∣∣∣∣∣
∫

L


 ϕ(p−1)(τ)

τ − (t+ n̄h)
− ϕ(p−1)(τ)

τ − (t+ n̄η)


 dτ

∣∣∣∣∣ ≤

≤ 1

(p− 1)!
lim
η→0

∣∣∣∣∣
∫

L

[ϕ(p−1)(τ)− ϕ(p−1)(t)− . . .− ϕ(r−1)(t)
(r−p)! (τ − t)r−p

τ − (t+ n̄h)
−

−
ϕ(p−1)(τ)− ϕ(p−1)(t)− . . .− ϕ(r−1)(t)

(r−p)! (τ − t)r−p

τ − (t+ n̄η)

]
dτ

∣∣∣∣∣ =

=
1

(p− 1)!
lim
η→0

∣∣∣∣∣
∫

L

ψ(τ)((τ − (t+ n̄η))− (τ − (t+ n̄h)))

(τ − (t+ n̄η))(τ − (t+ n̄h))
dτ

∣∣∣∣∣ ≤

≤ Ah lim
η→0

∣∣∣∣∣
∫

L

|τ − t|r+1−p

|τ − t− n̄h||τ − t− n̄η| dτ
∣∣∣∣∣ ≤ Ah

∣∣∣∣∣
∫

L

|τ − t|r−p
|τ − t− n̄h| |dτ |,

ãäå ψ(τ) = ϕ(p−1)(τ)− ϕ(p−1)(t)− . . .− ϕ(r−p)(t)
(r−p)! (τ − t)r−p.

Çäåñü íóæíî ðàññìîòðåòü äâà ñëó÷àÿ: 1) r = p, 2) r > p.
Â ïåðâîì ñëó÷àå

∫

L

|dτ |
|τ − t− n̄h| ≤ A|lnh|

è, ñëåäîâàòåëüíî, r1 ≤ Ah|lnh|.
Âî âòîðîì ñëó÷àå

∫

L

|τ − t|r−p
|τ − t− n̄h| |dτ | ≤ A

è, ñëåäîâàòåëüíî, r1 ≤ Ah.
Àíàëîãè÷íî îöåíèâàåòñÿ r2.
Ïðîâåäåì îöåíêó r3 :

r3 =
1

2
|
∫

L

ϕ(τ) dτ

(τ − (t+ n̄h))p
−

N−1∑

k=0
ϕ(t′k)

tk+1∫

tk

dτ

(τ − (t+ n̄h))p
| ≤

≤
N−1∑

k=0
|
tk+1∫

tk

ϕ(τ)− ϕ(t′k)
(τ − (t− n̄h))p

dτ | ≤ A
N−1∑

k=0

∆2
k

(h2 + k2∆2
k)
p/2 ≤

≤ A(∆∗)2
N−1∑

k=0

1

(h2 + k2∆2∗)p/2
≤
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≤ A(∆∗)2



N1∑

k=0

1

(h2 + k2∆2∗)p/2
+

N−1∑

k=N1+1

1

(h2 + k2∆2∗)p/2


 ≤

≤ A(∆∗)2


N1

hp
+

1

∆p∗

N−1∑

k=N1+1

1

(a2 + k2)p/2


 ≤

≤ A(∆∗)2


N1

hp
+

1

∆p∗

N−1∑

k=N1+1

1

kp


 ≤

≤ A(∆∗)2


N1

hp
+

1

∆p∗(p− 1)Np−1
1


 ≤ A(∆∗)2 1

hp−1∆∗
≤ A

hp−1N
,

ãäå ∆k � äëèíà äóãè (tk, tk+1); ∆∗ = max ∆k, ∆∗ = min ∆k; N1 � íàè-
áîëüøåå öåëîå ÷èñëî, ïðè êîòîðîì ñîõðàíÿåòñÿ íåðàâåíñòâî h ≥ N1∆∗,
a = h/∆∗.

Àíàëîãè÷íî îöåíèâàåòñÿ r4.
Îöåíêà r5 ïðîèçâîäèòñÿ ñëåäóþùèì îáðàçîì:

r5 = |
N−1∑

k=0
(ϕ(t′k)− ϕ̃(t′k))

tk+1∫

tk

dτ

(τ − (t− n̄h))p
| ≤

≤ ε
N−1∑

k=0
|
tk+1∫

tk

dτ

(τ − (t− n̄h))p
| ≤ Aε

N−1∑

k=0

|tk+1 − tk|
(k2/N2 + h2)p/2

=

= AεNp−1
N−1∑

k=0

1

(k2 + h2N 2)p/2
≤ A

ε

hp−1 .

Îöåíêà âûðàæåíèÿ r6 ïðîâîäèòñÿ àíàëîãè÷íî. Èç ïîëó÷åííûõ âûøå
íåðàâåíñòâ èìååì

|RN(ϕ)| ≤ A(N−1/p lnN + εN 1−1/p)

è, ñëåäîâàòåëüíî,

RN [W r(1)] ≤ A(N−1/p lnN + εN 1−1/p).

Òåîðåìà äîêàçàíà.
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7. Âû÷èñëåíèå ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ
íà êîíå÷íîì ñåãìåíòå

â ïëîñêîñòè êîìïëåêñíîé ïåðåìåííîé

Ðàññìîòðèì ôóíêöèþ ϕ(τ), îïðåäåëåííóþ íà ñåãìåíòå [−1, 1], èìå-
þùóþ ïðîèçâîäíûå äî r-ãî ïîðÿäêà âêëþ÷èòåëüíî. Ïðåäïîëîæèì, ÷òî
ôóíêöèÿ ϕ(τ) çàäàíà íà [−1, 1] ïðèáëèæåííûìè çíà÷åíèÿìè ϕ̃(τ), òàêè-
ìè, ÷òî |ϕ(τ)− ϕ̃(τ)| ≤ ε.

Äëÿ èíòåãðàëîâ Àäàìàðà

Aϕ =
1∫

−1

ϕ(τ) dτ

(τ − t)p
, −1 < t < 1, 2 ≤ p ≤ r, (7.1)

ïîñòðîèì êâàäðàòóðíóþ ôîðìóëó ñëåäóþùåãî âèäà:

Aϕ =
1

2

N−1∑

k=0

′ϕ̃(tk)



tk+1∫

tk


 1

[τ − (t− ih)]p
+

1

[τ − (t+ ih)]p


 dτ


 +

+
1

2
ϕ̃(t′j)



tj+2∫

tj−1


 1

[τ − (t− ih)]p
+

1

[τ − (t+ ih)]p


 dτ


 +RN(ϕ), (7.2)

ãäå tk = −1+2k/N , k = 0, 1, . . . , N−1. Ñóììà
N−1∑
k=0

′ îçíà÷àåò, ÷òî ñóììè-
ðîâàíèå ïðîâîäèòñÿ ïðè k 6= j − 1, j, j + 1; t′k = (tk + tk+1)/2, h = N−1/p.
Îñîáàÿ òî÷êà t íàõîäèòñÿ âíóòðè èíòåðâàëà [−1+∆, 1−∆], ãäå ∆ = hq/p,

0 < q < 4−1.

Çàìå÷àíèå.1 Áîëåå òî÷íîé ÿâëÿåòñÿ ôîðìóëà

Aϕ =
N−1∑

k=0

′ϕ̃(t′k)
tk+1∫

tk

dτ

(τ − t)p
+

+
1

2
ϕ̃(t′j)



tj+2∫

tj−1


 1

[τ − (t− ih)]p
+

1

[τ − (t+ ih)]p


 dτ


 +RN(ϕ),

ãäå ∑′ îçíà÷àåò ñóììèðîâàíèå ïî k 6= j − 1, j, j + 1, t ∈ [tj, tj+1).
Çàìå÷àíèå òàêæå ñïðàâåäëèâî äëÿ èíòåãðàëîâ, îïðåäåëåííûõ íà âñåé

îñè è ìîæåò áûòü ðàñïðîñòðàíåíî íà ìíîãîìåðíûå èíòåãðàëû â ñìûñëå
Àäàìàðà.

1Ýòî çàìå÷àíèå âûñêàçàíî äîöåíòîì À. Ñ. Òóðáàáèíûì.
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Òåîðåìà 7.1 [24]. Ïóñòü ϕ(τ) ∈ W r(1) è |ϕ(τ)− ϕ̃(τ)| ≤ ε,−1 + ∆ ≤
≤ t ≤ 1 − ∆. Äëÿ èíòåãðàëà Àäàìàðà (7.1) êâàäðàòóðíàÿ ôîðìóëà
(7.2) ïðè h = O(N−1/p) èìååò ïîãðåøíîñòü RN [W r(1)] ≤ A((N−1/p/∆)+
+εN 1−1/p).

Äîêàçàòåëüñòâî. Ïðåäñòàâèì èíòåãðàë Àäàìàðà (7.1) â âèäå ñóììû
èíòåãðàëîâ

1∫

−1

ϕ(τ) dτ

(τ − t)p
= lim

η→0



t−η∫

−1

ϕ(τ) dτ

(τ − t)p
+

1∫

t+η

ϕ(τ) dτ

(τ − t)p
+

t+η∫

t−η

ϕ(τ) dτ

(τ − t)p


 .

Èç îïðåäåëåíèÿ èíòåãðàëà Àäàìàðà ñëåäóåò, ÷òî
t+η∫

t−η

ϕ(τ) dτ

(τ − t)p
=

1

(p− 1)!

t+η∫

t−η

ϕ(p−1)(τ) dτ

τ − t
−

− 1

(p− 1)!η
{ϕ(p−1)(t+ η)− (−1)ϕ(p−1)(t− η)}−

− 2!

(p− 1)!η2{ϕ(p−2)(t+ η)− (−1)2ϕ(p−2)(t− η)} − · · ·

· · · − (p− 2)!

(p− 1)!ηp−1{ϕ(t+ η)− (−1)p−1ϕ(t− η)}. (7.3)

Âû÷èñëèâ ïî ÷àñòÿì èíòåãðàëû
t−η∫

−1

ϕ(τ) dτ

(τ − t)p
è

1∫

t+η

ϕ(τ) dτ

(τ − t)p

è âîñïîëüçîâàâøèñü ôîðìóëîé (7.3), ïîëó÷èì:
1∫

−1

ϕ(τ) dτ

(τ − t)p
=

1

(p− 1)!

1∫

−1

ϕ(p−1)(τ)

τ − t
dτ+

+
1!

(p− 1)!




ϕ(p−1)(−1)

−1− t
− ϕ(p−1)(1)

1− t



 +

+
2!

(p− 1)!




ϕ(p−2)(−1)

(−1− t)2 − ϕ(p−2)(1)

(1− t)2



 + · · ·

· · ·+ (p− 4)!

(p− 1)!





ϕ′′(−1)

(−1− t)p−3 −
ϕ′′(1)

(1− t)p−3



 +
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+
(p− 3)!

(p− 1)!





ϕ′(−1)

(−1− t)p−2 −
ϕ′(1)

(1− t)p−2



 +

+
1

p− 1





ϕ(−1)

(−1− t)p−1 −
ϕ(1)

(1− t)p−1



 . (7.4)

Àíàëîãè÷íî,
1∫

−1

ϕ(τ) dτ

(τ − t+ ih)p
=

1

(p− 1)!

1∫

−1

ϕ(p−1)(τ) dτ

τ − t+ ih
+

+
1!

(p− 1)!




ϕ(p−1)(−1)

−1− t+ ih
− ϕ(p−1)(1)

1− t+ ih



 +

+
2!

(p− 1)!





ϕ(p−2)(−1)

(−1− t+ ih)2 −
ϕ(p−2)(1)

(1− t+ ih)2



 + · · ·

· · ·+ (p− 4)!

(p− 1)!





ϕ′′(−1)

(−1− t+ ih)p−3 −
ϕ′′(1)

(1− t+ ih)p−3



 +

+
(p− 3)!

(p− 1)!





ϕ′(−1)

(−1− t+ ih)p−2 −
ϕ′(1)

(1− t+ ih)p−2



 +

+
1

p− 1





ϕ(−1)

(−1− t+ ih)p−1 −
ϕ(1)

(1− t+ ih)p−1



 ; (7.5)

1∫

−1

ϕ(τ) dτ

(τ − t− ih)p
=

1

(p− 1)!

1∫

−1

ϕ(p−1)(τ) dτ

τ − t− ih
+

+
1!

(p− 1)!




ϕ(p−1)(−1)

−1− t− ih
− ϕ(p−1)(1)

1− t− ih



 +

+
2!

(p− 1)!





ϕ(p−2)(−1)

(−1− t− ih)2 −
ϕ(p−2)(1)

(1− t− ih)2



 + · · ·

· · ·+ (p− 4)!

(p− 1)!





ϕ′′(−1)

(−1− t− ih)p−3 −
ϕ′′(1)

(1− t− ih)p−3



 +

+
(p− 3)!

(p− 1)!





ϕ′(−1)

(−1− t− ih)p−2 −
ϕ′(1)

(1− t− ih)p−2



 +

+
1

p− 1





ϕ(−1)

(−1− t− ih)p−1 −
ϕ(1)

(1− t− ih)p−1



 . (7.6)
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Ïîãðåøíîñòü êâàäðàòóðíîé ôîðìóëû (7.2) îöåíèâàåòñÿ íåðàâåíñòâîì

|RN(ϕ)| ≤

≤
∣∣∣∣∣∣∣

1∫

−1

ϕ(τ) dτ

(τ − t)p
− 1

2

N−1∑

k=0
ϕ̃(t′k)



tk+1∫

tk


 1

[τ − (t− ih)]p
+

1

[τ − (t+ ih)]p


 dτ




∣∣∣∣∣∣∣
≤

≤
∣∣∣∣∣∣∣

1∫

−1

ϕ(τ) dτ

(τ − t)p
− 1

2

1∫

−1

ϕ(τ) dτ

(τ − t+ ih)p
− 1

2

1∫

−1

ϕ(τ) dτ

(τ − t+ ih)p

∣∣∣∣∣∣∣
+

+
1

2

∣∣∣∣∣∣∣

1∫

−1

ϕ(τ) dτ

(τ − t+ ih)p
+

1∫

−1

ϕ(τ) dτ

(τ − t− ih)p
−

−
N−1∑

k=0
ϕ̃(t′k)



tk+1∫

tk


 1

[τ − (t− ih)]p
+

1

[τ − (t+ ih)]p


 dτ




∣∣∣∣∣∣∣
≤

≤
∣∣∣∣∣∣∣

1∫

−1

ϕ(τ) dτ

(τ − t)p
− 1

2

1∫

−1

ϕ(τ) dτ

(τ − t+ ih)p
− 1

2

1∫

−1

ϕ(τ) dτ

(τ − t− ih)p

∣∣∣∣∣∣∣
+

+
1

2

∣∣∣∣∣∣∣

1∫

−1

ϕ(τ) dτ

(τ − t+ ih)p
−

N−1∑

k=0
ϕ̃(t′k)

tk+1∫

tk

dτ

[τ − (t+ ih)]p

∣∣∣∣∣∣∣
+

+
1

2

∣∣∣∣∣∣∣

1∫

−1

ϕ(τ) dτ

(τ − t− ih)p
−

N−1∑

k=0
ϕ̃(t′k)

tk+1∫

tk

dτ

[τ − (t− ih)]p

∣∣∣∣∣∣∣
≤

≤
∣∣∣∣∣∣∣

1∫

−1

ϕ(τ) dτ

(τ − t)p
− 1

2

1∫

−1

ϕ(τ) dτ

(τ − t+ ih)p
− 1

2

1∫

−1

ϕ(τ) dτ

(τ − t− ih)p

∣∣∣∣∣∣∣
+

+
1

2

∣∣∣∣∣∣∣

N−1∑

k=0

tk+1∫

tk

ϕ(τ)− ϕ(t′k)
(τ − t+ ih)p

dτ

∣∣∣∣∣∣∣
+

1

2

∣∣∣∣∣∣∣

N−1∑

k=0

tk+1∫

tk

ϕ(τ)− ϕ(t′k)
(τ − t− ih)p

dτ

∣∣∣∣∣∣∣
+

+
1

2

∣∣∣∣∣∣∣

N−1∑

k=0

tk+1∫

tk

ϕ(t′k)− ϕ̃(t′k)
(τ − t+ ih)p

dτ

∣∣∣∣∣∣∣
+

1

2

∣∣∣∣∣∣∣

N−1∑

k=0

tk+1∫

tk

ϕ(t′k)− ϕ̃(t′k)
(τ − t− ih)p

dτ

∣∣∣∣∣∣∣
=

= r1 + r2 + r3 + r4 + r5.

Îöåíèì êàæäîå ñëàãàåìîå â îòäåëüíîñòè. Èç ôîðìóë (7.4) − (7.6)
ñëåäóåò, ÷òî r1 ≤ r0

1 + r1
1 + r2

1 + . . .+ rp−1
1 , ãäå

r0
1 =

1

(p− 1)!




1∫

−1


ϕ

(p−1)(τ)

τ − t
− 1

2


 ϕ(p−1)(τ)

τ − t+ ih
− ϕ(p−1)(τ)

τ − t− ih


 dτ





 = O(h).
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Äîêàæåì ñïðàâåäëèâîñòü ýòîãî ðàâåíñòâà. Ïóñòü ϕ ∈ W p(1). Òîãäà

r0
1 ≤

1

(p− 1)!

∣∣∣∣∣∣∣

1∫

−1

ϕ(p−1)(τ)h2 dτ

(τ − t)((τ − t)2 + h2)

∣∣∣∣∣∣∣
≤

≤ 1

(p− 1)!

∣∣∣∣∣∣∣

1∫

−1

(ϕ(p−1)(τ)− ϕ(p−1)(t))h2 dτ

(τ − t)((τ − t)2 + h2)

∣∣∣∣∣∣∣
+

+

∣∣∣∣∣∣∣
ϕ(p−1)(t)

(p− 1)!

1∫

−1

h2 dτ

(τ − t)((τ − t)2 + h2)

∣∣∣∣∣∣∣
≤

≤ 1

(p− 1)!
max−1≤t≤1

|ϕ(p)(t)|
∣∣∣∣∣∣∣

1∫

−1

h2 dτ

(τ − t)2 + h2

∣∣∣∣∣∣∣
+

+
1

(p− 1)!
max−1≤t≤1

|ϕ(p−1)(t)|
∣∣∣∣∣∣∣

1∫

−1

h2 dτ

(τ − t)((τ − t)2 + h2)

∣∣∣∣∣∣∣
.

Ïåðâîå ñëàãàåìîå ðàâíî O(h). Âòîðîå îöåíèâàåòñÿ ñëåäóþùèì îáðà-
çîì. Ïóñòü ∆∗ = min(|1− t|, |1 + t|) è ïóñòü ∆∗ = t+ 1. Òîãäà

∣∣∣∣∣∣∣

1∫

−1

h2 dτ

(τ − t)((τ − t)2 + h2)

∣∣∣∣∣∣∣
=

=

∣∣∣∣∣∣∣

t+∆∗∫

t−∆∗

h2 dτ

(τ − t)((τ − t)2 + h2)
+

1∫

t+∆∗

h2 dτ

(τ − t)((τ − t)2 + h2)

∣∣∣∣∣∣∣
=

=

∣∣∣∣∣∣∣

1∫

t+∆∗

h2 dτ

(τ − t)((τ − t)2 + h2)

∣∣∣∣∣∣∣
≤ A

h2

(∆∗)3 .

Ñëåäîâàòåëüíî, ïðè h ≤ ∆3, r0
1 = O(h).

Ìîæíî ïîêàçàòü, ÷òî

r1
1 =

2!

(p− 1)!

∣∣∣∣∣∣
ϕ(p−1)(−1)

−1− t
− 1

2


 ϕ

(p−1)(−1)

−1− t− ih
+

ϕ(p−1)(−1)

−1− t+ ih




∣∣∣∣∣∣ = O(
h

∆2 );

r2
1 =

3!

(p− 1)!

∣∣∣∣∣∣
ϕ(p−2)(−1)

(−1− t)2 − 1

2


 ϕ(p−2)(−1)

(−1− t− ih)2 +
ϕ(p−2)(−1)

(−1− t+ ih)2




∣∣∣∣∣∣ =

= O(h/∆3);

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
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rp−1
1 =

1

p− 1

∣∣∣∣∣∣
ϕ(−1)

(−1− t)p−1 −
1

2


 ϕ(−1)

(−1− t− ih)p−1 +
ϕ(−1)

(−1− t+ ih)p−1




∣∣∣∣∣∣ =

= O(
h

∆p
).

Ìû íå îñòàíàâëèâàåìñÿ íà îöåíêàõ âûðàæåíèé r1
1, . . . , r

p−2
1 , òàê êàê

èõ ñïðàâåäëèâîñòü ñëåäóåò èç îöåíêè âûðàæåíèÿ rp−1
1 . Äîêàæåì ñïðà-

âåäëèâîñòü ïîñëåäíåãî ðàâåíñòâà. Î÷åâèäíî,

rp−1
1 ≤ A

∣∣∣∣∣∣
1

(1 + t+ iΘh)p

∣∣∣∣∣∣h ≤ A
h

∆p
.

Èç ïðèâåäåííûõ âûøå íåðàâåíñòâ ñëåäóåò, ÷òî r1 ≤ Ah/∆p.

Ñëàãàåìûå r4 è r5 îöåíèâàþòñÿ ïî àíàëîãèè ñ ñîîòâåòñòâóþùèìè âû-
ðàæåíèÿìè èç ðàçäåëà 6. Ïîâòîðÿÿ ñäåëàííûå òàì âûêëàäêè, èìååì:

r4 + r5 ≤ Aε/hp−1.

Ñëàãàìûå r2, r3 îöåíèâàþòñÿ îäèíàêîâî. Ïîýòîìó îãðàíè÷èìñÿ ðàñ-
ñìîòðåíèåì ñóììû r2 ïðè t ∈ [tj, tj+1)

r2 =
1

2

∣∣∣∣∣∣∣

N−1∑

k=0

tk+1∫

tk

|ϕ(τ)− ϕ(t′k)|
|τ − t+ ih|p dτ

∣∣∣∣∣∣∣
≤

≤ 1

4N 2

j−2∑

k=0

1

((tk+1 − tj)2 + h2)p/2
+

1

4N 2hp
+

+
1

4N 2

N−1∑

k=j+1

1

((tk − tj+1)2 + h2)p/2
≤ A

(
1

N 2hp
+

1

Nhp−1

)
.

Îöåíêà ñóìì, âñòðå÷àþùèõñÿ â ïðåäûäóùåì âûðàæåíèè, ïðîâîäèëàñü
ñëåäóþùèì îáðàçîì:

1

N 2

j−2∑

k=0

1

[(tk+1 − tj)2 + h2]p/2
= Np−2

j−2∑

k=0

1

[(k + 1− j)2 +N 2h2]p/2
=

= N p−2
j−2∑

k=0

′ 1

[(k + 1− j)2 +N 2h2]p/2
+Np−2

j−2∑

k=0

′′ 1

[(k + 1− j)2 +N 2h2]p/2
=

= r1
2 + r2

2,
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ãäå ∑′ îçíà÷àåò ñóììèðîâàíèå ïî òàêèì k, ÷òî j−k < Nh, à ∑′′ îçíà÷àåò
ñóììèðîâàíèå ïî îñòàëüíûì çíà÷åíèÿì k. Î÷åâèäíî,

r1
2 ≤ ANp−2

j∑

k=j−[Nh]

1

Nphp
≤ A

N
h1−p;

r2
2 ≤ ANp−2

j−[Nh]∑

k=0

1

(j − k)p
≤ ANp−2(Nh)1−p =

Ah1−p

N
.

Èç ïîëó÷åííûõ íåðàâåíñòâ ñëåäóåò îöåíêà r2.
Àíàëîãè÷íûì îáðàçîì îöåíèâàåòñÿ r3. Îöåíêè ñëàãàåìûõ r4 è r5 ïðî-

âîäÿòñÿ ïî òàêîé æå ñõåìå, ÷òî è îöåíêè ñëàãàåìûõ r2 è r3. Ìîæíî ïî-
êàçàòü, ÷òî

|r4| ³ |r5| ³ ε/hp−1.

Ñîáèðàÿ ïîëó÷åííûå îöåíêè, èìååì |RN(ϕ)| ≤ A(h/∆p +N−2h−p +
+N−1h1−p + ε/hp−1), 0 < q < 1/4. Ïîëàãàÿ h = N−1/p, ïîëó÷àåì îêîí÷à-
òåëüíóþ îöåíêó |RN(ϕ)| ≤ A(N−1/p/∆p + εN 1−1/p).

Îòñþäà ñëåäóåò, ÷òî

RN [W r(1)] ≤ A(
1

N 1/p∆p
+ εN 1−1/p).

Òåîðåìà äîêàçàíà.

8. Ýôôåêòèâíûé ìåòîä âû÷èñëåíèÿ èíòåãðàëîâ Àäàìàðà
íà áåñêîíå÷íîì èíòåðâàëå

Áóäåì âû÷èñëÿòü èíòåãðàëû âèäà
∞∫

−∞

ϕ(τ) dτ

(τ − t)p
(8.1)

â ïðåäïîëîæåíèè, ÷òî ϕ(t) ïðåäñòàâèìà â âèäå ϕ(t) = ρ(t)ψ(t), ãäå
ρ(t) � âåñîâàÿ ôóíêöèÿ.

Â êà÷åñòâå âåñîâûõ èñïîëüçóþòñÿ ôóíêöèè

ρ1(t) = a|t|, ρ2(t) = e−t
2

, ρ3(t) = 1/(1 + t2)α, α > 1/2.

×åðåçW r(1, K) îáîçíà÷èì êëàññ ôóíêöèé ϕ(t), îïðåäåëåííûõ íà ÷èñ-
ëîâîé îñè, èìåþùèõ íåïðåðûâíûå ïðîèçâîäíûå äî (r − 1)-ãî ïîðÿäêà
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âêëþ÷èòåëüíî, êóñî÷íî-íåïðåðûâíûå ïðîèçâîäíûå r-ãî ïîðÿäêà è óäî-
âëåòâîðÿþùèõ óñëîâèÿì max |ϕ(r)(t)| ≤ 1, max(|ϕ(t)|, |ϕ′(t)|, . . . ,
|ϕ(r−1)(t)|) ≤ K. Áóäåì ãîâîðèòü, ÷òî ϕ(t) ∈ W r

ρ (1, K), åñëè ϕ(t) =
= ρ(t)ψ(t), ãäå ρ(t) � âåñîâàÿ ôóíêöèÿ, à ψ(t) ∈ W r(1, K).

Ââåäåì îáîçíà÷åíèÿ: N � öåëîå ÷èñëî;

t′k,l = k+
l

N 1
k

, k = −A1, . . . ,−1, 0, 1, . . . , A1, l = 0, 1, . . . , N 1
k , A1 = [logaN ],

N 1
k = [N/ak] ïðè k = 0, 1, . . . , A1, N

1
k =

[
N/a|k|−1

]
ïðè k = −A1, . . . ,−1;

t2k,l = k +
l

N 2
k

, k = −A2, . . . ,−1, 0, 1, . . . , A2, l = 0, 1, . . . , N 2
k ,

A2 = [(lnN)1/2], N 2
k =

[
N/ek

2
]
ïðè k ≥ 0, N 2

k = [N/e(|k|−1)2] ïðè k < 0;

t3k,l = k + l/N3
k , k = −A3, . . . ,−1, 0, 1, . . . , A3, l = 0, 1, . . . , N 3

k ,

A3 =
[
(N/ lnN)1/(2α−1)

]
, N 3

k =
[
N/k2α−1

]
ïðè k 6= 0, N 3

0 = N ;

t̄k,l = (tk,l + tk,l+1)/2, α > 0.

Òåîðåìà 8.1 [24]. Ïóñòü ϕ ∈ W r
ρi
(1, K), i = 1, 2, 3. Êâàäðàòóðíàÿ

ôîðìóëà
∞∫

−∞

ϕ(τ) dτ

(τ − t)p
=

1

2

N−1∑

k=0
ϕ(t′k)



tk+1∫

tk


 1

[τ − (t− ih)]p
+

1

[τ − (t+ ih)]p


 dτ


 +

+RN(ϕ), (8.2)

ïðåäíàçíà÷åííàÿ äëÿ âû÷èñëåíèÿ èíòåãðàëà Àäàìàðà (8.1), èìååò ïî-
ãðåøíîñòü |RN(ϕ)| ≤ O(N−1/p).

Äîêàçàòåëüñòâî. Îöåíêà ïîãðåøíîñòè êâàäðàòóðíîé ôîðìóëû (8.2)
ïðîâîäèòñÿ ïî ôîðìóëå

|RN(ϕ)| ≤
∣∣∣∣∣∣∣

−A∫

−∞

ϕ(τ) dτ

(τ − t)p

∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣

∞∫

A

ϕ(τ) dτ

(τ − t)p

∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣

A∫

−A

ϕ(τ) dτ

(τ − t)p
−

−1

2

N−1∑

k=0
ϕ(t′k)



tk+1∫

tk


 1

[τ − (t− ih)]p
+

1

[τ − (t+ ih)]p


 dτ




∣∣∣∣∣∣∣
= r1 + r2 + r3.

Îöåíêà ïåðâûõ äâóõ ñëàãàåìûõ r1 + r2 ïðîâåäåíà â ðàçäåëå 6, ãäå
ïîêàçàíî, ÷òî r1 + r2 = O(N−1/p). Òðåòüå ñëàãàåìîå r3 ìîæíî îöåíèòü ïî
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àíàëîãèè ñ ðàññóæäåíèÿìè, ïðîâåäåííûìè â ðàçäåëå 7, òàê êàê èíòåðâàë
[−A,A] êîíå÷íûé. Íåòðóäíî âèäåòü, ÷òî r3 = O(N−1/p).

Çàìå÷àíèå. Ýòà îöåíêà îòëè÷àåòñÿ îò ïðèâåäåííîé â ðàçäåëå 7 çà ñ÷åò
âëèÿíèÿ âåñîâûõ ìíîæèòåëåé.

Îáúåäèíÿÿ ýòè îöåíêè, óáåæäàåìñÿ â ñïðàâåäëèâîñòè òåîðåìû 8.1.

9. Âåñîâûå êâàäðàòóðíûå ôîðìóëû
äëÿ èíòåãðàëîâ Àäàìàðà

Ïîñòðîèì îïòèìàëüíûå ïî ïîðÿäêó âåñîâûå êâàäðàòóðíûå ôîðìóëû
íà êëàññå ôóíêöèé W r(1) äëÿ âû÷èñëåíèÿ èíòåãðàëà

Aϕ =
1∫

0

p(τ)ϕ(τ)

(τ − t)p
dτ. (9.1)

Äëÿ ïðîñòîòû ïîëàãàåì, ÷òî âåñîâàÿ ôóíêöèÿ p(τ) = τ−γ, 0 < γ < 1.
Îáîçíà÷èì ÷åðåç Pr(ϕ, [−1, 1]) èíòåðïîëÿöèîííûé ïîëèíîì ñòåïåíè

r− 1, èíòåðïîëèðóþùèé ôóíêöèþ ϕ(t) ïî r ðàâíîîòñòîÿùèì óçëàì. ×å-
ðåç Pr(ϕ; [sk, sk+1]) îáîçíà÷èì òðàíñôîðìàöèþ ïîëèíîìà Pr(ϕ, [−1, 1]) â
ïîëèíîì Pr(ϕ; [sk, sk+1]) ïðè ëèíåéíîì îòîáðàæåíèè ñåãìåíòà [−1, 1] íà
[sk, sk+1].

Òåîðåìà 9.1 [24]. Ïóñòü Ψ = W r(1). Ñðåäè âñåâîçìîæíûõ êâàäðà-
òóðíûõ ôîðìóë âèäà

1∫

0

p(τ)ϕ(τ)

(τ − t)p
dτ =

N∑

k=1

ρ∑

l=0
pkl(t)ϕ

(l)(tk) +RN(t, pkl, tk, ϕ) (9.2)

îïòèìàëüíîé ïî ïîðÿäêó ïðè t ∈ [sj, sj+1), j = 1, 2, . . . , N − 2, ÿâëÿåòñÿ
ôîðìóëà

Aϕ =
j−2∑

k=0

sk+1∫

sk

Pr(ϕ; [sk, sk+1])

τ γ(τ − t)p
dτ +

N−1∑

k=j+2

sk+1∫

sk

Pr(ϕ; [sk, sk+1])

τ γ(τ − t)p
dτ+

+

sj+2∫

sj−1

Pr(ϕ; [sj−1, sj+2])

τ γ(τ − t)p
dτ +RN(ϕ), (9.3)

ãäå sk = (k/N)r/(r−γ); k = 0, 1, . . . , N . Åå ïîãðåøíîñòü ïðè t ∈ [s2, sN−2]
îöåíèâàåòñÿ íåðàâåíñòâîì |RN(Ψ)| ≤ AN−ν(r+1−p−γ), ãäå ν = r/(r − γ).

Äîêàçàòåëüñòâî. Íàéäåì îöåíêó ñíèçó âåëè÷èíû ζ[W r(1)] ïðè r ≥
≥ p. Ðàçîáüåì ñåãìåíò [0, 1] íà 2N+2 ÷àñòåé òî÷êàìè vk = (k/(2N+2))ν
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(k = 0, 1, . . . , 2N + 2, ν = r/(r − γ)). Ïîñêîëüêó êâàäðàòóðíàÿ ôîð-
ìóëà (9.2) èìååò N óçëîâ, òî, ïî êðàéíåé ìåðå, â N + 2 èíòåðâàëàõ
∆k = (vk, vk+1) áóäóò îòñóòñòâîâàòü óçëû êâàäðàòóðíîé ôîðìóëû. Ýòè
èíòåðâàëû, êàê è â ïðåäûäóùèõ ðàçäåëàõ, íàçûâàþòñÿ îòìå÷åííûìè.
Â ïåðâîé ÷àñòè êíèãè (ñì. ñ. 169) ïîêàçàíî, ÷òî íà÷èíàÿ ñ íîìåðà k̄ ≤
≤ 3(N+1)/2, îòíîøåíèå ÷èñëà îòìå÷åííûõ èíòåðâàëîâ ñðåäè èíòåðâàëîâ
∆k,∆k+1, . . . ,∆k+l ê îáùåìó ÷èñëó ýòèõ èíòåðâàëîâ áîëüøå èëè ðàâíî
1/3. Ïîëîæèì t = vk̄ è ïîñòðîèì ôóíêöèþ ϕ∗(τ), ðàâíóþ íóëþ â íåîò-
ìå÷åííûõ èíòåðâàëàõ è â îòìå÷åííûõ èíòåðâàëàõ ∆k ïðè k < k̄. Â îòìå-
÷åííûõ èíòåðâàëàõ ïðè k ≥ k̄ ϕ∗(τ) = A(τ − vk)r(vk+1− τ)r(vk+1− vk)−r.
Êîíñòàíòà A âûáèðàåòñÿ èç òðåáîâàíèÿ, ÷òîáû ϕ∗(τ) ∈ W r(1). Òîãäà

ζN [W r(1)] ≥
1∫

0

ϕ(τ) dτ

τ γ(τ − t)p
≥

2N+1∑

k=k̄

′
vk+1∫

vk

ϕ(τ) dτ

τ γ(τ − t)p
=

A

N r(r+1−p−γ)/(r−γ) .

Çäåñü ∑′ îçíà÷àåò ñóììèðîâàíèå ïî îòìå÷åííûì èíòåðâàëàì.
Îöåíêà ñíèçó ïîëó÷åíà.
Îöåíèì ïîãðåøíîñòü êâàäðàòóðíîé ôîðìóëû (9.3). Íåòðóäíî âèäåòü,

÷òî
|RN(ϕ)| ≤

j−1∑

k=0
|
sk+1∫

sk

ϕ(τ)− Pr(ϕ; [sk, sk+1])

τ γ(τ − t)p
dτ |+

+
N−1∑

k=j+2
|
sk+1∫

sk

ϕ(τ)− Pr(ϕ; [sk, sk+1])

τ γ(τ − t)p
dτ |+

+|
sj+2∫

sj−1

ϕ(τ)− Pr(ϕ; [sj−1, sj+2])

τ γ(τ − t)p
dτ | = r1 + r2 + r3. (9.4)

Îöåíèì êàæäîå ñëàãàåìîå â îòäåëüíîñòè:

r1 ≤ A
j−1∑

k=1
(sk+1 − sk)

r+1
(
N

k

)νγ N vp

|(k + 1)ν − (j)ν|p+

+A

(
1

N

)ν(1−γ) (s1 − s0)
r

[(j/N)ν − (1/N)ν]p
≤ A

N ν(r+1−p−γ) . (9.5)

Àíàëîãè÷íûì îáðàçîì îöåíèâàåòñÿ r2

r2 ≤
N−1∑

k=j
|
sk+1∫

sk

ϕ(τ)− Pr(ϕ; [sk, sk+1])

τ γ(τ − t)p
dτ | ≤ A

N ν(r+1−p−γ) . (9.6)
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Îöåíèì r3. Ïðè ýòîì âîñïîëüçóåìñÿ îïðåäåëåíèåì èíòåãðàëà â ñìûñëå
ãëàâíîãî çíà÷åíèÿ Êîøè − Àäàìàðà

r3 = |
sj+2∫

sj−1

ϕ(τ)− Pr(ϕ; [sj−1, sj+2])

τ γ(τ − t)p
dτ | = |

sj+2∫

sj−1

g(τ) dτ

(τ − t)p
| =

=
p−2∑

k=0
|Ak

g(k)(sj−1)

(t− sj−1)p−1−k +Bk
g(k)(sj+2)

(sj+2 − t)p−1−k |+ C|
sj+2∫

sj−1

g(p−1)(τ) dτ

τ − t
|,

ãäå g(τ) = (ϕ(τ)− Pr(ϕ; [sk, sk+1]))τ
−γ.

Ïîëüçóÿñü íåðàâåíñòâîì À. À. Ìàðêîâà (ñì. òåîðåìó 3.8 â ãëàâå 1
ïåðâîé ÷àñòè êíèãè), èìååì: ‖g(k)(t)‖C[sj−1,sj+2]

≤ AN−ν(r−k−γ)j−kγ/(r−γ).
Ïîýòîìó ∣∣∣∣∣∣

g(k)(sj−1)

(t− sj−1)p−1−k

∣∣∣∣∣∣ ≤
A

N ν(r+1−p−γ) .

Îñòàëîñü îöåíèòü âåëè÷èíó èíòåãðàëà |
sj+2∫
sj−1

g(p−1)(τ)
τ−t dτ |. Îáîçíà÷èì ÷å-

ðåç ∆ âåëè÷èíó ∆ = min(t−sj−1, sj+2−t). Äëÿ îïðåäåëåííîñòè ïîëîæèì
∆ = t− sj−1. Òîãäà

|
sj+2∫

sj−1

g(p−1)(τ)

τ − t
dτ | ≤ |

t+∆∫

t−∆

g(p−1)(τ)

τ − t
dτ |+

+|
sj+2∫

t+∆

g(p−1)(τ)

τ − t
dτ | = |

t+∆∫

t−∆

g(p−1)(τ)− g(p−1)(t)

τ − t
dτ |+

+|
sj+2∫

t+∆

g(p−1)(τ)

τ − t
dτ | ≤ A

(
‖g(p)(t)‖C[t−∆,t+∆]

∆ + ‖g(p−1)(t)‖C[t+∆,sj+2]

)
≤

≤ A

N ν(r+1−p−γ) . (9.7)

Ñîáèðàÿ âìåñòå îöåíêè (9.5) − (9.7), èìååì: RN [Ψ] ≤ AN−ν(r+1−p−γ).
Òåîðåìà äîêàçàíà.
Ðàñïðîñòðàíåíèå ðåçóëüòàòîâ ýòîãî ïàðàãðàôà íà ãèïåðñèíãóëÿðíûå

èíòåãðàëû âèäà
Hϕ =

∞∫

−∞

p(τ)ϕ(τ)

(τ − t)p
dτ,

ãäå p(t) = eλ|t|/(1 + |t|)s, äàíî â ðàáîòàõ Þ. Ô. Çàõàðîâîé [48] − [51].
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Ãëàâà 4

ÊÓÁÀÒÓÐÍÛÅ ÔÎÐÌÓËÛ ÂÛ×ÈÑËÅÍÈß
ÁÈÃÈÏÅÐÑÈÍÃÓËßÐÍÛÕ ÈÍÒÅÃÐÀËÎÂ

1. Îïòèìàëüíûå êóáàòóðíûå ôîðìóëû âû÷èñëåíèÿ
áèãèïåðñèíãóëÿðíûõ èíòåãðàëîâ

îò ïåðèîäè÷åñêèõ ôóíêöèé

Ðàññìîòðèì èíòåãðàë

Iϕ =
2π∫

0

2π∫

0

ϕ(σ1, σ2) dσ1 dσ2

sinp1 σ1−s1
2 sinp2 σ2−s2

2
, p1, p2 = 2, 3, . . . , (1.1)

äëÿ âû÷èñëåíèÿ êîòîðîãî ïðèìåíèì êóáàòóðíóþ ôîðìóëó

Iϕ =
n∑

k=1

m∑

i=1
pki(s1, s2)ϕ(xk, yi) +Rmn(s1, s2, xk, yi, pkl, ϕ), (1.2)

îïðåäåëÿåìóþ âåêòîðîì (X, Y ;P ) ñ ïðîèçâîëüíûìè óçëàìè

0 ≤ x1 < x2 < . . . < xn ≤ 2π; 0 ≤ y1 < y2 < . . . < ym ≤ 2π

è êîýôôèöèåíòàìè pki. Ïîëîæèì ϕ(σ1, σ2) ∈ W r1,r2(1).
Îòìåòèì, ÷òî, êàê è â ñëó÷àå îäíîìåðíûõ ãèïåðñèíãóëÿðíûõ èíòåãðà-

ëîâ (ñì. ðàçäåë 3 ïðåäûäóùåé ãëàâû), ê èíòåãðàëàì âèäà (1.1) çàìåíîé
ïåðåìåííûõ ñâîäÿòñÿ èíòåãðàëû âèäà

∫

γ1

∫

γ2

ϕ(τ1, τ2)dτ1dτ2
(τ1 − t1)(τ2 − t2)

ïî åäèíè÷íûì îêðóæíîñòÿì γ1, γ2.
Òåîðåìà 1.1. Ïóñòü Ψ ∈ W

r1r2(1) è èíòåãðàë (1.1) âû÷èñëÿåòñÿ ïî
êóáàòóðíîé ôîðìóëå (1.2) . Òîãäà åñëè p1, p2− ÷åòíûå öåëûå ÷èñëà, òî

ζnm[Ψ] ≥ 4(1 + o(1))

nm(p1 − 1)(p2 − 1)2p1+p2−2

(
n

π

)p1
(
m

π

)p2

×

×

2Kr1π

nr1
+
Kr2π

mr2
+

4Kr1Kr2π
2

nr1mr2


 .

Ïðè îñòàëüíûõ ñî÷åòàíèÿõ p1 è p2 ζnm[Ψ] ≥ A( mp2−1

nr1−p1+1 + np1−1

mr2−p2+1 ).
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Ñðåäè âñåâîçìîæíûõ êóáàòóðíûõ ôîðìóë, èñïîëüçóþùèõ ïîäûíòå-
ãðàëüíóþ ôóíêöèþ â N = nm óçëàõ, îïòèìàëüíîé ïî ïîðÿäêó ÿâëÿåòñÿ
êóáàòóðíàÿ ôîðìóëà

Iϕ =
2π∫

0

2π∫

0

snm[ϕ(σ1, σ2)] dσ1 dσ2

sinp1 σ1−s1
2 sinp2 σ2−s2

2
+RN(ϕ), (1.3)

ãäå snm[ϕ] = sσ1
n [sσ2

m [ϕ]] , sn[ϕ] ∈ Cr1 (sm[ϕ] ∈ Cr2) � èíòåðïîëÿöèîí-
íûé ñïëàéí ïîðÿäêà r1 (r2) ïî ðàâíîìåðíîìó ðàçáèåíèþ vk = 2kπ/n,
k = 0, 1, . . . , n (wk = 2kπ/m, k = 0, 1, . . . ,m). Ïîãðåøíîñòü êóáàòóðíîé
ôîðìóëû îïðåäåëÿåòñÿ ðàâåíñòâîì RN [Ψ] = O(np1−1mp2−1(n−r1 +m−r2)).

Äîêàçàòåëüñòâî. Âíà÷àëå ïîëó÷èì îöåíêó ñíèçó ïîãðåøíîñòè êó-
áàòóðíîé ôîðìóëû (1.2) íà êëàññå W r1r2(1) íà ïðîèçâîëüíîì âåêòîðå
(X,Y ;P ) óçëîâ è âåñîâ.

Îáîçíà÷èì ÷åðåç ϕ∗(σ1, σ2) ôóíêöèþ, óäîâëåòâîðÿþùóþ ñëåäóþùèì
óñëîâèÿì:

1) ϕ∗(σ1, σ2) ∈ W r1,r2(1);
2) minϕ∗(σ1, σ2) = ϕ∗(xk, yj) = 0 (k = 1, 2, . . . , n; j = 1, 2, . . . ,m);
3)

2π∫
0

2π∫
0
ϕ∗(σ1, σ2) dσ1dσ2 ≥ 2Kr1

π

nr1
+

Kr2
π

mr2
+

4Kr1
Kr2

π2

nr1mr2
.

Ïîêàæåì, ÷òî òàêàÿ ôóíêöèÿ ñóùåñòâóåò. Â ðàáîòå Â. Ï. Ìîòîðíîãî
[60] ïîêàçàíî, ÷òî íà ëþáîì ìíîæåñòâå óçëîâ sk, k = 1, 2, . . . , N , ñóùå-
ñòâóåò íåîòðèöàòåëüíàÿ ôóíêöèÿ ϕ(t) ∈ W̃ r(1), óäîâëåòâîðÿþùàÿ äâóì
óñëîâèÿì:

1) ϕ(sk) = 0, k = 1, 2, . . . , N ;
2)

2π∫
0
ϕ(t) dt ≥ Kr

nr .
Îïðåäåëèì ôóíêöèþ ϕ∗(σ1, σ2), î êîòîðîé ðå÷ü øëà âûøå, ôîðìóëîé

ϕ∗(σ1, σ2) = (ϕ1(σ1) + ϕ2(σ2) + ϕ1(σ1)ϕ2(σ2))/A, ãäå ϕ1(σ1) ∈ W r1(1)−
íåîòðèöàòåëüíàÿ ôóíêöèÿ, îáðàùàþùàÿñÿ â íóëü â óçëàõ xk, k =
= 1, 2, . . . , n; ϕ2(σ2) ∈ W r2(1)− íåîòðèöàòåëüíàÿ ôóíêöèÿ, îáðàùàþ-
ùàÿñÿ â íóëü â óçëàõ yj, j = 1, 2, . . . ,m; A � êîíñòàíòà, ïîäáèðàåìàÿ
èç óñëîâèÿ, ÷òîáû ϕ∗(σ1, σ2) ∈ W r1r2(1). Îòìåòèì, ÷òî çäåñü ðå÷ü èäåò î
ôóíêöèÿõ, ñóùåñòâîâàíèå êîòîðûõ äîêàçàíî â ðàáîòå Â. Ï. Ìîòîðíîãî
[60] è äëÿ êîòîðûõ âûïîëíåíû óñëîâèÿ 1), 2). Íåòðóäíî âèäåòü, ÷òî ïðè
êàæäîì ôèêñèðîâàííîì íàáîðå (n,m) òàêàÿ êîíñòàíòà A ñóùåñòâóåò è
A ≤ 1 +Kr/N

r, ãäå N = min(n,m).
Ââåäåì óçëû vk = 2kπ/n è wk = 2kπ/m è ïîñòðîèì ïðÿìîóãîëüíèêè
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[vk, vk+1;wj, wj+1]. Âîçüìåì ïðîèçâîëüíóþ òî÷êó (vk, wj) è ïðåäñòàâèì
èíòåãðàë Iϕ∗ â âèäå ñóììû

Iϕ∗(vk, wj) =
2π∫

0

2π∫

0

ϕ∗(σ1, σ2)
1

sinp1 σ1−vk

2 sinp2 σ2−wj

2

dσ1 dσ2 ≥

≥
[n/2]−1∑

l=1

vk−l∫

vk−l−1

2π∫

0

ϕ∗(σ1, σ2)
1

sinp1 σ1−vk

2 sinp2 σ2−wj

2

dσ1 dσ2+

+
[n/2]−1∑

l=1

vk+l+1∫

vk+l

2π∫

0

ϕ∗(σ1, σ2)
1

sinp1 σ1−vk

2 sinp2 σ2−wj

2

dσ1 dσ2 ≥

≥
[n/2]−1∑

l=1

vk−l∫

vk−l−1

[m/2]−1∑

i=1

wj−i∫

wj−i−1

ϕ∗(σ1, σ2)

sinp1 σ1−vk

2 sinp2 σ2−wj

2

dσ1 dσ2+

+
[n/2]−1∑

l=1

vk−l∫

vk−l−1

[m/2]−1∑

i=1

wj+i+1∫

wj+i

ϕ∗(σ1, σ2)

sinp1 σ1−vk

2 sinp2 σ2−wj

2

dσ1 dσ2+

+
[n/2]−1∑

l=1

vk+l+1∫

vk+l

[m/2]−1∑

i=1

wj−i∫

wj−i−1

ϕ∗(σ1, σ2)

sinp1 σ1−vk

2 sinp2 σ2−wj

2

dσ1 dσ2+

+
[n/2]−1∑

l=1

vk+l+1∫

vk+l

[m/2]−1∑

i=1

wj+i+1∫

wj+i

ϕ∗(σ1, σ2)

sinp1 σ1−vk

2 sinp2 σ2−wj

2

dσ1 dσ2 ≥

≥
[n/2]−1∑

l=1

[m/2]−1∑

i=1

(
sinp1

vl
2

sinp2
wi
2

)−1 ( vk−l∫

vk−l−1

wj−i∫

wj−i−1

ϕ∗(σ1, σ2) dσ1 dσ2+

+

vk−l∫

vk−l−1

wj+i+1∫

wj+i

ϕ∗(σ1, σ2) dσ1 dσ2 +

vk+l+1∫

vk+l

wj−i∫

wj−i−1

ϕ∗(σ1, σ2) dσ1 dσ2+

+

vk+l+1∫

vk+l

wj+i+1∫

wj+i

ϕ∗(σ1, σ2) dσ1 dσ2

)
.

Ïîñêîëüêó ìàêñèìàëüíîå çíà÷åíèå ôóíêöèè Iϕ∗(σ1, σ2) íå ìåíüøå åå
ñðåäíåãî çíà÷åíèÿ, òî

max Iϕ∗(s1, s2) ≥ 1

nm

n∑

j=1

m∑

k=1
Iϕ∗(vj, wk).

Óñðåäíèì èíòåãðàë

Iϕ∗(s1, s2) =
1

nm

n∑

k=1

m∑

j=1

[n/2]−1∑

l=1

[m/2]−1∑

i=1

1

sinp1 vl

2 sinp2 wi

2
×
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×



vk−l∫

vk−l−1

wj−i∫

wj−i−1

ϕ∗(σ1, σ2) dσ1 dσ2 +

vk−l∫

vk−l−1

wj+i+1∫

wj+i

ϕ∗(σ1, σ2) dσ1 dσ2+

+

vk+l+1∫

vk+l

wj−i∫

wj−i−1

ϕ∗(σ1, σ2) dσ1 dσ2 +

vk+l+1∫

vk+l

wj+i+1∫

wj+i

ϕ∗(σ1, σ2) dσ1 dσ2


 =

=
1

nm

[n/2]−1∑

l=1

[m/2]−1∑

i=1

1

sinp1 vl

2 sinp2 wi

2

n∑

k=1

m∑

j=1




vk−l∫

vk−l−1

wj−i∫

wj−i−1

ϕ∗ dσ1 dσ2+

+

vk−l∫

vk−l−1

wj+i+1∫

wj+i

ϕ∗ dσ1 dσ2 +

vk+l+1∫

vk+l

wj−i∫

wj−i−1

ϕ∗ dσ1 dσ2 +

vk+l+1∫

vk+l

wj+i+1∫

wj+i

ϕ∗ dσ1 dσ2


 =

=
4

nm

2π∫

0

2π∫

0

ϕ∗(σ1, σ2) dσ1 dσ2

[n/2]−1∑

l=1

1

sinp1 vl

2

[m/2]−1∑

i=1

1

sinp2 wi

2
.

Ñóììà
n∑

l=1

1

sinp vl

2

áûëà îöåíåíà â ðàçäåëå 3 ïðåäûäóùåé ãëàâû. Âîñïîëüçîâàâøèñü ýòîé
îöåíêîé, èìååì:

max Iϕ∗(s1, s2) ≥ 4(1 + o(1))

2p1+p2−2nm

2π∫

0

2π∫

0

ϕ∗(σ1, σ2) dσ1 dσ2
(n/π)p1

p1 − 1

(m/π)p2

p2 − 1
=

=
1 + o(1)

2p1+p2−2


2Kr1π

nr1
+
Kr2π

mr2
+

4Kr1Kr2π
2

nr1mr2


 4

nm

(
n

π

)p1 1

p1 − 1

(
m

π

)p2 1

p2 − 1
.

Îöåíêà ñíèçó â ñëó÷àå ÷åòíûõ p1 è p2 ïîëó÷åíà.
Ðàññìîòðèì ñëó÷àé, êîãäà p1 è p2 íå ÿâëÿþòñÿ ÷åòíûìè ÷èñëàìè.
Ââåäåì óçëû vk = 2kπ/n1, k = 0, 1, . . . , n1, wl = 2lπ/m1, l = 0, 1, . . . ,m1,

ãäå äëÿ ïðîñòîòû äàëüíåéøèõ âûêëàäîê ïîëàãàåì n1, m1 ÷åòíûìè. ×åðåç
ukl îáîçíà÷èì óçëû ukl = (vk, wl), k = 0, 1, . . . .n1, l = 0, 1, . . . ,m1. Îáî-
çíà÷èì ÷åðåç dij, i = 1, 2, . . . , 2n + 1, j = 1, 2, . . . , 2m + 1 îáúåäèíåíèå
ìíîæåñòâà óçëîâ êóáàòóðíîé ôîðìóëû (1.2) è óçëîâ ukl, k = 0, 1, . . . , n,
l = 0, 1, . . . ,m.

Êàæäîìó óçëó ukl, k = 0, 1, . . . , n, l = 0, 1, . . . ,m, ïîñòàâèì â ñîîòâåò-
ñòâèå ôóíêöèþ

ϕ∗kl(σ1, σ2) =
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=





0, (σ1, σ2) ∈ Ω,
ϕ∗(σ1, σ2)

(
sgn sinp1 σ1−vk

2

) (
sgn sinp2 σ2−wl

2

)
, (σ1, σ2) ∈ [0, 2π]2 \ Ω,

ãäå Ω =
{
(σ1, σ2) : |σ1 − vk| ≤ 2π

n1
, |σ1 − vk+n1/2| ≤ 2π

n1
, |σ2 − wl| ≤ 2π

m1
,

|σ2 − wl+m1/2| ≤ 2π
m1

}
.

Òîãäà

I(ϕ∗)(vk, wl) =
2π∫

0

2π∫

0

ϕ∗(σ1, σ2)dσ1dσ2

sinp1 σ1−vk

2 sinp2 σ2−wl

2
≥

≥
n1−1∑

i=0

′ m1−1∑

j=0

′′
vi+1∫

vi

wj+1∫

wj

ϕ∗(σ1, σ2)dσ1dσ2

sinp1 σ1−vk

2 sinp2 σ2−wl

2
≥

≥
k+n1/2−2∑

i=k+1

l+m1/2−2∑

j=l+1

∣∣∣∣∣∣∣
1

sinp1 π(i−k)
n1

∣∣∣∣∣∣∣

∣∣∣∣∣∣∣
1

sinp2 π(j−l)
m1

∣∣∣∣∣∣∣
×

×
vi+1∫

vi

wj+1∫

wj

ϕ∗(σ1, σ2)dσ1dσ2+

+
k+n1/2−2∑

i=k+1

l−1∑

j=l−1−m1/2−2

∣∣∣∣∣∣∣
1

sinp1 π(i−k)
n1

∣∣∣∣∣∣∣

∣∣∣∣∣∣∣
1

sinp2 π(j−l)
m1

∣∣∣∣∣∣∣
×

×
vi+1∫

vi

wj+1∫

wj

ϕ∗(σ1, σ2)dσ1dσ2+

+
k−1∑

i=k−1−n1/2−2

l+m1/2−2∑

j=l+1

∣∣∣∣∣∣∣
1

sinp1 π(j−l)
n1

∣∣∣∣∣∣∣

∣∣∣∣∣∣∣
1

sinp2 π(j−l)
m1

∣∣∣∣∣∣∣
×

×
vi+1∫

vi

wj+1∫

wj

ϕ∗(σ1, σ2)dσ1dσ2+

+
k−1∑

i=k−1−n1/2−2

l−1∑

j=l−1−m1/2−2

∣∣∣∣∣∣∣
1

sinp1 π(j−l)
n1

∣∣∣∣∣∣∣

∣∣∣∣∣∣∣
1

sinp2 π(j−l)
m1

∣∣∣∣∣∣∣
×

×
vi+1∫

vi

wj+1∫

wj

ϕ∗(σ1, σ2)dσ1dσ2,

ãäå ∑′ îçíà÷àåò ñóììèðîâàíèå ïî i 6= k−1, k,
∑ ′′ îçíà÷àåò ñóììèðîâàíèå

ïî j 6= l − 1, l.
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Óñðåäíÿÿ ïðåäûäóùåå íåðàâåíñòâî ïî k(k = 0, 1, . . . , n1 − 1) è l(l =
= 0, 1, . . . ,m1 − 1), èìååì:

sup
ϕ∈W r,r

(1)
max

0≤s1,s2≤2π

2π∫

0

2π∫

0

ϕ(σ1, σ2)
1

sinp1 σ1−s1
2

1

sinp2 σ2−s2
2

dσ1dσ2 ≥

≥ 1

n1m1

n1−1∑

k=0

m1−1∑

l=0

2π∫

0

2π∫

0

ϕ∗kl(σ1, σ2)
1

sinp1 σ1−vk

2

1

sinp2 σ2−wl

2
dσ1dσ2 ≥

≥ 1

n1m1

n1−1∑

k=0

m1−1∑

l=0



n1/2−2∑

i=1

m1/2−2∑

j=1

vk+i+1∫

vk+i

wl+j+1∫

wl+j

ϕ∗(σ1, σ2)

∣∣∣∣∣∣
1

sinp1 σ1−vk

2

∣∣∣∣∣∣×

×
∣∣∣∣∣∣

1

sinp2 σ2−wl

2

∣∣∣∣∣∣ dσ1dσ2+

+
n1/2−2∑

i=1

m1/2−2∑

j=1

vk+i+1∫

vk+1

wl−j∫

wl−j−1

ϕ∗(σ1, σ2)

∣∣∣∣∣∣
1

sinp1 σ1−vk

2

∣∣∣∣∣∣

∣∣∣∣∣∣
1

sinp2 σ2−wl

2

∣∣∣∣∣∣ dσ1dσ2+

+
n1/2−2∑

i=1

m1/2−2∑

j=1

vk−j∫

vk−j−1

wl+j+1∫

wl+j

ϕ∗(σ1, σ2)

∣∣∣∣∣∣
1

sinp1 σ1−vk

2

∣∣∣∣∣∣

∣∣∣∣∣∣
1

sinp2 σ2−wl

2

∣∣∣∣∣∣ dσ1dσ2+

+
n1/2−2∑

i=1

m1/2−2∑

j=1

vk−i∫

vk−i−1

wl−j∫

wl−j−1

ϕ∗(σ1, σ2)

∣∣∣∣∣∣
1

sinp1 σ1−vk

2

∣∣∣∣∣∣

∣∣∣∣∣∣
1

sinp2 σ2−wl

2

∣∣∣∣∣∣ dσ1dσ2


 ≥

≥ 1

n1m1

n1−1∑

k=0

m1−1∑

l=0



n1/2−2∑

i=1

m1/2−2∑

j=1

(
n1

i+ 1

)p1
(
m1

j + 1

)p2

×

×
vk+i+1∫

vk+i

wl+j+1∫

wl+j

ϕ∗(σ1, σ2)dσ1dσ2+

+
n1/2−2∑

i=1

m1/2−2∑

j=1

(
n1

i+ 1

)p1
(
m1

j + 1

)p2
vk+i+1∫

vk+1

wl−j∫

wl−j−1

ϕ∗(σ1, σ2)dσ1dσ2+

+
n1/2−2∑

i=1

m1/2−2∑

j=1

(
n1

i+ 1

)p1
(
m1

j + 1

)p2
vk−i∫

vk−i−1

wl+j+1∫

wl+j

ϕ∗(σ1, σ2)dσ1dσ2+

+
n1/2−2∑

i=1

m1/2−2∑

j=1

(
n1

i+ 1

)p1
(
m1

j + 1

)p2
vk−i∫

vk−i−1

wl−j∫

wl−j−1

ϕ∗(σ1, σ2)dσ1dσ2


 =

= 4np1−1
1 mp2−1

1

n1/2−2∑

i=1

m1/2−2∑

j=1

(
n1

i+ 1

)p1
(
m1

j + 1

)p2 2π∫

0

2π∫

0

ϕ∗(σ1, σ2)dσ1dσ2 ≥
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≥ Anp1−1
1 mp2−1

1

2π∫

0

2π∫

0

ϕ∗(σ1, σ2)dσ1dσ2 ≥

≥ Anp1−1mp2−1


2Kr1π

nr1
+

2Kr2π

mr2
+

4Kr1Kr2π
2

nr1mr2


 =

= Anp1−1mp2−1
(

1

nr1
+

1

mr2
+

1

nr1mr2

)
.

Ïîëó÷åíà îöåíêà ñíèçó, êîãäà p1 è p2 íå îáÿçàòåëüíî ÷åòíûå ÷èñëà.
Çàìå÷àíèå. Îïèñàííûé âûøå ñïîñîá ïîëó÷åíèÿ îöåíîê ñíèçó ïðèìå-

íèì â ñëó÷àå, êîãäà p1 è p2− ÷åòíûå ÷èñëà.
Ïðèñòóïèì ê îöåíêå ïîãðåøíîñòè êóáàòóðíîé ôîðìóëû (1.3). Íàïîì-

íèì, ÷òî èñïîëüçóåìûé â êóáàòóðíîé ôîðìóëå (1.3) èíòåðïîëÿöèîííûé
ñïëàéí snm(ϕ(s1, s2)) ñòðîèòñÿ ïî ðàâíîìåðíîìó ðàçáèåíèþ vk = 2kπ/n,
k = 0, 1, . . . , n, wk = 2kπ/m, k = 0, 1, . . . ,m.

Ââåäåì îáîçíà÷åíèå ∆kl = [vk, vk+1;wl, wl+1], k = 0, 1, . . . , n− 1, l =
= 0, 1, . . . ,m− 1.

Òîãäà

|RN(ϕ)| ≤
n−1∑

k=0

m−1∑

l=0

∣∣∣∣∣∣∣

∫ ∫

∆kl

Ψ(σ1, σ2)dσ1σ2

sinp1 σ1−s1
2 sinp2 σ2−s2

2

∣∣∣∣∣∣∣
,

ãäå Ψ(σ1, σ2) = ϕ(σ1, σ2)− snm(ϕ(σ1, σ2)).
Ïóñòü (s1, s2) ∈ ∆ij. Î÷åâèäíî,

|RN(ϕ)| ≤
∣∣∣∣∣∣∣∣

∫ ∫

∆∗
kl

Ψ(σ1, σ2)dσ1σ2

sinp1 σ1−s1
2 sinp2 σ2−s2

2

∣∣∣∣∣∣∣∣
+

+



i−2∑

k=0

j−2∑

l=0
+

n−1∑

k=i+2

j−2∑

l=0
+

i−2∑

k=0

m−1∑

l=j+2
+

n−1∑

k=j+2

m−1∑

l=j+2


×

×
∣∣∣∣∣∣∣

∫ ∫

∆kl

Ψ(σ1, σ2)dσ1dσ2

sinp1 σ1−s1
2 sinp2 σ2−s2

2

∣∣∣∣∣∣∣
+



i−2∑

k=0

j+1∑

l=j−2
+

n−1∑

k=i+2

j+1∑

l=j−2
+

+
i+1∑

k=i−1

j−2∑

l=0
+

i+1∑

k=i−1

m−1∑

l=j+2




∣∣∣∣∣∣∣

∫ ∫

∆kl

Ψ(σ1, σ2)dσ1σ2

sinp1 σ1−s1
2 sinp2 σ2−s2

2

∣∣∣∣∣∣∣
= r1 + r2 + r3.

Çäåñü ∆∗
i,j = ∆i−1,j−1 ∪∆i−1,j ∪∆i−1,j+1 ∪ · · · ∪∆i+1,j+1.

Îöåíèì êàæäóþ ãðóïïó ñëàãàåìûõ â îòäåëüíîñòè.
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Âîñïîëüçîâàâøèñü îïðåäåëåíèåì ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ, èìå-
åì

r1 ≤ Anp1−1mp2−1
(

1

nr1
+

1

mr2

)
.

Î÷åâèäíî,

r2 ≤ 4
i−2∑

k=0

j−2∑

l=0

∣∣∣∣∣∣∣

∫ ∫

∆kl

Ψ(σ1, σ2)dσ1dσ2

sinp1 σ1−s1
2 sinp2 σ2−s2

2

∣∣∣∣∣∣∣
≤

≤ 4np1mp2

πp1+p2

i−2∑

k=0

j−2∑

l=0

1

(i− k)p1(j − l)p2

∫ ∫

∆kl

|Ψ(τ1, τ2)| dτ1dτ2 ≤

≤ Anp1−1mp2−1
(

1

nr1
+

1

mr2

)
;

r3 ≤ 4
i−2∑

k=0

j+1∑

l=j−2

∣∣∣∣∣∣∣

∫ ∫

∆kl

Ψ(σ1, σ2)dσ1dσ2

sinp1 σ1−s1
2 sinp2 σ2−s2

2

∣∣∣∣∣∣∣
≤

≤ 4
i−2∑

k=0

j+1∑

l=j−2

∣∣∣∣∣∣∣

∫ ∫

∆kl

(
Ψ(σ1, σ2)−Ψ(σ1, s2)−Ψ

′
2(σ1, s2)

σ2 − s2

1!
− · · ·

−Ψ
(p2)
2 (σ1, s2)

(σ2 − s2)
p2

p2!


 dσ1

sinp1 σ1−s1
2

dσ2

sinp2 σ2−s2
2

∣∣∣∣∣∣ +

+4
i−2∑

k=0

j+1∑

l=j−2

∣∣∣∣∣∣∣

∫ ∫

∆kl

(
Ψ(σ1, s2) + Ψ

′
2(σ1, s2)

σ2 − s2

1!
+ · · ·+

+Ψ
(p2)
2 (σ1, s2)

(σ2 − s2)
p2

p2!


×

× dσ1dσ2

sinp1 σ1−s1
2 sinp2 σ2−s2

2
≤ Anp1−1mp2−1

(
1

nr1
+

1

mr2

)
,

ãäå Ψ
(k)
2 îçíà÷àåò ÷àñòíóþ ïðîèçâîäíóþ k-ãî ïîðÿäêà ïî âòîðîé ïåðåìåí-

íîé.
Èç ïîëó÷åííûõ îöåíîê ñëåäóåò, ÷òî |RN(ϕ)| ≤ Anp1−1mp2−1

(
1
nr1

+ 1
mr2

)

è, ñëåäîâàòåëüíî, RN [Ψ] ≤ Anp1−1mp2−1
(

1
nr1

+ 1
mr2

)
. Èç ñîïîñòàâëåíèÿ

ýòîé îöåíêè è îöåíêè ζN [Ψ] ñëåäóåò ñïðàâåäëèâîñòü òåîðåìû.
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Ïðèìåíåíèå êóáàòóðíîé ôîðìóëû (1.3) íà ïðàêòèêå äîñòàòî÷íî îáðå-
ìåíèòåëüíî. Ïðèâåäåì êóáàòóðíóþ ôîðìóëó, êîòîðàÿ íå ÿâëÿåòñÿ îïòè-
ìàëüíîé, íî äîñòàòî÷íî ëåãêî ðåàëèçóåòñÿ. Ïîñòðîåíèå ýòîé êóáàòóðíîé
ôîðìóëû èçëîæèì íà ïðèìåðå èíòåãðàëà

Jϕ =
∫

γ1

∫

γ2

ϕ(τ1, τ2)dτ1dτ2
(τ1 − t1)p(τ2 − t2)p

,

ãäå γi− åäèíè÷íàÿ îêðóæíîñòü ñ öåíòðîì â íà÷àëå êîîðäèíàò â ïëîñêîñòè
êîìïëåêñíîé ïåðåìåííîé zi, i = 1, 2.

Îáîçíà÷èì ÷åðåç vjk óçëû, ðàñïîëîæåííûå íà îêðóæíîñòè γj, j = 1, 2,
è îïðåäåëÿåìûå ôîðìóëîé vjk = eisk, sk = 2kπ/(2n + 1), k = 0, 1, . . . , 2n,
j = 1, 2.

×åðåç Lnn(ϕ; τ1, τ2) îáîçíà÷èì ïîëèíîì, èíòåðïîëèðóþùèé ôóíêöèþ
ϕ(τ1, τ2) ïî óçëàì {v1

k, v
2
l }, k, l = 0, 1, . . . , 2n.

Èíòåãðàë Jϕ áóäåì âû÷èñëÿòü ïî êóáàòóðíîé ôîðìóëå

Jϕ =
∫

γ1

∫

γ2

Lnn(ϕ; τ1, τ2)dτ1dτ2
(τ1 − t1)p(τ2 − t2)p

+RN(ϕ). (1.4)

Ìîæíî ïîêàçàòü, ÷òî íà êëàññå ôóíêöèé Cr
2(1), r ≥ 2p, ýòà êóáàòóðíàÿ

ôîðìóëà èìååò ïîãðåøíîñòü

Rnn[C
r
2(1)] ≤ B

ln2N

nr−2p+2 .

Àíàëîãè÷íàÿ îöåíêà ñïðàâåäëèâà è íà êëàññå ôóíêöèé W r,r(1).
Ïðè ïîñòðîåíèè êóáàòóðíîé ôîðìóëû (1.4) ìîæíî íåïîñðåäñòâåííî

âû÷èñëèòü ãèïåðñèíãóëÿðíûé èíòåãðàë îò ïîëèíîìà Lnn(ϕ; τ1, τ2). Ìîæ-
íî òàêæå âîñïîëüçîâàòüñÿ ôîðìóëîé

∫

γ1

∫

γ2

ϕ(τ1, τ2)dτ1dτ2
(τ1 − t1)p(τ2 − t2)p

=

=
1

(p!)2

∫

γ1

∫

γ2

∂2p−2ϕ(τ1, τ2)

∂τ p−1
1 ∂τ p−1

2

dτ1dτ2
(τ1 − t1)(τ2 − t2)

,

ó÷èòûâàÿ, ÷òî ïîëèñèíãóëÿðíûå èíòåãðàëû îò ïîëèíîìîâ tkτ l, k, l = −n,
−n+ 1, · · · ,−1, 0, 1, · · · , n ÿâëÿþòñÿ òàáëè÷íûìè.
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2. Êóáàòóðíûå ôîðìóëû
äëÿ âû÷èñëåíèÿ èíòåãðàëà Àäàìàðà

â ïëîñêîñòè äâóõ êîìïëåêñíûõ ïåðåìåííûõ

Ðàññìîòðèì èíòåãðàë Àäàìàðà

Aϕ =
∫

L1

∫

L2

ϕ(τ1, τ2) dτ1 dτ2
(τ1 − t1)p1(τ2 − t2)p2

, (2.1)

ãäå L1 è L2 � çàìêíóòûå ãëàäêèå Ëÿïóíîâñêèå êîíòóðû â êîìïëåêñíûõ
ïëîñêîñòÿõ. Ôóíêöèÿ ϕ(τ1, τ2) îïðåäåëåíà íà êîíòóðå L = L1×L2 è
èìååò ïðîèçâîäíûå äî r1-ãî ïîðÿäêà ïî ïåðåìåííîé τ1 è r2-ãî ïîðÿäêà
ïî ïåðåìåííîé τ2, ïðè÷åì max |ϕ(r1)

τ1
(τ1, τ2)| ≤ 1; max |ϕ(r2)

τ2
(τ1, τ2)| ≤

≤ 1; max |ϕ(r1,r2)
τ1τ2

(τ1, τ2)| ≤ 1, ò. å. ϕ(τ1, τ2) ∈ W r1r2(1).
Äëÿ âû÷èñëåíèÿ èíòåãðàëîâ âèäà (2.1) áóäåì èñïîëüçîâàòü êóáàòóð-

íûå ôîðìóëû

Aϕ =
N1∑

k=0

N2∑

k=0
pkl(t1, t2)ϕ(vk, wl) +RN1N2

(t1, t2, pkl(t1, t2), ϕ). (2.2)

Äëÿ ïîëó÷åíèÿ îöåíêè ñíèçó ïîãðåøíîñòè êóáàòóðíûõ ôîðìóë âû-
÷èñëåíèÿ èíòåãðàëîâ âèäà (2.1) çàìåòèì, ÷òî èõ ÷àñòíûì ñëó÷àåì ÿâëÿ-
þòñÿ èíòåãðàëû ïî åäèíè÷íûì îêðóæíîñòÿì γ1 è γ2, ðàñïîëîæåííûì â
ïëîñêîñòÿõ êîìïëåêñíûõ ïåðåìåííûõ z1 è z2. Òî÷íî òàê æå, êàê â ñëó÷àå
îäíîìåðíûõ ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ ïî åäèíè÷íîé îêðóæíîñòè,
ìîæíî ïîêàçàòü, ÷òî èíòåãðàë (2.1) ñâîäèòñÿ ê èíòåãðàëó

Aϕ =
2π∫

0

2π∫

0

Ψ(σ1, σ2)dσ1dσ2

sinp1 σ1−s1
2 sinp1 σ2−s2

2
, (2.3)

à êóáàòóðíàÿ ôîðìóëà (2.2) ñâîäèòñÿ ê êóáàòóðíîé ôîðìóëå

Aϕ =
N1∑

k=0

N2∑

k=0
p∗kl(s1, s2)ϕ(v∗k, w

∗
l ) +RN1N2

(s1, s2, p
∗
kl(s1, s2), ϕ). (2.4)

Â ïðåäûäóùåì ðàçäåëå ïîëó÷åíà îöåíêà

ζN [W
r1,r2(1)] ≥ ANp1−1

1 Np2−1
2

(
1

N r1
1

+
1

N r2
2

+
1

N r1
1 N

r2
2

)
,

êîòîðàÿ áóäåò ñïðàâåäëèâà è â ñëó÷àå âû÷èñëåíèÿ èíòåãðàëîâ âèäà (2.1)
ïî êóáàòóðíûì ôîðìóëàì âèäà (2.2).
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Ïðåäïîëîæèì, ÷òî ôóíêöèÿ ϕ(τ1, τ2) çàäàíà ñ ïîãðåøíîñòüþ, ò. å. âìå-
ñòî ϕ(τ1, τ2) çàäàíà ϕ̃(τ1, τ2), òàêàÿ, ÷òî max |ϕ(τ1, τ2)− ϕ̃(τ1, τ2)| ≤ ε.
Ïðîâåäåì ðàçáèåíèå êîíòóðà L1 íà N1 ðàâíûõ ÷àñòåé òî÷êàìè tk1

è êîí-
òóðà L2 íà N2 ðàâíûõ ÷àñòåé òî÷êàìè tk2

è ïîñòðîèì ñëåäóþùóþ êóáà-
òóðíóþ ôîðìóëó:

Aϕ =
1

4

N1−1∑

k1=0

N2−1∑

k2=0

tk1+1∫

tk1

tk2+1∫

tk2


 ϕ̃(t′k1

, t′k2
)

[τ1 − (t1 + n̄1h1)]
p1[τ2 − (t2 + n̄2h2)]

p2
+

+
ϕ̃(t′k1

, t′k2
)

[τ1 − (t1 + n̄1h1)]
p1[τ2 − (t2 − n̄2h2)]

p2
+

+
ϕ̃(t′k1

, t′k2
)

[τ1 − (t1 − n̄1h1)]
p1[τ2 − (t2 + n̄2h2)]

p2
+

+
ϕ̃(t′k1

, t′k2
)

[τ1 − (t1 − n̄1h1)]
p1[τ2 − (t2 − n̄2h2)]

p2


 dτ1 dτ2 +RN1N2

(ϕ), (2.5)

ãäå t′k1
� òî÷êà êîíòóðà L1, ðàâíîîòñòîÿùàÿ îò tk1

è tk1+1;, t′k2
� òî÷êà

êîíòóðà L2, ðàâíîîòñòîÿùàÿ îò tk2
è tk2+1; h1 = N

−1/p1

1 , h2 = N
−1/p2

2 ;
n̄i � åäèíè÷íàÿ íîðìàëü â íàïðàâëåíèè âîãíóòîñòè êîíòóðà Li â òî÷êå
t′ki

; òî÷êà t′k1
− n̄1h1 íàõîäèòñÿ âíóòðè êîíòóðà L1, íî íå íà êîíòóðå L1;

òî÷êà t′k2
− n̄2h2 íàõîäèòñÿ âíóòðè êîíòóðà L2, íî íå íà êîíòóðå L2.

Çàìå÷àíèå. Îïèñàííîå âûøå ïîñòðîåíèå âñåãäà îñóùåñòâèìî ïðè äî-
ñòàòî÷íî áîëüøèõ N1 è N2.

Òåîðåòè÷åñêàÿ îöåíêà ïîãðåøíîñòè êóáàòóðíîé ôîðìóëû (2.5) ïðè
p1 + p2 > 2 ñâÿçàíà ñ ãðîìîçäêèìè âû÷èñëåíèÿìè, è ïîëó÷åííûå îöåíêè
òðóäíîîáîçðèìû. Äëÿ ïðîñòîòû íèæå îãðàíè÷èìñÿ ñëó÷àåì p1 = p2 = 2.

Òåîðåìà 2.1 [24]. Ïóñòü ôóíêöèÿ ϕ(τ1, τ2) ∈ W r1r2(1) çàäàíà íà çàìê-
íóòûõ ãëàäêèõ êîíòóðàõ L1 è L2 çíà÷åíèÿìè ϕ̃(tk1

, tk2
), ïðè÷åì

|ϕ(τ1, τ2 − ϕ̃(τ1, τ2)| ≤ ε. Ïîãðåøíîñòü êóáàòóðíîé ôîðìóëû (2.5) äëÿ
âû÷èñëåíèÿ èíòåãðàëà Àäàìàðà (2.1) ïðè h1 = N

−1/2
1 , h2 = N

−1/2
2 îöåíè-

âàåòñÿ íåðàâåíñòâîì |RN1,N2
(ϕ)| ≤ A(h1h2|lnh1||lnh2|+ ε/h1h2).

Äîêàçàòåëüñòâî. Èñïîëüçóÿ ôîðìóëû Ñîõîöêîãî äëÿ äâóìåðíîãî
èíòåãðàëà òèïà Êîøè, ïðèâåäåííûå Ô. Ä. Ãàõîâûì [39], äîêàæåì ñïðà-
âåäëèâîñòü ôîðìóëû

∫

L1

∫

L2

ϕ(τ1, τ2) dτ1 dτ2
(τ1 − t1)p1(τ2 − t2)p2

=
∫

L

ϕ(τ1, τ2) dτ1 dτ2
(τ1 − t1)p1(τ2 − t2)p2

=
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= Φ++(t1, t2) + Φ+−(t1, t2) + Φ−+(t1, t2) + Φ−−(t1, t2), (2.6)

ãäå

Φ++(t1, t2) = lim
η1→0,η2→0

∫

L

ϕ(τ1, τ2) dτ1 dτ2
[τ1 − (t1 − n̄1η1)]

p1[τ2 − (t2 − n̄2η2)]
p2
,

Φ+−(t1, t2) = lim
η1→0,η2→0

∫

L

ϕ(τ1, τ2) dτ1 dτ2
[τ1 − (t1 − n̄1η1)]

p1[τ2 − (t2 + n̄2η2)]
p2
,

Φ−+(t1, t2) = lim
η1→0,η2→0

∫

L

ϕ(τ1, τ2) dτ1 dτ2
[τ1 − (t1 + n̄1η1)]

p1[τ2 − (t2 − n̄2η2)]
p2
,

Φ−−(t1, t2) = lim
η1→0,η2→0

∫

L

ϕ(τ1, τ2) dτ1 dτ2
[τ1 − (t1 + n̄1η1)]

p1[τ2 − (t2 + n̄2η2)]
p2
,

L = L1 × L2.
Ïî îïðåäåëåíèþ èíòåãðàëà Àäàìàðà

∫

L

ϕ(τ1, τ2) dτ1 dτ2
(τ1 − t1)p1(τ2 − t2)p2

=
1

(p1 − 1)!(p2 − 1)!

∫

L

D(p1−1,p2−1)ϕ(τ1, τ2)

(τ1 − t1)(τ2 − t2)
dτ1 dτ2,

ãäå D(p1,p2)ϕ = D(p1)D(p2)ϕ, D(pi)ϕ = ∂piϕ/∂xpi
i , i = 1, 2.

Ïîýòîìó
∫

L

ϕ(τ1, τ2) dτ1 dτ2
(τ1 − t1)p1(τ2 − t2)p2

=

= lim
η1→0,η2→0

1

(p1 − 1)!(p2 − 1)!




∫

L

D(p1−1,p2−1)ϕ(τ1, τ2) dτ1 dτ2
[τ1 − (t1 − n̄1η1)][τ2 − (t2 − n̄2η2)]

+

+
∫

L

D(p1−1,p2−1)ϕ(τ1, τ2) dτ1 dτ2
[τ1 − (t1 + n̄1η1)][τ2 − (t2 − n̄2η2)]

+

+
∫

L

D(p1−1,p2−1)ϕ(τ1, τ2) dτ1 dτ2
[τ1 − (t1 − n̄1η1)][τ2 − (t2 + n̄2η2)]

+

+
∫

L

D(p1−1,p2−1)ϕ(τ1, τ2) dτ1 dτ2
[τ1 − (t1 + n̄1η1)][τ2 − (t2 + n̄2η2)]


 . (2.7)

Ïî ôîðìóëå Êîøè
∫

L1

∫

L2

ϕ(τ1, τ2) dτ1 dτ2
[τ1 − (t1 − n̄1h1)]

p1[τ2 − (t2 − n̄2h2)]
p2

=
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=
1

(p1 − 1)!(p2 − 1)!

∫

L1

∫

L2

D(p1−1,p2−1)ϕ(τ1, τ2) dτ1 dτ2
[τ1 − (t1 − n̄1h1)][τ2 − (t2 − n̄2h2)]

;

∫

L1

∫

L2

ϕ(τ1, τ2) dτ1 dτ2
[τ1 − (t1 + n̄1h1)]

p1[τ2 − (t2 − n̄2h2)]
p2

=

=
1

(p1 − 1)!(p2 − 1)!

∫

L1

∫

L2

D(p1−1,p2−1)ϕ(τ1, τ2) dτ1 dτ2
[τ1 − (t1 + n̄1h1)][τ2 − (t2 − n̄2h2)]

; (2.8)

∫

L1

∫

L2

ϕ(τ1, τ2) dτ1 dτ2
[τ1 − (t1 − n̄1h1)]

p1[τ2 − (t2 + n̄2h2)]
p2

=

=
1

(p1 − 1)!(p2 − 1)!

∫

L1

∫

L2

D(p1−1,p2−1)ϕ(τ1, τ2) dτ1 dτ2
[τ1 − (t1 − n̄1h1)][τ2 − (t2 + n̄2h2)]

;

∫

L1

∫

L2

ϕ(τ1, τ2) dτ1 dτ2
[τ1 − (t1 + n̄1h1)]

p1[τ2 − (t2 + n̄2h2)]
p2

=

=
1

(p1 − 1)!(p2 − 1)!

∫

L1

∫

L2

D(p1−1,p2−1)ϕ(τ1, τ2) dτ1 dτ2
[τ1 − (t1 + n̄1h1)][τ2 − (t2 + n̄2h2)]

.

Èç ôîðìóë (2.7) è (2.8) ñëåäóåò ôîðìóëà (2.5).
Ðàññìîòðèì îòäåëüíî èíòåãðàë

∫

L1

∫

L2

D(p1−1,p2−1)ϕ(τ1, τ2) dτ1 dτ2
[τ1 − (t1 − n̄1h1)][τ2 − (t2 − n̄2h2)]

=

=
∫

L1

∫

L2

D(t1, t2, τ1, τ2)

[τ1 − (t1 − n̄1h1)][τ2 − (t2 − n̄2h2)]
dτ1 dτ2+

+
∫

L1

∫

L2

D(p1−1,p2−1)ϕ(t1, τ2)−D(p1−1,p2−1)ϕ(t1, t2)

[τ1 − (t1 − n̄1h1)][τ2 − (t2 − n̄2h2)]
dτ1 dτ2+

+
∫

L1

∫

L2

D(p1−1,p2−1)ϕ(τ1, t2)−D(p1−1,p2−1)ϕ(t1, t2)

[τ1 − (t1 − n̄1h1)][τ2 − (t2 − n̄2h2)]
dτ1 dτ2+

+
∫

L1

∫

L2

D(p1−1,p2−1)ϕ(t1, t2) dτ1 dτ2
[τ1 − (t1 − n̄1h1)][τ2 − (t2 − n̄2h2)]

= I1 + I2 + I3 + I4.

ãäå D(t1, t2, τ1, τ2) = Ψ(τ1, τ2)−Ψ(t1, τ2)−Ψ(τ1, t2) + Ψ(t1, t2),
Ψ(τ1, τ2) = Dp1−1,p2−1ϕ(τ1, τ2).
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Âòîðîé, òðåòèé è ÷åòâåðòûé èíòåãðàëû ñïðàâà âû÷èñëèì ïî ôîðìóëå
Êîøè

I2 =
∫

L1

∫

L2

Ψ(t1, τ2)−Ψ(t1, t2)

[τ1 − (t1 − n̄1h1)][τ2 − (t2 − n̄2h2)]
dτ1 dτ2 =

=
∫

L2

Ψ(t1, τ2)−Ψ(t1, t2)

[τ2 − (t2 − n̄2h2)]
dτ2×

×




2πi, åñëè t1 − n̄1h1 ëåæèò âíóòðè êîíòóðà L1;
0− â îñòàëüíûõ ñëó÷àÿõ.

Àíàëîãè÷íî âû÷èñëÿåòñÿ èíòåãðàë I3 :

I3 =
∫

L1

Ψ(τ1, t2)−Ψ(t1, t2)

[τ1 − (t1 − n̄1h1)]
dτ2×

×




2πi, åñëè t2 − n̄2h2 ëåæèò âíóòðè êîíòóðà L1;
0− â îñòàëüíûõ ñëó÷àÿõ.

Èíòåãðàë

I4 = Ψ(t1, t2)
∫

L1

dτ1
[τ1 − (t1 − n̄1h1)]

∫

L2

dτ2
[τ2 − (t2 − n̄2h2)]

=

= Ψ(t1, t2)




−4π2, åñëè (t1 − n̄1h1) ∈ G1 è (t2 − n̄2h2) ∈ G2;
0− â îñòàëüíûõ ñëó÷àÿõ.

Çäåñü Gi, i = 1, 2− îòêðûòûå îáëàñòè, îãðàíè÷åííûå êîíòóðàìè Li.
Òàêèì îáðàçîì, âñå èíòåãðàëû, çà èñêëþ÷åíèåì I1, ñâîäÿòñÿ ê îäíî-

ìåðíûì èíòåãðàëàì.
Îöåíèì ïîãðåøíîñòü êóáàòóðíîé ôîðìóëû (2.4).
Î÷åâèäíî,

|RN1N2
(ϕ)| =

∣∣∣∣∣
∫

L1

∫

L2

ϕ(τ1, τ2) dτ1 dτ2
(τ1 − t1)p1(τ2 − t2)p2

−

−1

4

N1−1∑

k1=0

N2−1∑

k2=0
ϕ̃(t′k1

, t′k2
)

tk1+1∫

tk1

tk2+1∫

tk2

[ 1

[τ1 − (t1 − n̄1h1)]
p1[τ2 − (t2 − n̄2h2)]

p2
+

+
1

[τ1 − (t1 + n̄1h1)]
p1[τ2 − (t2 − n̄2h2)]

p2
+

161



+
1

[τ1 − (t1 − n̄1h1)]
p1[τ2 − (t2 + n̄2h2)]

p2
+

+
1

[τ1 − (t1 + n̄1h1)]
p1[τ2 − (t2 + n̄2h2)]

p2

]
dτ1 dτ2

∣∣∣∣∣ ≤

≤
∣∣∣∣∣ lim
η1→0,η2→0

1

(p1 − 1)!(p2 − 1)!

{[∫

L1

∫

L2

D(p1−1,p2−1)ϕ(τ1, τ2) dτ1 dτ2
[τ1 − (t1 − n̄1η1)][τ2 − (t2 − n̄2η2)]

+

+
∫

L1

∫

L2

D(p1−1,p2−1)ϕ(τ1, τ2) dτ1 dτ2
[τ1 − (t1 + n̄1η1)][τ2 − (t2 − n̄2η2)]

+

+
∫

L1

∫

L2

D(p1−1,p2−1)ϕ(τ1, τ2) dτ1 dτ2
[τ1 − (t1 − n̄1η1)][τ2 − (t2 + n̄2η2)]

+

+
∫

L1

∫

L2

D(p1−1,p2−1)ϕ(τ1, τ2) dτ1 dτ2
[τ1 − (t1 + n̄1η1)][τ2 − (t2 + n̄2η2)]

]
−

−
[∫

L1

∫

L2

D(p1−1,p2−1)ϕ(τ1, τ2) dτ1 dτ2
[τ1 − (t1 − n̄1h1)][τ2 − (t2 − n̄2h2)]

+

+
∫

L1

∫

L2

D(p1−1,p2−1)ϕ(τ1, τ2) dτ1 dτ2
[τ1 − (t1 + n̄1h1)][τ2 − (t2 − n̄2h2)]

+

+
∫

L1

∫

L2

D(p1−1,p2−1)ϕ(τ1, τ2) dτ1 dτ2
[τ1 − (t1 − n̄1h1)][τ2 − (t2 + n̄2h2)]

+

+
∫

L1

∫

L2

D(p1−1,p2−1)ϕ(τ1, τ2) dτ1 dτ2
[τ1 − (t1 + n̄1h1)][τ2 − (t2 + n̄2h2)]

]}
+

+
1

4

∣∣∣∣∣
∫

L1

∫

L2

ϕ(τ1, τ2) dτ1 dτ2
[τ1 − (t1 − n̄1h1)]

p1[τ2 − (t2 − n̄2h2)]
p2
−

−
N1−1∑

k1=0

N2−1∑

k2=0
ϕ(tk1

′, tk2

′)
tk1+1∫

tk1

tk2+1∫

tk2

dτ1 dτ2
[τ1 − (t1 − n̄1h1)]

p1[τ2 − (t2 − n̄2h2)]
p2

∣∣∣∣∣+

+
1

4

∣∣∣∣∣
∫

L1

∫

L2

ϕ(τ1, τ2) dτ1 dτ2
[τ1 − (t1 − n̄1h1)]

p1[τ2 − (t2 + n̄2h2)]
p2
−

−
N1−1∑

k1=0

N2−1∑

k2=0
ϕ(t′k1

, t′k2
)

tk1+1∫

tk1

tk2+1∫

tk2

dτ1 dτ2
[τ1 − (t1 − n̄1h1)]

p1[τ2 − (t2 + n̄2h2)]
p2
|+
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+
1

4

∣∣∣∣∣
∫

L1

∫

L2

ϕ(τ1, τ2) dτ1 dτ2
[τ1 − (t1 + n̄1h1)]

p1[τ2 − (t2 − n̄2h2)]
p2
−

−
N1−1∑

k1=0

N2−1∑

k2=0
ϕ(t′k1

, t′k2
)

tk1+1∫

tk1

tk2+1∫

tk2

dτ1 dτ2
[τ1 − (t1 + n̄1h1)]

p1[τ2 − (t2 − n̄2h2)]
p2

∣∣∣∣∣+

+
1

4

∣∣∣∣∣∣∣

∫

L1

∫

L1

ϕ(τ1, τ2)dτ1dτ2
[τ1 − (t1 + n1h1)]p1[τ2 − (t1 + n2h2)]p2

−

−
N1−1∑

k1=0

N2−1∑

k2=0
ϕ(t

′
k1
, t

′
k2

)

tk1+1∫

tk1

tk2+1∫

tk2

dτ1dτ2
[τ1 − (t1 + n1h1)]p1[τ2 − (t1 + n2h2)]p2

∣∣∣∣∣∣∣∣
+

+
1

4

∣∣∣∣∣
N1−1∑

k1=0

N2−1∑

k2=0
|ϕ(t′k1

, t′k2
)− ϕ̃(t′k1

, t′k2
)|×

×
tk1+1∫

tk1

tk2+1∫

tk2

dτ1 dτ2
[τ1 − (t1 − n̄1h1)]

p1[τ2 − (t2 − n̄2h2)]
p2

∣∣∣∣∣+

+
1

4

∣∣∣∣∣
N1−1∑

k1=0

N2−1∑

k2=0
|ϕ(t′k1

, t′k2
)− ϕ̃(t′k1

, t′k2
)|×

×
tk1+1∫

tk1

tk2+1∫

tk2

dτ1 dτ2
[τ1 − (t1 − n̄1h1)p1][τ2 − (t2 + n̄2h2)]

p2

∣∣∣∣∣+

+
1

4

∣∣∣∣∣
N1−1∑

k1=0

N2−1∑

k2=0
|ϕ(t′k1

, t′k2
)− ϕ̃(t′k1

, t′k2
)|×

×
tk1+1∫

tk1

tk2+1∫

tk2

dτ1 dτ2
[τ1 − (t1 + n̄1h1)]

p1[τ2 − (t2 − n̄2h2)]
p2

∣∣∣∣∣+

+
1

4

∣∣∣∣∣
N1−1∑

k1=0

N2−1∑

k2=0
|ϕ(t′k1

, t′k2
)− ϕ̃(t′k1

, t′k2
)|×

×
tk1+1∫

tk1

tk2+1∫

tk2

dτ1 dτ2
[τ1 − (t1 + n̄1h1)]

p1[τ2 − (t2 + n̄2h2)]
p2

∣∣∣∣∣ =
3∑

i=1

4∑

j=1
rij.

Îöåíêà ïîãðåøíîñòè |RN1N2
(ϕ)| ñêëàäûâàåòñÿ èç ñóììû òðåõ ãðóïï

ñëàãàåìûõ r1j + r2j + r3j, ïðè÷åì êàæäàÿ ãðóïïà ñîñòîèò èõ ÷åòûðåõ
ñëàãàåìûõ.
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Â ïåðâóþ ãðóïïó âõîäÿò ñëàãàåìûå âèäà:

r11 =

∣∣∣∣∣ lim
η1→0,η2→0

1

4(p1 − 1)!(p2 − 1)!

[∫

L1

∫

L2

D(p1−1,p2−1)ϕ(τ1, τ2) dτ1 dτ2
[τ1 − (t1 − n̄1η1)][τ2 − (t2 − n̄2η2)]

−

−
∫

L1

∫

L2

D(p1−1,p2−1)ϕ(τ1, τ2) dτ1 dτ2
[τ1 − (t1 − n̄1h1)][τ2 − (t2 − n̄2h2)]

]∣∣∣∣∣.

Âî âòîðóþ ãðóïïó âõîäÿò ñëàãàåìûå âèäà:

r21 =
1

4

∣∣∣∣∣
∫

L1

∫

L2

ϕ(τ1, τ2) dτ1 dτ2
[τ1 − (t1 − n̄1h1)][τ2 − (t2 − n̄2h2)]

−

−
N1−1∑

k1=0

N2−1∑

k2=0
ϕ(t′k1

, t′k2
)

tk1+1∫

tk1

tk2+1∫

tk2

dτ1 dτ2
[τ1 − (t1 − n̄1h1)][τ2 − (t2 − n̄2h2)]

∣∣∣∣∣.

Â òðåòüþ ãðóïïó âõîäÿò ñëàãàåìûå âèäà:

r31 =
1

4

∣∣∣∣∣
N1−1∑

k1=0

N2−1∑

k2=0
|ϕ(t′k1

, t′k2
)− ϕ̃(t′k1

, t′k2
)|×

×
tk1+1∫

tk1

tk2+1∫

tk2

dτ1 dτ2
[τ1 − (t1 − n̄1h1)]

p1[τ2 − (t2 − n̄2h2)]
p2

∣∣∣∣∣.

Îöåíèì ïî îäíîìó ñëàãàåìîìó èç êàæäîé ãðóïïû. Ïðîâåäåì îöåíêó
r11 :

r11 =
1

4(p1 − 1)!(p2 − 1)!
lim

η1→0,η2→0

∣∣∣∣∣∣∣

∫

L1

∫

L2

[
D(p1−1,p2−1)ϕ(τ1, τ2)×

× n̄1(τ2 − t2)(h1 − η1) + n̄2(τ1 − t1)(h2 − η2) + n̄1n̄2(h1h2 − η1η2)

[τ1 − (t1 − n̄1η1)][τ2 − (t2 − n̄2η2)][τ1 − (t1 + n̄1h1)][τ2 − (t2 − n̄2h2)]

]
dτ

∣∣∣∣∣ =

=
1

4(p1 − 1)!(p2 − 1)!
× lim

η1→0,η2→0

∣∣∣∣∣∣∣

∫

L1

∫

L2

[
[Ψ(τ1, τ2)−Ψ(t1, τ2)−

−Ψ(τ1, t2) + Ψ(t1, t2)]×

× n̄1(τ2 − t2)(h1 − η1) + n̄2(τ1 − t1)(h2 − η2) + n̄1n̄2(h1h2 − η1η2)

[τ1 − (t1 − n̄1η1)][τ2 − (t2 − n̄2η2)][τ1 − (t1 + n̄1h1)][τ2 − (t2 − n̄2h2)]

]
dτ

∣∣∣∣∣,

ãäå dτ = dτ1dτ2.
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Ñëåäóÿ Ô. Ä. Ãàõîâó [39], çàìåòèì, ÷òî ôóíêöèÿ

ϕ12(τ1, τ2) = D(p1−1,p2−1)ϕ(τ1, τ2)−D(p1−1,p2−1)ϕ(t1, τ2)−
−D(p1−1,p2−1)ϕ(τ1, t2) +D(p1−1,p2−1)ϕ(t1, t2)

ïðèíàäëåæèò êëàññó ôóíêöèé Ãåëüäåðà H1/2,1/2. Òîãäà

|ϕ12(τ1, τ2)| ≤ A|t1 − τ1|1/2|t2 − τ2|1/2

è

r11 ≤
∣∣∣∣

A12

4(p1 − 1)!(p2 − 1)!

[
h1

∫

L1

(τ1 − t1)
−1/2dτ1

[τ1 − (t1 − n̄1h1)]

∫

L2

(τ2 − t2)
1/2dτ2

[τ2 − (t2 − n̄2h2)]
+

+h2

∫

L1

(τ1 − t1)
−1/2

[τ1 − (t1 − n̄1h1)]
dτ1

∫

L2

(τ2 − t2)
−1/2

[τ2 − (t2 − n̄2h2)]
dτ2+

+h1h2

∫

L1

(τ1 − t1)
−1/2

[τ1 − (t1 − n̄1h1)]
dτ1

∫

L2

(τ2 − t2)
−1/2

[τ2 − (t2 − n̄2h2)]
dτ2

]∣∣∣∣.

Äâîéíîé èíòåãðàë ðàñïàëñÿ íà ñóììó ïðîèçâåäåíèé êðèâîëèíåéíûõ
èíòåãðàëîâ. Êàæäûé èç íèõ îöåíèâàåòñÿ íà çàìêíóòûõ êðèâûõ L1 è L2.
Âûäåëèì íà êðèâîé L1 äâå äóãè: L′1 è L′′1, ãäå L′1 � äóãà, îòñåêàåìàÿ îò
L1 îêðóæíîñòüþ ðàäèóñà h1 ñ öåíòðîì â òî÷êå t1, L′′1 = L1 \ L′1. Òîãäà

|
∫

L′1

d(τ1 − t1)

|τ1 − t1|1/2(τ1 − t1 + n̄1h1)
| ≤ A1

h
1/2
1

,

|
∫

L′′1

d(τ1 − t1)

|τ1 − t1|1/2(τ1 − t1 + n̄1h1)
| ≤ A1

h
1/2
1

|lnh1|.

Â èòîãå

|
∫

L1

dτ1
(τ1 − t1)1/2(τ1 − t1 + n̄1h1)

| ≤ A1

h
1/2
1

|lnh1|.

Àíàëîãè÷íûå ðàññóæäåíèÿ ïðèâîäÿò ê îöåíêå

|
∫

L2

dτ2
(τ2 − t2)1/2(τ2 − t2 + n̄2h2)

| ≤ A2

h
1/2
2

|lnh2|.
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Èòàê, ïåðâîå ñëàãàåìîå èç ïåðâîé ãðóïïû îöåíèâàåòñÿ íåðàâåíñòâîì:

|r11| ≤ A12|lnh1||lnh2|
4(p1 − 1)!(p2 − 1)!



h1

(
h1

h2

)1/2

+ h2

(
h2

h1

)1/2

+ (h1h2)
1/2



 .

Îöåíèì îäíî ñëàãàåìîå èç âòîðîé ãðóïïû, ïîëàãàÿ, ÷òî ti ∈ [tji, tji+1),
i = 1, 2 è ÷òî max(max |D(1,0)ϕ(t1, t2)|,max |D(0,1)ϕ(t1, t2)|) ≤ 1.

Î÷åâèäíî,

|r21| ≤
∣∣∣∣∣
N1−1∑

k1=0

N2−1∑

k2=0

tk1+1∫

tk1

tk2+1∫

tk2

|τ1 − (tk1+1 + tk1
)/2| |dτ1| |dτ2|

|τ1 − (t1 − n̄1h1)|p1|τ2 − (t2 − n̄2h2)|p2

∣∣∣∣∣ ≤

≤
∣∣∣∣∣2

N1∑

k1=1

′ N2∑

k2=1

′
tk1+1∫

tk1

tk2+1∫

tk2

|τ1 − (tk1+1 + tk1
)/2| |dτ1| |dτ2|

|τ1 − (t1 − n̄1h1)|p1|τ2 − (t2 − n̄2h2)|p2

∣∣∣∣∣+

+2
j1+1∑

k1=j1−1

j2+1∑

k2=j2−1

tk1+1∫

tk1

tk2+1∫

tk2

|τ1 − (tk1+1 + tk1
)/2| |dτ1| |dτ2|

|τ1 − (t1 − n̄1h1)|p1|τ2 − (t2 − n̄2h2)|p2

∣∣∣∣∣+

+2
j1+1∑

k1=j1−1

N2−1∑

k2=j2+2

tk1+1∫

tk1

tk2+1∫

tk2

|τ1 − (tk1+1 + tk1
)/2| |dτ1| |dτ2|

|τ1 − (t1 − n̄1h1)|p1|τ2 − (t2 − n̄2h2)|p2

∣∣∣∣∣+

+2
j1+2∑

k1=j1−1

j2−2∑

k2=0

tk1+1∫

tk1

tk2+1∫

tk2

|τ1 − (tk1+1 + tk1
)/2| |dτ1| |dτ2|

|τ1 − (t1 − n̄1h1)|p1|τ2 − (t2 − n̄2h2)|p2

∣∣∣∣∣+

+2
j1−2∑

k1=0

j2+1∑

k2=j2−1

tk1+1∫

tk1

tk2+1∫

tk2

|τ1 − (tk1+1 + tk1
)/2| |dτ1| |dτ2|

|τ1 − (t1 − n̄1h1)|p1| |τ2 − (t2 − n̄2h2)|p2

∣∣∣∣∣+

+2
N1−1∑

k1=j1+2

j2+1∑

k2=j2−1

tk1+1∫

tk1

tk2+1∫

tk2

|τ1 − (tk1+1 + tk1
)/2| |dτ1| |dτ2|

|τ1 − (t1 − n̄1h1)|p1|τ2 − (t2 − n̄2h2)|p2

∣∣∣∣∣ =

= I1 + I2 + I3 + I4 + I5 + I6,

ãäå ∑′
k îçíà÷àåò ñóììèðîâàíèå ïî âñåì äóãàì, çà èñêëþ÷åíèåì [tj`−1, tj`+2],

l = 1, 2.
Ïðîâåäÿ îöåíêè I1 ÷ I6 ïðè p1 = p2 = 2, ïîëó÷àåì:

I1 ≤ A

N1N2h1h2
≤ Ah1h2, . . . , I6 ≤ A

N1N2h1h2
≤ Ah1h2.

Ñëåäîâàòåëüíî, r21 ≤ Ah1h2.
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Îöåíèì îäíî èç ñëàãàåìûõ ïîñëåäíåé ãðóïïû:

r31 ≤ ε

4

∣∣∣∣∣
N1−1∑

k1=0

N2−1∑

k2=0

tk1+1∫

tk1

tk2+1∫

tk2

|dτ1dτ2|
|τ1 − (t1 − n̄1h1)|p1|τ2 − (t2 − n̄2h2)|p2

∣∣∣∣∣ ≤

≤ ε

4

∣∣∣∣∣
N1/2∑

k1=0

tk1+j1+1∫

tk1+j1

|dτ1|
|τ1 − (t1 − n̄1h1)|p1

∣∣∣∣∣

∣∣∣∣∣
N2/2∑

k2=0

tk2+j2+1∫

tk2+j2

|dτ2|
|τ2 − (t2 − n̄2h2)|p1

∣∣∣∣∣.

Ïðè p1 = p2 = 2 ïîëó÷àåì ñëåäóþùóþ îöåíêó: |r31| ≤ ε/h1h2.
Èç ïðèâåäåííûõ íåðàâåíñòâ ñëåäóåò îöåíêà ïîãðåøíîñòè êóáàòóðíîé

ôîðìóëû (2.4) ïðè p1 = p2 = 2:

|RN1,N2
(ϕ)| =

3∑

i=1

4∑

j=1
rij = A(h1h2| lnh1| | lnh2|+ ε/h1h2).

Òåîðåìà äîêàçàíà.

3. Îïòèìàëüíûå ïî ïîðÿäêó êóáàòóðíûå ôîðìóëû
âû÷èñëåíèÿ áèãèïåðñèíãóëÿðûõ èíòåãðàëîâ

â êîíå÷íûõ îáëàñòÿõ

Â ýòîì ðàçäåëå èññëåäóþòñÿ ïðèáëèæåííûå ìåòîäû âû÷èñëåíèÿ áè-
ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ

Aϕ =
1∫

−1

1∫

−1

ϕ(τ1, τ2)

(τ1 − t1)p1(τ2 − t2)p2
dτ1dτ2 (3.1)

êóáàòóðíûìè ôîðìóëàìè âèäà

Aϕ =
N∑

k=1

M∑

l=1

ρ1∑

i1=0

ρ2∑

i2=0
pkli1i2(t1, t2)ϕ

(i1,i2)(xk, yl)+

+RNM(t1, t2; pkli1i2(t1, t2);xk, yl;ϕ) (3.2)

íà ðàçëè÷íûõ êëàññàõ ôóíêöèé.
Çäåñü ρi, i = 1, 2,− öåëûå ÷èñëà, îïðåäåëÿåìûå ãëàäêîñòüþ ôóíêöèé

ϕ, óçëû xk, yl ðàñïîëîæåíû â îáëàñòè Ω = [−1, 1]2.
Íèæå äëÿ ïðîñòîòû îáîçíà÷åíèé ïîëîæèì N = M, è áóäåì èñïîëüçî-

âàòü ïðÿìîóãîëüíóþ ñåòêó óçëîâ xkl = (xk, xl), k, l = 1, 2, . . . , N.
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Íàðÿäó ñ êâàäðàòóðíîé ôîðìóëîé (3.2) áóäåì ðàññìàòðèâàòü òàêæå
ôîðìóëó

Aϕ =
N∑

k=1

ρ1∑

i1=0

ρ2∑

i2=0
pki1i2(t1, t2)ϕ

(i1,i2)(Mk)+

+RN(t1, t2; pki1i2(t1, t2);Mk;ϕ), (3.3)

ãäå Mk− óçëû, ðàñïîëîæåííûå â îáëàñòè Ω.
Âíà÷àëå îöåíèì ñíèçó âåðõíþþ ãðàíü ïîãðåøíîñòè êóáàòóðíûõ ôîð-

ìóë (3.2), (3.3) íà ðàçëè÷íûõ êëàññàõ ôóíêöèé.
Èññëåäîâàíèå íà÷íåì ñ êëàññà ôóíêöèé W r,s

(1).
Ðàçäåëèì êâàäðàò [−1, 1]2 ïî îñè àáñöèññ íà 2N, à ïî îñè îðäèíàò

íà 2M ðàâíûõ ÷àñòåé òî÷êàìè s
(1)
k = −1 + k/N, k = 0, 1, . . . , 2N è

s
(1)
k = −1 + k/M, k = 0, 1, . . . , 2M. Òîãäà íàéäåòñÿ, ïî êðàéíåé ìåðå,
N ñòîëáöîâ è M ñòðîê, â êîòîðûõ íåò óçëîâ ê.ô. (3.2). Íàçîâåì, ñëå-
äóÿ ïåðâîé ÷àñòè êíèãè (ñ. 223), ýòè ñòðîêè è ñòîëáöû îòìå÷åíû. Òàêèì
îáðàçîì, èìååòñÿ, ïî êðàéíåé ìåðå, N îòìå÷åííûõ ñòîëáöîâ è M îòìå-
÷åííûõ ñòðîê. Îáîçíà÷èì ÷åðåç θ1(k, l)(θ2(k, l)) îòíîøåíèå ÷èñëà îòìå-
÷åííûõ ñòîëáöîâ (ñòðîê) ñðåäè ñòîëáöîâ (ñòðîê) ñ íîìåðàìè k, k+1, . . . , l
ê îáùåìó ÷èñëó (l − k) ñòîëáöîâ (ñòðîê). Íà ñ. 233 ïåðâîé ÷àñòè êíèãè
ïîêàçàíî, ÷òî ñóùåñòâóåò òàêîé íîìåð k̄i (k̄1 ≤ 3N/4, k̄2 ≤ 3M/4), ÷òî
θi(k̄i, l) > 1/3, i = 1, 2. Ïîëîæèì s1 = −1 + k1/N, s2 = −1 + k2/M è
îïðåäåëèì ôóíêöèþ ϕ∗(τ1, τ2) ñëåäóþùèì îáðàçîì. Íà âñåõ êâàäðàòàõ
∆kj =

[
s
(1)
k , s

(1)
k+1; s

(2)
j , s

(2)
j+1

]
, ó êîòîðûõ èëè èíäåêñ k ≤ k̄1 − 1 èëè èíäåêñ

j ≤ k̄2− 1, ôóíêöèÿ ϕ∗(τ1, τ2) = 0. Îíà òàêæå ðàâíà íóëþ íà êâàäðàòàõ,
íå ÿâëÿþùèõñÿ ïåðåñå÷åíèÿìè îòìå÷åííûõ ñòðîê è ñòîëáöîâ. Íà êâàä-
ðàòàõ ∆kj, ó êîòîðûõ k ≥ k̄1 è j ≥ k̄2 è êîòîðûå ÿâëÿþòñÿ ïåðåñå÷åíèÿìè
îòìå÷åííûõ ñòðîê è ñòîëáöîâ, ôóíêöèÿ ϕ∗(σ1, σ2) îïðåäåëÿåòñÿ ïî ôîð-
ìóëå ϕ∗(τ1, τ2) = A1((τ1− s1

k)(s
1
k+1− τ1))r((τ2− s2

j)(s
2
j+1− τ2))sN−rM−2s+

+A2((τ1 − s1
k)(s

1
k+1 − τ1))

r((τ2 − s2
j)(s

2
j+1 − τ2))

sN−2rM−s.
ÊîíñòàíòûAi, i = 1, 2, ïîäáèðàþòñÿ èç óñëîâèÿ, ÷òîáû ‖ϕ∗(r,0)(t1, t2)‖ ≤

≤ 1, ‖ϕ∗(0,s)(t1, t2)‖ ≤ 1, ||ϕ∗(r,s)(t1, t2|| ≤ 1. Íåòðóäíî âèäåòü,÷òî òàêèå
êîíñòàíòû ñóùåñòâóþò. Ïîäñòàâëÿÿ ôóíêöèþ ϕ∗(τ1, τ2) â ôîðìóëó (2.2)
è ïðîâîäÿ ñîîòâåòñòâóþùèå âûêëàäêè, ïîëó÷àåì îöåíêó |RNM(ϕ∗)| ≥
≥ A

(
1

Nr−p1+1 + 1
Ms−p2+1

)
.

Òàêèì îáðàçîì, äîêàçàíî ñëåäóþùåå óòâåðæäåíèå.
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Òåîðåìà 3.1. Ïóñòü Ψ = W̄ r,s(1). Äëÿ âñåâîçìîæíûõ êóáàòóðíûõ
ôîðìóë âèäà (3.2) ñïðàâåäëèâà îöåíêà ζNM [Ψ] ≥ A

(
1

Nr−p1+1 + 1
Ms−p2+1

)
.

Ïóñòü Ψ = Cr
2(1). Â ýòîì ñëó÷àå åñòåñòâåííî ðàññìàòðèâàòü êóáàòóð-

íûå ôîðìóëû âèäà (3.2) ïðè N = M, p1 = p2 è ρ1 + ρ2 = r. Ïðè ýòèõ
ïðåäïîëîæåíèÿõ ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 3.2. Ïóñòü Ψ = Cr
2(1). Äëÿ âñåâîçìîæíûõ êóáàòóðíûõ ôîð-

ìóë âèäà (3.2) ïðèM = N, p1 = p2 è ρ1+ρ2 = r ñïðàâåäëèâî íåðàâåíñòâî

ζN [Ψ] ≥ A

N r−2p+2 =
A

nr/2−p+1 ,

ãäå n − ÷èñëî óçëîâ êóáàòóðíîé ôîðìóëû (3.2).
Äîêàçàòåëüñòâî òåîðåìû ïîäîáíî äîêàçàòåëüñòâó òåîðåìû 3.1 è ïðî-

âîäèòñÿ ïðè N = M.

Ðàçäåëèì îñè êîîðäèíàò íà 2N ÷àñòåé òî÷êàìè sk = −1 + k/N, k =
= 0, 1, . . . , 2N, è ïîêðîåì êâàäðàò [−1, 1]2 áîëåå ìåëêèìè êâàäðàòàìè
∆kl, k, l = 0, 1, . . . , N − 1. Òàê êàê êóáàòóðíàÿ ôîðìóëà (3.2) èìååò N 2

óçëîâ, à ÷èñëî êâàäðàòîâ ∆kl, k, l = 0, 1, . . . , N − 1, ðàâíî 2N 2, èìåþò-
ñÿ êâàäðàòû, â êîòîðûõ îòñóòñòâóþò óçëû êóáàòóðíîé ôîðìóëû (3.2).
Íàçîâåì ýòè êâàäðàòû îòìå÷åííûìè. Êàê è ïðè äîêàçàòåëüñòâå ïðåäû-
äóùåé òåîðåìû ìîæíî ïîêàçàòü, ÷òî ñóùåñòâóåò òàêîé íîìåð k ≤ 3N/4,
÷òî θ(k, l) > 1/3. (Îïðåäåëåíèå θ(k, l) äàíî â ïðåäûäóùåé òåîðåìå).

Ââåäåì ôóíêöèþ ϕ∗(τ1, τ2) îïðåäåëåííóþ íà [−1, 1]2 è ðàâíóþ íóëþ â
íåîòìå÷åííûõ êâàäðàòàõ è âî âñåõ êâàäðàòàõ ∆kl, ó êîòîðûõ èíäåêñû k

è l ìåíüøå k. Â îòìå÷åííûõ êâàäðàòàõ ∆ij, ó êîòîðûõ èíäåêñû i è j íå
ìåíüøå k, ôóíêöèÿ ϕ∗(τ1, τ2) îïðåäåëÿåòñÿ ôîðìóëîé

ϕ∗(τ1, τ2) = A1((τ1 − s1
i )(s

1
i+1 − τ1))

r((τ2 − s2
j)(s

2
j+1 − τ2))

rN 3r.

Êîíñòàíòà A ïîäáèðàåòñÿ èç óñëîâèÿ ‖ϕ∗(τ1, τ2)‖C(Ω) = 1, Ω = [−1, 1]2.
Íåòðóäíî âèäåòü, ÷òî òàêàÿ êîíñòàíòà ñóùåñòâóåò.
Ïîñëå îïðåäåëåíèÿ ôóíêöèè ϕ∗(τ1, τ2) ïðàêòè÷åñêè äîñëîâíî ïîâòî-

ðÿþòñÿ âûêëàäêè, ïðîäåëàííûå ïðè äîêàçàòåëüñòâå òåîðåìû 3.1.
Òåîðåìà äîêàçàíà.
Ðàññìîòðèì êóáàòóðíûå ôîðìóëû âèäà

Aϕ =
N∑

k=1
pk(t1, t2)ϕ(Mk) +RN(t1, t2, pk(t1, t2),Mk, ϕ), (3.4)

ãäåMk− óçëû êóáàòóðíîé ôîðìóëû, ðàñïîëîæåííûå â êâàäðàòå [−1, 1]2.
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Òåîðåìà 3.3. Ïóñòü Ψ = Cr
2(1). Äëÿ âñåâîçìîæíûõ êóáàòóðíûõ ôîð-

ìóë âèäà (3.4) ñïðàâåäëèâà îöåíêà ζN [Ψ] ≥ AN−(r−2p+2)/2.
Äîêàçàòåëüñòâî. Ïóñòü n =

[√
2N

]
+1. Ðàçäåëèì êàæäóþ èç ñòîðîí

êâàäðàòà Ω = [−1, 1;−1, 1] íà n ðàâíûõ ÷àñòåé òî÷êàìè s(1)
k = −1+2k/n,

s
(2)
k = −1 + 2k/n, k = 0, 1, . . . , n. Ïðîâåäåì ÷åðåç ýòè òî÷êè ïðÿìûå, ïà-
ðàëëåëüíûå êîîðäèíàòíûì îñÿì. Â ðåçóëüòàòå ïîëó÷àåì n2 êâàäðàòîâ.
Òàê êàê n2 > 2N, íàéäåòñÿ, ïî êðàéíåé ìåðå, N êâàäðàòîâ, â êîòîðûõ
íåò óçëîâ êóáàòóðíîé ôîðìóëû (3.3). Áóäåì íàçûâàòü êâàäðàòû, â êî-
òîðûõ îòñóòñòâóþò óçëû Mk, îòìå÷åííûìè, è ñòðîêó îòìå÷åííîé, åñëè
ñðåäè âñåõ êâàäðàòîâ, âõîäÿùèõ â ñòðîêó, n/4+1 êâàäðàò ÿâëÿåòñÿ îòìå-
÷åííûì. Íåòðóäíî âèäåòü, ÷òî ñóùåñòâóþò îòìå÷åííûå ñòðîêè. Îáîçíà-
÷èì ÷åðåç θ1(k, l) îòíîøåíèå ÷èñëà îòìå÷åííûõ ñòðîê ñðåäè sk+1, . . . , sl
ê îáùåìó ÷èñëó (l − k) ýòèõ ñòðîê. Ïîâòîðÿÿ ðàññóæäåíèÿ, ñäåëàííûå
íà ñ. 233 ïåðâîé ÷àñòè êíèãè, ìîæíî ïîêàçàòü, ÷òî ñóùåñòâóåò òàêîå
k̄1 < 4n/5, äëÿ êîòîðîãî min

l>k̄1

θ1(k̄1, l) ≥ 1/8.

Ïåðåéäåì òåïåðü ê îòìå÷åííûì ñòðîêàì. Îáîçíà÷èì ÷åðåç θ2(k, l) îò-
íîøåíèå ÷èñëà îòìå÷åííûõ êâàäðàòîâ kk+1, . . . , kl ê îáùåìó ÷èñëó (l−k)
êâàäðàòîâ â îòìå÷åííîé ñòðîêå. Êàê è âûøå, ìîæíî ïîêàçàòü, ÷òî ñóùå-
ñòâóåò òàêîå k̄2 < 5n/6, äëÿ êîòîðîãî â îòìå÷åííîé ñòðîêå min

l>k̄2

θ2(k̄2, l) ≥
≥ 1/10.

Ïîëîæèì â èíòåãðàëå (3.1) çíà÷åíèÿ t1 è t2 ðàâíûìè ñîîòâåòñòâåííî
t1 = −1 + (k̄1 − 1)2/n è t2 = −1 + (k̄2 − 1)2/m. Îïðåäåëèì ôóíêöèþ
ϕ∗(τ1, τ2) ñëåäóþùèì îáðàçîì. Íà âñåõ íåîòìå÷åííûõ êâàäðàòàõ, íà âñåõ
ñòðîêàõ ñ íîìåðàìè ìåíüøå k̄1 è íà âñåõ ñòîëáöàõ ñ íîìåðàìè ìåíüøå k̄2

ïîëîæèì ϕ∗(τ1, τ2) = 0. Â îñòàâøèõñÿ îòìå÷åííûõ êâàäðàòàõ ôóíêöèþ
ϕ∗(τ1, τ2) îïðåäåëÿåì ïî ôîðìóëå

ϕ∗(τ1, τ2) = A
(
(τ1 − s

(1)
k )(s

(1)
k+1 − τ1)

)r (
(τ2 − s

(2)
j )(s

(2)
j+1 − τ2)

)r
n3r

ïðè s(1)
k ≤ τ1 ≤ s

(1)
k+1, s

(2)
j ≤ τ2 ≤ s

(2)
j+1, åñëè k ≥ k̄1 + 1, j ≥ k̄2 + 1.

Êîíñòàíòà A ïîäáèðàåòñÿ èç óñëîâèÿ, ÷òîáû ||ϕ∗(r1,r2)(τ1, τ2)||C ≤ 1,
r1 + r2 = r. Ïîäñòàâèâ ôóíêöèþ ϕ∗(τ1, τ2) â êóáàòóðíóþ ôîðìóëó (3.3),
ïîñëå íåñëîæíûõ âû÷èñëåíèé ïîëó÷àåì îöåíêó ïîãðåøíîñòè: |RN(ϕ∗)| ≥
≥ An−r−2+2p = AN−(r+2−2p)/2. Îòñþäà ñëåäóåò, ÷òî RN [Ψ] ≥ AN− r+2−2p

2 .

Òåîðåìà äîêàçàíà.
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Ïîñòðîèì îïòèìàëüíûå ïî ïîðÿäêó êóáàòóðíûå ôîðìóëû âû÷èñëåíèÿ
èíòåãðàëà (3.1). Äëÿ ïðîñòîòû îïèñàíèÿ êóáàòóðíîé ôîðìóëû ðàññìîò-
ðèì èíòåãðàë Aϕ â ïðåäïîëîæåíèè, ÷òî p1 = p2 = p.

Ïîêðîåì îáëàñòü Ω = [−1, 1]2 êâàäðàòàìè ∆kl = [xk, xk+1;xl, xl+1],
k, l = 0, 1, . . . , N − 1, xk = −1 + 2k/N, k = 0, 1, . . . , N. Ââåäåì óçëû
xik = xk + i(xk+1 − xk)/r, i = 0, 1, . . . , r, k = 0, 1, . . . , N − 1. Ïî óçëàì xik,
i = 0, 1, . . . , r, íà ñåãìåíòå [xk, xk+1] ïîñòðîèì èíòåðïîëÿöèîííûé ïîëè-
íîì Ëàãðàíæà r- ãî ïîðÿäêà Lr(ϕ, [xk, xk+1]), k = 0, 1, . . . , N − 1.

×åðåç Lrr(ϕ,∆kl) îáîçíà÷èì ïîëèíîì, èíòåðïîëèðóþùèé ôóíêöèþ ϕ

â êâàäðàòå ∆kl ïîñëåäîâàòåëüíî ïî ïåðåìåííûì τ1 è τ2.
Äåéñòâèå îïåðàòîðà Lrr(ϕ,∆kl) îïèñûâàåòñÿ ôîðìóëîé

Lrr(ϕ,∆kl) = Lτ1r [Lτ2τ [ϕ(τ1, τ2), [xl, xl+1]] , [xk, xk+1]] ,

ãäå ÷åðåç Lt1r [ϕ(t1, t2), [xk, xk+1]] îáîçíà÷åí ïîëèíîì, èíòåðïîëèðóþùèé
ôóíêöèþ ϕ(t1, t2) ïî ïåðåìåííîé t1 â ñåãìåíòå [xk, xk+1].

Àíàëîãè÷íî îïðåäåëÿåòñÿ èíòåðïîëÿöèÿ ïî âòîðîé ïåðåìåííîé.
Ïóñòü (t1, t2) ∈ ∆ij.

Èíòåãðàë (3.1) áóäåì âû÷èñëÿòü ïî êóáàòóðíîé ôîðìóëå

Aϕ =
N−1∑

k=0

N−1∑

l=0

′
∫ ∫

∆kl

Lr,r(ϕ,∆kl)dτ1dτ2
(τ1 − t1)p(τ2 − t2)p

+

+



i−1∑

k=0
+

N−1∑

k=i+2




∫ ∫

∆k,j−1∪∆k,j∪∆k,j+1

Lr,3r(ϕ,∆k,j−1 ∪∆k,j ∪∆k,j+1)dτ1dτ2
(τ1 − t1)p(τ2 − t2)p

+

+



j−1∑

l=0
+

N−1∑

l=j+2




∫ ∫

∆i−1,l∪∆i,l∪∆i+1,l

L3r,r(ϕ,∆i−1,l ∪∆i,l ∪∆i+1,l)

(τ1 − t1)p(τ2 − t2)p
dτ1dτ2+

+
∫ ∫

∆∗
ij

L3r,3r(ϕ,∆
∗
i,j)dτ1dτ2

(τ1 − t1)p(τ2 − t2)p
+RN(ϕ). (3.5)

Çäåñü ∆∗
ij = [xi−1, xi+2;xj−1, xj+2],

∑ ∑′ îçíà÷àåò ñóììèðîâàíèå ïî (k, l)
òàêèì, ÷òî k 6= i− 1, i, i+ 1 è l 6= j − 1, j, j + 1.

Îöåíèì ïîãðåøíîñòü êóáàòóðíîé ôîðìóëû (3.5).
Íåòðóäíî âèäåòü, ÷òî

|RN(ϕ)| ≤
N−1∑

k=0

N−1∑

l=0

′
∣∣∣∣∣∣∣

∫ ∫

∆kl

ψr,r(ϕ,∆kl)dτ1dτ2
(τ1 − t1)p(τ2 − t2)p

∣∣∣∣∣∣∣
+
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+



i−2∑

k=0
+

N−1∑

k=i+2




∣∣∣∣∣∣∣∣

∫ ∫

∆k,j−1∪∆k,j∪∆k,j+1

ψr,3r(ϕ,∆k,j−1 ∪∆k,j ∪∆k,j+1)dτ1dτ2
(τ1 − t1)p(τ2 − t2)p

∣∣∣∣∣∣∣∣
+

+



j−2∑

l=0
+

N−1∑

l=j+2




∣∣∣∣∣∣∣∣

∫ ∫

∆i−1,l∪∆i,l∪∆i+1,l

ψ3r,r(ϕ,∆i−1,l ∪∆i,l ∪∆i+1,l)dτ1dτ2
(τ1 − t1)p(τ2 − t2)p

∣∣∣∣∣∣∣∣
+

+

∣∣∣∣∣∣∣∣

∫ ∫

∆∗
ij

ψ3r,3r(ϕ,∆
∗
ij)dτ1dτ2

(τ1 − t1)p(τ2 − t2)p

∣∣∣∣∣∣∣∣
= r1 + · · ·+ r4, (3.6)

ãäå ψr,r(ϕ,∆kl) = ϕ(τ1, τ2)− Lr,r(ϕ,∆kl).
Îöåíèì êàæäîå èç âûðàæåíèé r1 ÷ r4 â îòäåëüíîñòè.
Î÷åâèäíî,

r1 ≤


i−2∑

k=0

j−2∑

l=0
+

i−2∑

k=0

N−1∑

l=j+2
+

N−1∑

k=i+2

j−2∑

l=0
+

N−1∑

k=i+2

N−1∑

l=j+2


×

×
∣∣∣∣∣∣∣

∫ ∫

∆kl

ψr,r(ϕ,∆kl)dτ1dτ2
(τ1 − t1)p(τ2 − t2)p

∣∣∣∣∣∣∣
= r11 + · · ·+ r14.

Òàê êàê êàæäàÿ èç ñóìì r11 ÷ r14 îöåíèâàåòñÿ îäèíàêîâî, òî îñòàíî-
âèìñÿ íà ïåðâîé:

r11 ≤
i−2∑

k=0

j−2∑

l=0

N 2p

4p(i− k)p(j − l)p

∫ ∫

∆kl

|ψr,r(ϕ,∆kl)|dτ1dτ2 ≤ BN−(r−2p+2).

Òàêèì îáðàçîì,
r1 ≤ BN−(r−2p+2). (3.7)

Ïðèñòóïèì ê îöåíêå r2.
Äëÿ ýòîãî, ïðåäâàðèòåëüíî çàôèêñèðîâàâ ïðîèçâîëüíîå çíà÷åíèå k,

0 ≤ k ≤ i− 2, i+ 2 ≤ k ≤ N − 1, îöåíèì èíòåãðàë

r2,k =

∣∣∣∣∣∣∣∣

∫ ∫

∆k,j−1∪∆k,j∪∆k,j+1

ψr,3r(ϕ,∆k,j−1 ∪∆k,j ∪∆k,j+1)dτ1dτ2
(τ1 − t1)p(τ2 − t2)p

∣∣∣∣∣∣∣∣
.

Ïóñòü h = min (|t2 − xj−1|, |t2 − xj−2|) è ïóñòü h = |xj−1 − t2|.
Òîãäà ïðåäûäóùèé èíòåãðàë ìîæíî ïðåäñòàâèòü â âèäå ñóììû

r2,k ≤
∣∣∣∣∣∣∣∣

∫ ∫

d1
2,k

ψr,3r(ϕ,∆k,j−1 ∪∆k,j ∪∆k,j+1)dτ1dτ2
(τ1 − t1)p(τ2 − t2)p

∣∣∣∣∣∣∣∣
+
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+

∣∣∣∣∣∣∣∣

∫ ∫

d2
2,k

ψr,3r(ϕ,∆k,j−1 ∪∆k,j ∪∆k,j+1)dτ1dτ2
(τ1 − t1)p(τ2 − t2)p

∣∣∣∣∣∣∣∣
= r1

2,k + r2
2,k. (3.8)

Çäåñü d1
2,k = [xk, xk+1;xj−1, t2 + h], d2

2,k = [xk, xk+1; xj−1, xj+2] \ d1
2,k.

Îöåíèì êàæäûé èç èíòåãðàëîâ r1
2,k è r2

2,k â îòäåëüíîñòè.
Èñïîëüçóÿ îïðåäåëåíèå ãèïåðñèíãóëÿðíîãî èíòåãðàëà, èìååì:

r1
2,k ≤

≤
∣∣∣∣∣∣∣

p−1∑

v=0




Av

(xj−1 − t2)p−1−v

xk+1∫

xk

ψ
(0,v)
r,3r (ϕ,∆k,j−1 ∪∆k,j ∪∆k,j+1)(τ1, xj−1)dτ1

(τ1 − t1)p(τ2 − t2)
+

+
Bk

hp−1−v

xk+1∫

xk

ψ
(0,v)
r,3r (ϕ,∆k,j−1 ∪∆k,j ∪∆k,j+1)(τ1, xj+2)dτ1

(τ1 − t1)p(τ2 − t2)


 + · · ·+

+

∣∣∣∣∣∣∣∣
Ap

∫ ∫

d1
2,k

ψ
(0,p−1)
r,3r (ϕ,∆k,j−1 ∪∆k,j ∪∆k,j+1)(τ1, τ2)dτ1dτ2

(τ1 − t1)p(τ2 − t2)

∣∣∣∣∣∣∣∣
≤

≤
p−1∑

v=0


AvN

2p−2−v

(i− k)p

∣∣∣∣ψ
(0,v)
r,3r (ϕ,∆k,j−1 ∪∆k,j ∪∆k,j+1)(τ1, xj−1)

∣∣∣∣ +

+
BvN

2p−2−v

(i− k)p

∣∣∣∣ψ
(0,v)
r,3r (ϕ,∆k,j−1 ∪∆k,j ∪∆k,j+1)(τ1, xj+2)

∣∣∣∣


 +

+

∣∣∣∣∣∣∣∣
Ap

∫ ∫

d1
2,k



ψ

(0,p−1)
r,3r (ϕ,∆k,j−1 ∪∆k,j ∪∆k,j+1)(τ1, τ2)

(τ1 − t1)p(τ2 − t2)
−

−ψ
(0,p−1)
r,3r (ϕ,∆k,j−1 ∪∆k,j ∪∆k,j+1)(τ1, t2)dτ1dτ2

(τ1 − t1)p(τ2 − t2)




∣∣∣∣∣∣∣
≤

≤ AN−(r−2p+2). (3.9)

Äëÿ îöåíêè èíòåãðàëà r2
2,k çàìåòèì, ÷òî

r2
2,k ≤

BN p

(xi+2 − t1)p

∫ ∫

d2
2,k

|ψr,3r(ϕ,∆k,j−1 ∪∆k,j ∪∆k,j+1)dτ1dτ2| ≤

≤ BN−(r−2p+2). (3.10)
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Èç íåðàâåíñòâà (3.8) − (3.10) ñëåäóåò, ÷òî

r2 ≤ BN−(r−2p+2). (3.11)

Àíàëîãè÷íàÿ îöåíêà ñïðàâåäëèâà è äëÿ r3 :

r3 ≤ BN−(r−2p+2). (3.12)

Ïðèñòóïèì ê îöåíêå èíòåãðàëà r4. Ïóñòü h1 = min(|t1 − xi−1|, |xi+2−
−t2|), h2 = min(|t2 − xj−1|, |xj+2 − t2|). Äëÿ îïðåäåëåííîñòè ïîëîæèì
h1 = |xi−1 − t|, h2 = |xj−1 − t2|. Ïóñòü ∆1

ij = [xi−1, t1 + h1;xj−1, t2 + h2],
∆2
ij = ∆∗

ij \∆1
ij.

Òîãäà

r4 ≤
∣∣∣∣∣∣∣∣

∫ ∫

∆1
ij

ψ3r,3r(ϕ,∆
∗
ij)dτ1dτ2

(τ1 − t1)p(τ2 − t2)p

∣∣∣∣∣∣∣∣
+

+

∣∣∣∣∣∣∣∣

∫ ∫

∆2
ij

ψ3r,3r(ϕ,∆
∗
ij)dτ1dτ2

(τ1 − t1)p(τ2 − t2)p

∣∣∣∣∣∣∣∣
= r41 + r42.

Äëÿ îöåíêè èíòåãðàëà r41 âîñïîëüçóåìñÿ îïðåäåëåíèåì ãèïåðñèíãó-
ëÿðíîãî èíòåãðàëà è ñâîéñòâàìè ñèíãóëÿðíîãî èíòåãðàëà. Â ðåçóëüòàòå
èìååì:

r41 ≤
p−1∑

v1=0

p−1∑

v2=0




∣∣∣∣∣∣∣

Av1v2ψ
(v1,v2)
3r,3r (ϕ,∆∗

ij)(xi−1, xj−1)

hp−1−v1
1 hp−1−v2

2

∣∣∣∣∣∣∣
+

+

∣∣∣∣∣∣
Bv1,v2ψ

v1,v2
3r,3r(ϕ,∆

∗
ij)(xi−1, t2 + h2)

hp−1−v1
1 hp−1−v2

2

∣∣∣∣∣∣ +

+

∣∣∣∣∣∣∣

Cv1v2ψ
(v1,v2)
3r,3r (ϕ,∆∗

ij)(t1 + h1, xj−1)

hp−1−v1
1 hp−1−v2

2

∣∣∣∣∣∣∣
+

+

∣∣∣∣∣∣∣

Dv1v2ψ
(v1,v2)
3r,3r (ϕ,∆∗

ij)(t1 + h1, t2 + h2)

hp−1−v1
1 hp−1−v2

2

∣∣∣∣∣∣∣


 +

+B

∣∣∣∣∣∣∣∣

∫ ∫

∆1
ij

ψ
(p−1,p−1)
3r,3r (ϕ,∆∗

ij)(τ1, τ2)dτ1dτ2

(τ1 − t1)(τ2 − t2)

∣∣∣∣∣∣∣∣
≤

≤ AN (−r−2p+2) +B

∣∣∣∣∣∣∣∣

∫ ∫

∆1
ij

ψ
(p−1,p−1)
3r,3r (ϕ,∆∗

ij)(τ1, τ2)dτ1dτ2

(τ1 − t1)(τ2 − t2)

∣∣∣∣∣∣∣∣
.
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Îáîçíà÷èì ψ
(p−1,p−1)
3r,3r (ϕ,∆∗

ij)(τ1, τ2) ÷åðåç g(τ1, τ2). Ôóíêöèÿ g(τ1, τ2)
èìååò ÷àñòíûå ïðîèçâîäíûå äî (r − 2p+ 2)-ãî ïîðÿäêà.

Èñïîëüçóÿ ñèììåòðè÷íîñòü îáëàñòè ∆1
ij è ñâîéñòâà ñèíãóëÿðíûõ èí-

òåãðàëîâ, ïðåäûäóùèé èíòåãðàë ìîæíî ïðåäñòàâèòü â âèäå
∣∣∣∣∣∣∣∣

∫ ∫

∆1
ij

g(τ1, τ2)dτ1dτ2
(τ1 − t1)(τ2 − t2)

∣∣∣∣∣∣∣∣
=

=

∣∣∣∣∣∣∣∣

∫ ∫

∆1
ij

g(τ1, τ2)− g(t1, τ2)− g(τ1, t2) + g(t1, t2)

(τ1 − t1)(τ2 − t2)
dτ1dτ2

∣∣∣∣∣∣∣∣
.

Íåòðóäíî âèäåòü, ÷òî

|g(τ1, τ2)− g(t1, τ2)− g(τ1, t2) + g(t1, t2)| ≤
≤ |g′(t1 + θ1(τ1 − t1), τ2)||τ1 − t1|+ |g′(t1 + θ2(τ1 − t1), t2)||τ1 − t1| ≤

≤ AN−(r−2p+1)|τ1 − t1|.
Àíàëîãè÷íî,

|g(τ1, τ2)− g(t1, τ2)− g(τ1, t2) + g(t1, t2)| ≤
≤ AN−(r−2p+1)|τ2 − t2|.

Ñëåäîâàòåëüíî,

|g(τ1, τ2)− g(t1, τ2)− g(τ1, t2) + g(t1, t2)| ≤
≤ AN−(r−2p+1)(|τ1 − t1||τ2 − t2|)1/2.

Âîñïîëüçîâàâøèñü ýòèì íåðàâåíñòâîì è ïðîâåäÿ ýëåìåíòàðíûå âû-
êëàäêè, ïðèõîäèì ê íåðàâíñòâó:

∣∣∣∣∣∣∣∣

∫ ∫

∆1
ij

g(τ1, τ2)dτ1dτ2
(τ1 − t1)(τ2 − t2)

∣∣∣∣∣∣∣∣
≤ A

N r−2p+2 . (3.13)

Îñòàëîñü îöåíèòü èíòåãðàë r42. Âîñïîëüçîâàâøèñü òåì, ÷òî â îáëàñòè
∆2
ij |τ1 − t1| ≥ h1, |τ1 − t2| ≥ h2, èìååì:

r42 ≤ AN−(r−2p+2). (3.14)
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Ñîáèðàÿ îöåíêè (3.6) − (3.14), ïðèõîäèì ê íåðàâåíñòâó:

|RN(ϕ)| ≤ AN−(r−2p+2) =
A

nr/2−p+1 ,

ãäå n = O(N 2)− ÷èñëî óçëîâ êóáàòóðíîé ôîðìóëû (3.5).
Òàê êàê ϕ− ïðîèçâîëüíàÿ ôóíêöèÿ èç ôóíêöèîíàëüíîãî ìíîæåñòâà

Cr
2(M), îêîí÷àòåëüíî èìååì

RN [Cr
2(M)] ≤ A

nr/2−p+1 . (3.15)

Òàêèì îáðàçîì, äîêàçàíî ñëåäóþùåå óòâåðæäåíèå.
Òåîðåìà 3.4. Ïóñòü Ψ = Cr

2(M). Êóáàòóðíàÿ ôîðìóëà (3.5) èìååò
ïîãðåøíîñòü

RN [Ψ] ≤ AN−(r−2p+2).

Èç ñîïîñòàâëåíèÿ óòâåðæäåíèé òåîðåì 3.2 è 3.4 ñëåäóåò
Òåîðåìà 3.5. Ñðåäè âñåâîçìîæíûõ êóáàòóðíûõ ôîðìóë âèäà (3.2)

ôîðìóëà (3.5) ÿâëÿåòñÿ îïòèìàëüíîé ïî ïîðÿäêó.
Ðàññìîòðèì ôóíêöèþ ϕ(τ1, τ2) ∈ W r1r2(1) íà òîïîëîãè÷åñêîì ïðîèçâå-

äåíèè äâóõ êîíå÷íûõ îòðåçêîâ [−1, 1]× [−1, 1]. Ïðåäïîëîæèì, ÷òî ôóíê-
öèÿ ϕ(τ1, τ2) çàäàíà ñâîèìè ïðèáëèæåííûìè çíà÷åíèÿìè ϕ̃(τ1, τ2), ïðè-
÷åì |ϕ(τ1, τ2)− ϕ̃(τ1, τ2)| ≤ ε.

Äëÿ èíòåãðàëà Àäàìàðà

Aϕ =
1∫

−1

1∫

−1

ϕ(τ1, τ2)

(τ1 − t1)p1(τ2 − t2)p2
dτ1 dτ2 (3.16)

ïîñòðîèì êóáàòóðíóþ ôîðìóëó ñëåäóþùåãî âèäà:

Aϕ =
1

4

N1−1∑

k1=0

N2−1∑

k2=0
ϕ̃(t′k1

, t′k2
)

tk1+1∫

tk1

tk2+1∫

tk2

[ 1

[τ1 − (t1 − ih1)]
p1[τ2 − (t2 − ih2)]

p2
+

+
1

[τ1 − (t1 − ih1)]
p1[τ2 − (t2 + ih2)]

p2
+

1

[τ1 − (t1 + ih1)]
p1[τ2 − (t2 − ih2)]

p2
+

+
1

[τ1 − (t1 + ih1)]
p1[τ2 − (t2 + ih2)]

p2

]
dτ1 dτ2 +RN1N2

(ϕ), (3.17)

ãäå òî÷êè tk ïîëó÷åíû ïóòåì ðàâíîìåðíîãî ðàçáèåíèÿ îòðåçêîâ íà N ÷à-
ñòåé: tk = −1+2k/N(k = 0, 1, . . . , N); t′k = (tk+tk+1)/2;h1 = N−1/p1, h2 =
= N−1/p2.
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Òåîðåìà 3.6. Ïóñòü ϕ(τ1, τ2) ∈ W
r1r2(1) è |ϕ(τ1, τ2)− ϕ̃(τ1, τ2)| ≤ ε.

Äëÿ èíòåãðàëà Àäàìàðà (3.1) êóáàòóðíàÿ ôîðìóëà (3.17) ïðè ri ≥ pi,

hi = h è pi = 2, i = 1, 2, èìååò ïîãðåøíîñòü

|RNN(ϕ)| ≤ A

(
h| lnh|+ ε

h2 +
1

Nh2

)
.

Äîêàçàòåëüñòâî. Ïðåäñòàâèì èíòåãðàë (3.1) â âèäå ñóììû

Aϕ =
1∫

−1

1∫

−1

ϕ(τ1, τ2) dτ1 dτ2
(τ1 − t1)p1(τ2 − t2)p2

= lim
η→0

[ t1−η∫

−1

t2−η∫

−1

ϕ(τ1, τ2) dτ1 dτ2
(τ1 − t1)p1(τ2 − t2)p2

+

+
1∫

t1+η

t2−η∫

−1

ϕ(τ1, τ2) dτ1 dτ2
(τ1 − t1)p1(τ2 − t2)p2

+
t1−η∫

−1

1∫

t2+η

ϕ(τ1, τ2) dτ1 dτ2
(τ1 − t1)p1(τ2 − t2)p2

+

+
1∫

t1+η

1∫

t2+η

ϕ(τ1, τ2) dτ1 dτ2
(τ1 − t1)p1(τ2 − t2)p2

+
ψ(η)

ηp1+p2−2

]
. (3.18)

Ïî îïðåäåëåíèþ èíòåãðàëà Àäàìàðà ôóíêöèÿ ψ(η) âûáèðàåòñÿ òàêèì
îáðàçîì, ÷òîáû ïðåäåë ñóùåñòâîâàë. Äîêàçàòåëüñòâî òåîðåìû ïðè ïðîèç-
âîëüíûõ p1 è p2 òðóäîåìêîå, ïîýòîìó äàëüíåéøèå ðàññóæäåíèÿ ïðîâåäåì
â ïðåäïîëîæåíèè p1 = p2 = 2. Ýòî äîêàçàòåëüñòâî îòëè÷àåòñÿ îò îáùåãî
ñëó÷àÿ ëèøü ìåíüøèì ÷èñëîì ñëàãàåìûõ â êàæäîì èíòåãðàëå.

Íåòðóäíî âèäåòü, ÷òî

I1 =
t1−η∫

−1

t2−η∫

−1

ϕ(τ1, τ2) dτ1 dτ2
(τ1 − t1)2(τ2 − t2)2 =

t1−η∫

−1

t2−η∫

−1

D(1,1)ϕ(τ1, τ2) dτ1 dτ2
(τ1 − t1)(τ2 − t2)

+

+
t1−η∫

−1

D(1,0)ϕ(τ1,−1) dτ1
(τ1 − t1)(1 + t2)

+
t2−η∫

−1

D(0,1)ϕ(−1, τ2) dτ2
(1 + t1)(τ2 − t2)

+
ϕ(−1,−1)

(1 + t1)(1 + t2)
+ψ1(η).

Ïðåäñòàâëÿÿ àíàëîãè÷íûì îáðàçîì îñòàëüíûå ñëàãàåìûå ïðàâîé ÷à-
ñòè ôîðìóëû (3.18), èìååì:

1∫

−1

1∫

−1

ϕ(τ1, τ2) dτ1 dτ2
(τ1 − t1)2(τ2 − t2)2 = lim

η→0



t1−η∫

−1

t2−η∫

−1

D(1,1)ϕ(τ1, τ2) dτ1 dτ2
(τ1 − t1)(τ2 − t2)

+

+
1∫

t1+η

t2−η∫

−1

D(1,1)ϕ(τ1, τ2) dτ1 dτ2
(τ1 − t1)(τ2 − t2)

+
t1−η∫

−1

1∫

t2+η

D(1,1)ϕ(τ1, τ2) dτ1 dτ2
(τ1 − t1)(τ2 − t2)

+
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+
1∫

t1+η

1∫

t2+η

D(1,1)ϕ(τ1, τ2) dτ1 dτ2
(τ1 − t1)(τ2 − t2)


 +

1

−1− t2

1∫

−1

ϕ′τ1(τ1,−1) dτ1
τ1 − t1

−

− 1

1− t2

1∫

−1

ϕ′τ1(τ1, 1) dτ1
τ1 − t1

+
1

−1− t1

1∫

−1

ϕ′τ2(−1, τ2) dτ2
τ2 − t2

−

− 1

1− t1

1∫

−1

ϕ′τ2(1, τ2) dτ2
τ2 − t2

+
A1ϕ(−1,−1)

(1 + t1)(1 + t2)
+

+
A2ϕ(−1, 1)

(1 + t1)(1− t2)
+

A3ϕ(1,−1)

(1− t1)(1 + t2)
+

A4ϕ(1, 1)

(1− t1)(1− t2)
,

ãäå Ai = ±1, i = 1, 2, 3, 4.
Îöåíêà ïîãðåøíîñòè êóáàòóðíîé ôîðìóëû (3.18) èìååò âèä

|RN1N2
(ϕ)| ≤

≤
∣∣∣∣∣∣∣

1∫

−1

1∫

−1

ϕ(τ1, τ2) dτ1 dτ2
(τ1 − t1)2(τ2 − t2)2 −

1

4




1∫

−1

1∫

−1

ϕ(τ1, τ2) dτ1 dτ2
(τ1 − t1 + ih)2(τ2 − t2 + ih)2 +

+
1∫

−1

1∫

−1

ϕ(τ1, τ2) dτ1 dτ2
(τ1 − t1 + ih)2(τ2 − t2 − ih)2 +

1∫

−1

1∫

−1

ϕ(τ1, τ2) dτ1 dτ2
(τ1 − t1 − ih)2(τ2 − t2 + ih)2+

+
1∫

−1

1∫

−1

ϕ(τ1, τ2) dτ1 dτ2
(τ1 − t1 − ih)2(τ2 − t2 − ih)2




∣∣∣∣∣∣∣
+

+
1

4

N1−1∑

k1=0

N2−1∑

k2=0

∣∣∣∣∣∣∣∣

tk1+1∫

tk1

tk2+1∫

tk2

[ ϕ(τ1, τ2)− ϕ(t′k1
, t′k2

)

(τ1 − t1 + ih)2(τ2 − t2 + ih)2+

+
ϕ(τ1, τ2)− ϕ(t′k1

, t′k2
)

(τ1 − t1 + ih)2(τ2 − t2 − ih)2 +
ϕ(τ1, τ2)− ϕ(t′k1

, t′k2
)

(τ1 − t1 − ih)2(τ2 − t2 + ih)2+

+
ϕ(τ1, τ2)− ϕ(t′k1

, t′k2
)

(τ1 − t1 − ih)2(τ2 − t2 − ih)2

]
dτ1 dτ2

∣∣∣∣∣∣ +

+
1

4

N1−1∑

k1=0

N2−1∑

k2=0

∣∣∣∣
{(
ϕ(t′k1

, t′k2
)− ϕ̃(t′k1

, t′k2
)
)×

×
tk1+1∫

tk1

tk2+1∫

tk2


 1

(τ1 − t1 + ih)2(τ2 − t2 + ih)2 +
1

(τ1 − t1 + ih)2(τ2 − t2 − ih)2+
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+
1

(τ1 − t1 − ih)2(τ2 − t2 + ih)2 +
1

(τ1 − t1 − ih)2(τ2 − t2 − ih)2


 dτ1dτ2

}∣∣∣∣ =

=
3∑

i=1

4∑

j=1
Rij.

Îöåíèì ïî îäíîìó ñëàãàåìîìó èç êàæäîé ãðóïïû. Âíà÷àëå îöåíèì R11

(âûðàæåíèÿ R1i, i = 2, 3, 4, îöåíèâàþòñÿ àíàëîãè÷íî). Íåòðóäíî âèäåòü,
÷òî R11 ≤ R111 +R112 +R113, ãäå

R111 =

∣∣∣∣∣∣∣

1∫

−1

1∫

−1

ϕ(1,1)
τ1τ2

(τ1, τ2) dτ1 dτ2
(τ1 − t1)(τ2 − t2)

− 1

4




1∫

−1

1∫

−1

ϕ(1,1)
τ1τ2

(τ1, τ2) dτ1 dτ2
(τ1 − t1 + ih)(τ2 − t2 + ih)

+

+
1∫

−1

1∫

−1

ϕ(1,1)
τ1τ2

(τ1, τ2) dτ1 dτ2
(τ1 − t1 + ih)(τ2 − t2 − ih)

+
1∫

−1

1∫

−1

ϕ(1,1)
τ1τ2

(τ1, τ2) dτ1 dτ2
(τ1 − t1 − ih)(τ2 − t2 + ih)

+

+
1∫

−1

1∫

−1

ϕ(1,1)
τ1τ2

(τ1, τ2) dτ1 dτ2
(τ1 − t1 − ih)(τ2 − t2 − ih)




∣∣∣∣∣∣∣
;

R112 =

∣∣∣∣∣
1

−1− t2

1∫

−1

ϕ′τ1(τ1,−1)

τ1 − t1
dτ1 − 1

4

[
1

−1− t2 + ih

1∫

−1

ϕ′τ1(τ1,−1)

τ1 − t1 + ih
dτ1+

+
1

1− t2 − ih

1∫

−1

ϕ′τ1(τ1, 1)

τ1 − t1 + ih
dτ1 +

1

−1− t1 + ih

1∫

−1

ϕ′τ2(−1, τ2)

τ2 − t2
dτ2+

+
1

1− t1 − ih

1∫

−1

ϕ′τ2(1, τ2)
τ2 − t2

dτ2]|;

R113 = |ϕ(1, 1)|
∣∣∣∣

1

(1− t1)(1− t2)
− 1

4

[ 1

(1− t1 + ih)(1− t2 + ih)
+

+
1

(1− t1 + ih)(1− t2 − ih)
+

1

(1− t1 − ih)(1− t2 + ih)
+

+
1

(1− t1 − ih)(1− t2 − ih)

]∣∣∣∣.

Îöåíèì R111.
Çàôèêñèðóåì ∆ > 0. Áóäåì ñ÷èòàòü, ÷òî h ¿ ∆; −1 + ∆ ≤ t1, t2 ≤

≤ 1−∆.
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Òîãäà
R111 =

= h2|
1∫

−1

1∫

−1

ϕ(1,1)
τ1τ2

(τ1, τ2)
[(τ1 − t1)

2 + (τ2 − t2)
2 + h2] dτ1 dτ2

(τ1 − t1)(τ2 − t2)[(τ1 − t1)2 + h2][(τ2 − t2)2 + h2]
|+

+

∣∣∣∣∣∣∣

1∫

−1

1∫

−1

ϕ(1,1)
τ1τ2

(τ1, τ2)(ih(τ1 − t1)(τ2 − t2)
2 + ih(τ2 − t2)(τ1 − t1)

2)

(τ1 − t1)(τ2 − t2)[(τ1 − t1)2 + h2][(τ2 − t2)2 + h2]
dτ1dτ2

∣∣∣∣∣∣∣
.

Âòîðîé èíòåãðàë îöåíèâàåòñÿ âåëè÷èíîé Ah| lnh|.
Ïóñòü hi = min(|1− ti|, |1+ ti|), i = 1, 2. Ïóñòü h1 = t1 +1, h2 = t2 +1.

Ââåäåì ñëåäóþùèå îáëàñòè:

∆0 = [t1 − h, t1 + h; t2 − h, t2 + h],

∆1 = [t1 − h, t1 + h;−1, 1] ∪ [−1, 1; t2 − h, t2 + h] \∆0,

∆2 = [t1 − h1, t1 + h1; t2 − h2, t2 + h2] \ (∆0 ∪∆1),

∆3 = ([t1 − h1, t1 + h1;−1, 1] ∪ [−1, 1; t2 − h2, t2 + h2]) \ (∆0 ∪∆1 ∪∆2),

∆4 = [−1, 1]2 \ ([t1 − h1, t1 + h1;−1, 1] ∪ [−1, 1; t2 − h2, t2 + h2]) .

Ïðåäûäóùèé èíòåãðàë ïðåäñòàâèì â âèäå
4∑
i=0

∫ ∫
∆i

ψ(τ1, τ2)f(τ1, τ2)dτ1dτ2, ãäå ψ(τ1, τ2) = ϕ(1,1)
τ1τ2

(τ1, τ2),

f(τ1, τ2) =
[(τ1 − t1)

2 + (τ2 − t2)
2 + h2]dτ1dτ2

(τ1 − t1)(τ2 − t2)[(τ1 − t1)2 + h2][(τ2 − t2)2 + h2]
.

Èñïîëüçóÿ ñâîéñòâà ïîëèñèíãóëÿðíûõ èíòåãðàëîâ, èìååì:
∣∣∣∣∣∣∣

∫ ∫

∆0

ψ(τ1, τ2)f(τ1, τ2)dτ1dτ2

∣∣∣∣∣∣∣
=

=

∣∣∣∣∣∣∣

∫ ∫

∆0

(ψ(τ1, τ2)− ψ(t1, τ2)− ψ(τ1, t2) + ψ(t1, t2))f(τ1, τ2)dτ1dτ2

∣∣∣∣∣∣∣
≤

≤ A
∫ ∫

∆0

|τ1 − t1|1/2|τ2 − t2|1/2||f(τ1, τ2)|dτ1dτ2 ≤ A

h
;

∣∣∣∣∣∣∣

∫ ∫

∆1

ψ(τ1, τ2)f(τ1, τ2)dτ1dτ2

∣∣∣∣∣∣∣
≤ 4

∣∣∣∣∣∣∣∣

∫

∆1
1

(ψ(τ1, τ2)− ψ(t2, t2))f(τ1, τ2)dτ1dτ2

∣∣∣∣∣∣∣∣
≤
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≤ 4A
∫

∆1
1

|τ2 − t2||f(τ1, τ2)|dτ1dτ2 ≤ A

h
,

ãäå ∆1
1 = [−1, t1 − h; t2 − h, t2 + h];

∣∣∣∣∣∣∣

∫ ∫

∆2

ψ(τ1, τ2)f(τ1, τ2)dτ1dτ2

∣∣∣∣∣∣∣
≤

≤ A
∫ ∫

∆2

|ψ(τ1, τ2)− ψ(t1, τ2)− ψ(τ1, t2) + ψ(t1, t2)||f(τ1, τ2)|dτ1dτ2 ≤ A

h
;

∣∣∣∣∣∣∣

∫ ∫

∆3

ψ(τ1, τ2)f(τ1, τ2)dτ1dτ2

∣∣∣∣∣∣∣
≤ A


 1

h2
1

+
1

h2
2

+
h2

h2
1h

2
2


 ;

∥∥∥∥∥∥∥

∫ ∫

∆4

ψ(τ1, τ2)f(τ1, τ2)dτ1dτ2

∥∥∥∥∥∥∥
≤ A


 lnh1

h2
1

+
lnh2

h2
1

+
h2

h2
1h

2
2


 .

Ñîáèðàÿ ïîëó÷åííûå îöåíêè ïðè h << min(h1, h2), èìååì:
R111 ≤ Ah| lnh|.

Âûðàæåíèå R112 ñîñòîèò èç ÷åòûðåõ ñëàãàåìûõ. Îöåíèì îäíî èç íèõ
(îñòàëüíûå îöåíèâàþòñÿ àíàëîãè÷íî):

∣∣∣∣∣

1∫

−1

ϕ′τ1(τ1,−1)
{ 1

(−1− t2)(τ1 − t1)
− 1

4

[ 1

(−1− t2 + ih)(τ1 − t1 + ih)
+

+
1

(−1− t2 − ih)(τ1 − t1 + ih)
+

1

(−1− t2 + ih)(τ1 − t1 − ih)
+

+
1

(−1− t2 − ih)(τ1 − t1 − ih)






 dτ1| ≤

≤ Ah2
∣∣∣∣∣

1

| − 1− t2|[(−1− t2)2 + h2]

1∫

−1

|τ1 − t1|
(τ1 − t1)2 + h2 dτ1+

+
1

|−1− t2|
1∫

−1

dτ1
(τ1 − t1)[(τ1 − t1)2 + h2]

∣∣∣∣∣ = O(h2 lnh).

Âûðàæåíèå R113 ñîñòîèò èç äâóõ ñëàãàåìûõ. Îöåíèì îäíî èç íèõ (âòî-
ðîå ñëàãàåìîå îöåíèâàåòñÿ àíàëîãè÷íî):

|ϕ(1, 1)|
∣∣∣∣∣∣

1

(1− t1)(1− t2)
− 1− t1 − t2 + t1t2

[(1− t1)2 + h2][(1− t2)2 + h2]

∣∣∣∣∣∣ ≤ O(h2).
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Îòìåòèì, ÷òî âñå ýòè îöåíêè ïîëó÷åíû â ïðåäïîëîæåíèè, ÷òî −1+
+∆ ≤ t1, t2 ≤ 1−∆, ãäå ∆ � ïîñòîÿííàÿ. Èç ïîëó÷åííûõ îöåíîê ñëåäóåò,
÷òî |R11| ≤ O(h| lnh|).

Îöåíèì âûðàæåíèå R21 (âûðàæåíèÿ R2i, i = 2, 3, 4, îöåíèâàþòñÿ àíà-
ëîãè÷íî): ∣∣∣∣∣∣∣

1

4




1∫

−1

1∫

−1

ϕ(τ1, τ2) dτ1 dτ2
(τ1 − t1 + ih)2(τ2 − t2 + ih)2−

−
N1−1∑

k1=0

N2−1∑

k2=0
ϕ(t′k1

, t′k2
)

tk1+1∫

tk1

tk2+1∫

tk2

dτ1 dτ2
(τ1 − t1 + ih)2(τ2 − t2 + ih)2




∣∣∣∣∣∣∣∣
≤

≤ 1

4

N1−1∑

k1=0

N2−1∑

k2=0
|
tk1+1∫

tk1

tk2+1∫

tk2

|ϕ(τ1, τ2)− ϕ(t′k1
, t′k2

)| dτ1 dτ2
|τ1 − t1 + ih|2||τ2 − t2 + ih|2 ≤

≤ A

4N

N1−1∑

k1=0

tk1+1∫

tk1

dτ1
(τ1 − t1)2 + h2

N2−1∑

k2=0

tk2+1∫

tk2

dτ2
(τ2 − t2)2 + h2 = O

(
1

Nh2

)
.

Îöåíèì âûðàæåíèå R31 (R3i, i = 2, 3, 4, îöåíèâàþòñÿ àíàëîãè÷íî):
N1−1∑

k1=0

N2−1∑

k2=0
|ϕ(t′k1

, t′k2
)− ϕ̃(t′k1

, t′k2
)|×

×|
tk1+1∫

tk1

tk2+1∫

tk2

dτ1 dτ2
|(τ1 − t1 + ih)2(τ2 − t2 + ih)2| ≤ O

(
ε

h2

)
.

Ñîáèðàÿ âìåñòå îöåíêè âûðàæåíèé Rij, i = 1, 2, 3, j = 1, 2, 3, 4, óáåæ-
äàåìñÿ â ñïðàâåäëèâîñòè òåîðåìû.

4. Êóáàòóðíûå ôîðìóëû âû÷èñëåíèÿ
ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ íà òîïîëîãè÷åñêîì

ïðîèçâåäåíèè äâóõ áåñêîíå÷íûõ êîíòóðîâ

Ðàññìîòðèì èíòåãðàë Àäàìàðà

Aϕ =
∞∫

−∞

∞∫

−∞

ϕ(τ1, τ2) dτ1 dτ2
(τ1 − t1)p1(τ2 − t2)p2

. (4.1)

Ôóíêöèÿ ϕ(τ1, τ2) èìååò ïðîèçâîäíûå äî r1-ãî ïîðÿäêà ïî ïåðåìåííîé
τ1 è r2-ãî ïîðÿäêà ïî ïåðåìåííîé τ2: ϕ(τ1, τ2) ∈ W r1r2(1).
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Ïðåäïîëîæèì, ÷òî ýòà ôóíêöèÿ ïðåäñòàâèìà â âèäå ϕ(τ1, τ2) =
= ρi(τ1, τ2)ψ(τ1, τ2), ãäå ρi � âåñîâûå ôóíêöèè. Â êà÷åñòâå âåñîâûõ èñ-
ïîëüçóþòñÿ ñëåäóþùèå ôóíêöèè:

ρ1(τ1, τ2) = a−|τ1|−|τ2| ïðè a > 1; ρ2(τ1, τ2) = e−τ
2
1−τ2

2 .

×åðåç W r1,r2(1, K) îáîçíà÷èì êëàññ ôóíêöèé ϕ(τ1, τ2), îïðåäåëåííûõ
â îáëàñòè (−∞;∞)2, èìåþùèõ íåïðåðûâíûå ïðîèçâîäíûå äî (r1 − 1)-ãî
ïîðÿäêà ïî ïåðåìåííîé τ1 è (r2−1)-ãî ïîðÿäêà ïî ïåðåìåííîé τ2, êóñî÷íî-
íåïðåðûâíûå ïðîèçâîäíûå ïîðÿäêà r1 ïî ïåðåìåííîé τ1 è ïîðÿäêà r2 ïî
ïåðåìåííîé τ2 è óäîâëåòâîðÿþùèõ óñëîâèÿì:

max |ϕ(r1,r2)(τ1, τ2)| ≤ 1;

max(|ϕ(τ1, τ2)|, |ϕ′τ1(τ1, τ2)|, |ϕ′τ2(τ1, τ2)|, . . . , |ϕ(r1−1,r2−1)
τ1,τ2

(τ1, τ2)|) ≤ K.

Ââåäåì îáîçíà÷åíèÿ:N 1
k , N

2
k � öåëûå ÷èñëà;

τ 1
k,` = k1 + `1/N

1
k1

; k = −A1, . . . ,−1, 0, 1, . . . , A1; `1 = 0, 1, . . . , N 1
k1

;
τ 2
k,` = k2 + `2/N

2
k2

; k = −A2, . . . ,−1, 0, 1, . . . , A2; `2 = 0, 1, . . . , N 2
k2

; çíà÷å-
íèÿ Ai â çàâèñèìîñòè îò âåñîâîé ôóíêöèè ρ(τ1, τ2) ðàâíû [ri logaNi] ïðè
ρ(τ1, τ2) = a−|τ1|−|τ2| èëè [lnNi] ïðè ρ(τ1, τ2) = e−τ

2
1−τ2

2 .
Çíà÷åíèÿ N i

k òàêæå çàâèñÿò îò âåñîâîé ôóíêöèè: åñëè âåñîâàÿ ôóíê-
öèÿ ρ(τ1, τ2) = a−|τ1|−|τ2|, òî N i

k = N/akr1; åñëè ρ(τ1, τ2) = e−τ
2
1−τ2

2 , òî
N i
k = N/ exp(k2/ri), i = 1, 2.
Òåîðåìà 4.1. Ïóñòü ϕ(τ1, τ2) ∈ W r1r2(1, K) è |ϕ(τ1, τ2)− ϕ̃(τ1, τ2)| ≤

≤ ε. Òîãäà äëÿ èíòåãðàëà Àäàìàðà (4.1) êóáàòóðíàÿ ôîðìóëà
∞∫

−∞

∞∫

−∞

ϕ(τ1, τ2) dτ1 dτ2
(τ1 − t1)p1(τ2 − t2)p2

=

=
1

4

N1−1∑

k1=0

N2−1∑

k2=0
ϕ̃(t′k1

, t′k2
)

tk1+1∫

tk1

tk2+1∫

tk2

[ 1

(τ1 − t1 + ih)p1(τ2 − t2 + ih)p2
+

+
1

(τ1 − t1 − ih)p1(τ2 − t2 + ih)p2
+

1

(τ1 − t1 + ih)p1(τ2 − t2 − ih)p2
+

+
1

(τ1 − t1 − ih)p1(τ2 − t2 − ih)p2

]
dτ1 dτ2 +RN1N2

(ϕ). (4.2)

Ïðè p1 = p2 = 2 êóáàòóðíàÿ ôîðìóëà (4.2) èìååò ïîãðåøíîñòü

|RN1N2
(ϕ)| ≤ A(h

1/2
1 h

1/2
2 |lnh1||lnh2|+ ε/(h1h2) + 1/(Nh1h2)).
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Äîêàçàòåëüñòâî. Ðàññìîòðèì èíòåãðàë Àäàìàðà (4.1) â ïðåäïîëî-
æåíèè, ÷òî

lim
τ1→±∞,τ2→±∞

ϕ(i,j)
τ1τ2

(τ1, τ2) = 0, 0 ≤ i, j ≤ p− 1.

Òîãäà
∞∫

−∞

∞∫

−∞

ϕ(τ1, τ2) dτ1 dτ2
(τ1 − t1)p1(τ2 − t2)p2

=

=
1

(p1 − 1)!(p2 − 1)!

∞∫

−∞

∞∫

−∞

ϕ(p1−1,p2−1)
τ1τ2

(τ1, τ2) dτ1 dτ2
(τ1 − t1)(τ2 − t2)

. (4.3)

Èíòåãðèðóÿ ïî ÷àñòÿì, ïîëó÷àåì:
∞∫

−∞

∞∫

−∞

ϕ(τ1, τ2) dτ1 dτ2
[τ1 − (t1 − ih1)]

p1[τ2 − (t2 − ih2)]
p2

=

=
1

(p1 − 1)!(p2 − 1)!

∞∫

−∞

∞∫

−∞

ϕ(p1−1,p2−1)
τ1τ2

(τ1, τ2) dτ1 dτ2
[τ1 − (t1 − ih1)][τ2 − (t2 − ih2)]

;

∞∫

−∞

∞∫

−∞

ϕ(τ1, τ2) dτ1 dτ2
[τ1 − (t1 − ih1)]

p1[τ2 − (t2 + ih2)]
p2

=

=
1

(p1 − 1)!(p2 − 1)!

∞∫

−∞

∞∫

−∞

ϕ(p1−1,p2−1)
τ1τ2

(τ1, τ2) dτ1 dτ2
[τ1 − (t1 − ih1)][τ2 − (t2 + ih2)]

;

∞∫

−∞

∞∫

−∞

ϕ(τ1, τ2) dτ1 dτ2
[τ1 − (t1 + ih1)]

p1[τ2 − (t2 − ih2)]
p2

=

=
1

(p1 − 1)!(p2 − 1)!

∞∫

−∞

∞∫

−∞

ϕ(p1−1,p2−1)
τ1τ2

(τ1, τ2) dτ1 dτ2
[τ1 − (t1 + ih1)][τ2 − (t2 − ih2)]

;

∞∫

−∞

∞∫

−∞

ϕ(τ1, τ2) dτ1 dτ2
[τ1 − (t1 + ih1)]

p1[τ2 − (t2 + ih2)]
p2

=

=
1

(p1 − 1)!(p2 − 1)!

∞∫

−∞

∞∫

−∞

ϕ(p1−1,p2−1)
τ1τ2

(τ1, τ2) dτ1 dτ2
[τ1 − (t1 + ih1)][τ2 − (t2 + ih2)]

. (4.4)

Èç ôîðìóë (4.3) è (4.4) ñëåäóåò
∞∫

−∞

∞∫

−∞

ϕ(τ1, τ2) dτ1 dτ2
(τ1 − t1)p1(τ2 − t2)p2

=
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= lim
η→0

1

4

∞∫

−∞

∞∫

−∞

[ ϕ(τ1, τ2)

[τ1 − (t1 − iη)]p1[τ2 − (t2 − iη)]p2
+

+
ϕ(τ1, τ2)

[τ1 − (t1 − iη)]p1[τ2 − (t2 + iη)]p2
+

ϕ(τ1, τ2)

[τ1 − (t1 + iη)]p1[τ2 − (t2 − iη)]p2
+

+
ϕ(τ1, τ2)

[τ1 − (t1 + iη)]p1[τ2 − (t2 + iη)]p2

]
dτ1 dτ2.

Ðàññìîòðèì îòäåëüíî èíòåãðàë
∞∫

−∞

∞∫

−∞

ϕ(p1−1,p2−1)
τ1τ2

(τ1, τ2) dτ1 dτ2
[τ1 − (t1 − ih1)][τ2 − (t2 − ih2)]

=

=
∞∫

−∞

∞∫

−∞

1

[τ1 − (t1 − ih1)][τ2 − (t2 − ih2)]
[ϕ(p1−1,p2−1)

τ1τ2
(τ1, τ2)−

−ϕ(p1−1,p2−1)
t1τ2 (t1, τ2)− ϕ

(p1−1,p2−1)
τ1t2 (τ1, t2) + ϕ

(p1−1,p2−1)
t1t2 (t1, t2)] dτ1 dτ2+

+
∞∫

−∞

∞∫

−∞

ϕ(p1−1,p2−1)
τ1τ2

(t1, τ2)− ϕ(p1−1,p2−1)
τ1τ2

(t1, t2)

[τ1 − (t1 − ih1)][τ2 − (t2 − ih2)]
dτ1 dτ2+

+
∞∫

−∞

∞∫

−∞

ϕ(p1−1,p2−1)
τ1τ2

(τ1, t2)− ϕ(p1−1,p2−1)
τ1τ2

(t1, t2)

[τ1 − (t1 − ih1)][τ2 − (t2 − ih2)]
dτ1 dτ2+

+
∞∫

−∞

∞∫

−∞

ϕ(p1−1,p2−1)
τ1τ2

(t1, t2)

[τ1 − (t1 − ih1)][τ2 − (t2 − ih2)]
dτ1 dτ2 = I1 + I2 + I3 + I4.

Âòîðîé, òðåòèé è ÷åòâåðòûé èíòåãðàëû ñïðàâà âû÷èñëÿþòñÿ ïî ôîð-
ìóëàì Êîøè:

I2 =
∞∫

−∞

∞∫

−∞

ϕ(p1−1,p2−1)
τ1τ2

(t1, τ2)− ϕ(p1−1,p2−1)
τ1τ2

(t1, t2)

[τ1 − (t1 − ih1)][τ2 − (t2 − ih2)]
dτ1 dτ2 =

=
∞∫

−∞

ϕ(p1−1,p2−1)
τ1τ2

(t1, τ2)− ϕ(p1−1,p2−1)
τ1τ2

(t1, t2)

τ2 − (t2 − ih2)
dτ2×

×




πi, åñëè t1 − ih1 ëåæèò â âåðõíåé ïîëóïëîñêîñòè,
−πi, åñëè t1 − ih1 ëåæèò â íèæíåé ïîëóïëîñêîñòè;

I3 =
∞∫

−∞

∞∫

−∞

ϕ(p1−1,p2−1)
τ1τ2

(τ1, t2)− ϕ(p1−1,p2−1)
τ1τ2

(t1, t2)

[τ1 − (t1 − ih1)][τ2 − (t2 − ih2)]
dτ1 dτ2 =
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=
∞∫

−∞

ϕ(p1−1,p2−1)
τ1τ2

(τ1, t2)− ϕ(p1−1,p2−1)
τ1τ2

(t1, t2)

τ1 − (t1 − ih1)
dτ1×

×



πi, åñëè t2 − ih2 ëåæèò â âåðõíåé ïîëóïëîñêîñòè,
−πi, åñëè t2 − ih2 ëåæèò â íèæíåé ïîëóïëîñêîñòè;

I4 =
∞∫

−∞

∞∫

−∞

ϕ(p1−1,p2−1)
τ1τ2

(t1, t2)

[τ1 − (t1 − ih1)][τ2 − (t2 − ih2)]
dτ1 dτ2 =

= ϕ(p1−1,p2−1)
τ1τ2

(t1, t2)×

×





−π2, åñëè îáå òî÷êè (t1 − ih1) è (t2 − ih2) ëåæàò èëè â âåðõíèõ,
èëè â íèæíèõ ïîëóïëîñêîñòÿõ ñîîòâåòñòâóþùèõ ïëîñêîñòåé,
π2, åñëè îäíà èç òî÷åê (t1 − ih1) èëè (t2 − ih2) ëåæèò â âåðõíåé
ïîëóïëîñêîñòè, à âòîðàÿ � â íèæíåé ïîëóïëîñêîñòè
ñîîòâåòñòâóþùèõ ïëîñêîñòåé.

Îöåíêà ïîãðåøíîñòè êóáàòóðíîé ôîðìóëû (4.2) èìååò âèä

|RN1N2
(ϕ)| ≤

3∑

i=1

4∑

j=1
rij,

ãäå ñëàãàåìûå rij èìåþò òîò æå âèä, ÷òî è â ïðåäûäóùåì ðàçäåëå ñ çàìå-
íîé èíòåãðèðîâàíèÿ ïî êîíå÷íûì îáëàñòÿì íà èíòåãðèðîâàíèå ïî áåñêî-
íå÷íûì îáëàñòÿì. Îöåíêà ïîãðåøíîñòè |RN1N2

(ϕ)| ñêëàäûâàåòñÿ èç ñóì-
ìû òðåõ ãðóïï ñëàãàåìûõ. Êàæäàÿ ãðóïïà ñîñòîèò èç ÷åòûðåõ ñëàãàåìûõ.
Ïîâòîðÿÿ ðàññóæäåíèÿ, ïðèâåäåííûå â ïðåäûäóùåì ðàçäåëå, ïîëó÷àåì:

|RN1N2
(ϕ)| = O(h

1/2
1 h

1/2
2 |lnh1||lnh2|+ ε/h1h2 + 1/Nh1h2).

Òåîðåìà äîêàçàíà.
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Ãëàâà 5

ÎÏÒÈÌÀËÜÍÛÅ ÌÅÒÎÄÛ ÂÛ×ÈÑËÅÍÈß
ÌÍÎÃÎÌÅÐÍÛÕ ÃÈÏÅÐÑÈÍÃÓËßÐÍÛÕ ÈÍÒÅÃÐÀËÎÂ

1. Îïòèìàëüíûå ìåòîäû âû÷èñëåíèÿ ãèïåðñèíãóëÿðíûõ
èíòåãðàëîâ ñ ôèêñèðîâàííîé ñèíãóëÿðíîñòüþ

Ðàññìîòðèì ãèïåðñèíãóëÿðíûé èíòåãðàë

Fϕ =
1∫

−1

· · ·
1∫

−1

ϕ(τ1, . . . , τl)

(τ 2
1 + · · ·+ τ 2

l )
p/2dτ1dτ2 · · · dτl, p > l, (1.1)

êîòîðûé áóäåì âû÷èñëÿòü ïî êóáàòóðíûì ôîðìóëàì âèäà

Fϕ =
N∑

k1=1
· · ·

N∑

kl=1

ρ∑

j1=0
· · ·

ρ∑

jl=0
pk1···klj1···jlϕ

(j1,...,jl)(xk1
· · · xkl

)+

+RN(xk1
, · · · , xkl

; pk1···klj1···jl;ϕ), (1.2)

ãäå pk1···klj1···jl− êîýôôèöèåíòû, à (xk1
, . . . , xkl

) (−1 ≤ xki
≤ 1, ki =

= 0, 1, . . . , N, i = 1, 2, . . . , l)− óçëû êóáàòóðíîé ôîðìóëû.
Òåîðåìà 1.1. Ïóñòü Ψ = W̄ r,...,r(M). Äëÿ âñåâîçìîæíûõ êóáàòóðíûõ

ôîðìóë âèäà (1.2) ñïðàâåäëèâà îöåíêà ζN [Ψ] ≥ An−r/l, ãäå n− ÷èñëî
óçëîâ êóáàòóðíîé ôîðìóëû.

Äîêàçàòåëüñòâî. Îáîçíà÷èì ÷åðåç ∆k ìíîæåñòâî òî÷åê t,

(t = (t1, . . . , tl)), óäîâëåòâîðÿþùèõ íåðàâåíñòâó
(
k

M

)v
≤ d(t, 0) ≤

(
k + 1

M

)v
, k = 0, 1, . . . ,M − 1,

ãäå v = (r + l)/(r + l − p), à öåëîå ÷èñëî M áóäåò îïðåäåëåíî íèæå.
Çäåñü d(t, 0)− ðàññòîÿíèå îò òî÷êè t äî íà÷àëà êîîðäèíàò, îïðåäåëåí-

íîå ôîðìóëîé d(t, 0) = max
1≤i≤l

|ti|.
Ïóñòü hk =

(
k+1
M

)v − (
k
M

)v
, k = 0, 1, . . . ,M − 1.

Â êàæäîé îáëàñòè ∆k, k = 1, 2, . . . ,M−1, ðàçìåñòèì êóáû ñ ãðàíÿìè,
ïàðàëëåëüíûìè êîîðäèíàòíûì ïëîñêîñòÿì, è ñ ðåáðàìè, ðàâíûìè hk. Òî
îáñòîÿòåëüñòâî, ÷òî íàðÿäó ñ êóáàìè â êàæäîé îáëàñòè ∆k ìîæåò îêà-
çàòüñÿ íåñêîëüêî ïàðàëëåëåïèïåäîâ, ó êîòîðûõ äëèíû ðåáåð êîëåáëþòñÿ
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â ïðåäåëàõ îò hk äî 2hk íå âëèÿåò íà îáùíîñòü ðàññóæäåíèé. Êóáû,
âïèñàííûå â îáëàñòü ∆k, îáîçíà÷èì ÷åðåç ∆k

i1,...,il
, k = 1, 2, . . . ,M − 1.

Î÷åâèäíî, â îáëàñòè ∆0 èìååòñÿ òîëüêî îäèí êóá, çà êîòîðûì îñòàâèì
îáîçíà÷åíèå ∆0.

Îáùåå ÷èñëîm êóáîâ ∆0,∆
k
i1,...,il

, k = 1, 2, . . . ,M−1, îñóùåñòâëÿþùèõ
ïîêðûòèå îáëàñòè Ω = [−1, 1]l, îöåíèâàåòñÿ âûðàæåíèåì

m ³M l. (1.3)

Âûáåðåì çíà÷åíèå M, òàêèì, ÷òîáû m ≥ 2N l. Â ýòîì ñëó÷àå îáëàñòü
Ω ïîêðûâàåòñÿ áîëåå ÷åì 2N l êóáàìè. Òàê êàê êóáàòóðíàÿ ôîðìóëà (1.2)
èìååò N l óçëîâ, òî, ïî êðàéíåé ìåðå, â N l êóáàõ îòñóòñòâóþò óçëû êó-
áàòóðíîé ôîðìóëû (1.2). Íàçîâåì ýòè êóáû îòìå÷åííûìè.

Ââåäåì ôóíêöèþ ϕ∗(τ1, . . . , τl), ðàâíóþ íóëþ âî âñåõ íåîòìå÷åííûõ
êóáàõ è â êóáå ∆0, à â êàæäîì îòìå÷åííîì êóáå ∆k

i1,...,il
= [bki1, b

k
i1+1; · · · ;

bkil, b
k
il+1], k 6= 0, ðàâíóþ ôóíêöèè

ϕ∗(τ1, . . . , τl; ∆k
i1,...,il

) = A
((τ1 − bki1)(b

k
i1+1 − τ1) · · · (τl − bkil)(b

k
il+1 − τl))

r

h
r(2l−1)
k

,

ãäå êîíñòàíòà A âûáèðàåòñÿ èç óñëîâèÿ ϕ∗ ∈ Ψ.
Îöåíèì ñíèçó èíòåãðàë

∫

∆k
i1,...,il

ϕ(τ1, . . . , τl; ∆
k
i1,...,il

)

(τ 2
1 + · · ·+ τ 2

l )
p/2 dτ1 · · · τl ≥

≥ Ahr+lk

(
M

k + 1

)vp
= A

((
k + 1

M

)v
−

(
k

M

)v)r+l (
M

k + 1

)vp
=

= A
((k + Θ)v−1)r+l

(k + 1)vp
1

M v(r+l−p) =
A

M r+l , 0 < Θ < 1. (1.4)

Òàê êàê ÷èñëî îòìå÷åííûõ êóáîâ íå ìåíüøå ÷åì m/2, òî èç (1.3) è
(1.4) ñëåäóåò, ÷òî

∫ ∫

Ω

ϕ∗(τ1, . . . , τl)
(τ 2

1 + · · ·+ τ 2
l )
p/2dτ1 · · · τl ≥ A

1

M r
= A

1

N r
= A

1

nr/l
,

ãäå n− ÷èñëî óçëîâ êóáàòóðíîé ôîðìóëû (1.2).
Òåîðåìà äîêàçàíà.
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Òåîðåìà 1.2. Ïóñòü Ψ = Cr
l (M). Äëÿ âñåâîçìîæíûõ êóáàòóðíûõ

ôîðìóë âèäà (1.2) ñïðàâåäëèâî íåðàâåíñòâî ζN [Ψ] ≥ An−r/l.
Äîêàçàòåëüñòâî. Âîñïîëüçóåìñÿ ïîñòðîåíèÿìè, ïðîâåäåííûìè ïðè

äîêàçàòåëüñòâå ïðåäûäóùåé òåîðåìû, è ïîêðîåì îáëàñòü Ω = [−1, 1]l

êóáàìè ∆0, ∆k
i1,...,il

, k = 0, 1, . . . ,M − 1. Ââåäåì ôóíêöèþ ϕ∗(τ1, . . . , τl),
ðàâíóþ íóëþ â êóáå ∆0 è â íåîòìå÷åííûõ êóáàõ. Â êàæäîì èç îòìå÷åí-
íûõ êóáîâ ∆k

i1,...,il
= [bki1b

k
i1+1; · · · ; bkil, bkil+1] ôóíêöèÿ ϕ∗(τ1, . . . , τl) ðàâíà

ôóíêöèè ϕ(τ1, . . . , τl; ∆
k
i1,...,il

), êîòîðàÿ îïðåäåëÿåòñÿ ôîðìóëîé

ϕ(τ1, . . . , τl; ∆
k
i1,...,il

) =

= A1((τ1 − bki1)(b
k
i1+1 − τ1) · · · (τl − bkil)(b

k
il+1 − τl))

r 1

h
(2l−1)r
k

.

Êîíñòàíòà A1 ïîäáèðàåòñÿ èç óñëîâèÿ ϕ∗ ∈ Ψ. Íåòðóäíî âèäåòü, ÷òî
òàêàÿ êîíñòàíòà âñåãäà ñóùåñòâóåò è íå çàâèñèò îò ðàñïîëîæåíèÿ êóáà
∆k
i1,...,il

.

Ïîäñòàâèâ ôóíêöèþ ϕ∗(τ1, . . . , τl) â èíòåãðàë Fϕ è ïðîäåëàâ âû÷èñ-
ëåíèÿ, àíàëîãè÷íûå ïðîâåäåííûì ïðè äîêàçàòåëüñòâå ïðåäûäóùåé òåî-
ðåìû, çàâåðøàåì äîêàçàòåëüñòâî òåîðåìû.

Çàìå÷àíèå. Àíàëîãè÷íûå ðåçóëüòàòû ñïðàâåäëèâû è äëÿ êóáàòóðíûõ
ôîðìóë âèäà

Fϕ =
N∑

k=1
pkϕ(Mk) +RN(pk,Mk, ϕ), (1.5)

ãäå pk− êîýôôèöèåíòû, à Mk, Mk ∈ Ω− óçëû êóáàòóðíîé ôîðìóëû.
Ïîñòðîèì îïòèìàëüíûå ïî ïîðÿäêó êóáàòóðíûå ôîðìóëû äëÿ âû÷èñ-

ëåíèÿ èíòåãðàëà Fϕ.
Ïóñòü Ψ = W̄ r,...,r(1). Ïîêðîåì îáëàñòü Ω êóáàìè ∆0,∆

k
i1,...,il

, k =
= 1, 2, . . . ,M − 1, ââåäåííûìè ïðè äîêàçàòåëüñòâå òåîðåìû 1.1. Â êàæ-
äîì êóáå ∆0,∆

k
i1,...,il

ôóíêöèþ ϕ(τ1, . . . , τl) áóäåì ïðèáëèæàòü èíòåðïî-
ëÿöèîííûì ïîëèíîìîì Lr,...,r(ϕ,∆

k
i1,...,il

), ââåäåííûì â ðàçäåëå 3 ïðåäû-
äóùåé ãëàâû. Ñïëàéí, ñîñòàâëåííûé èç èíòåðïîëÿöèîííûõ ïîëèíîìîâ
Lr,...,r(ϕ,∆0), Lr,...,r(ϕ, ∆k

i1,...,il
), k = 1, 2, . . . ,M − 1, îáîçíà÷èì ÷åðåç

ϕr(τ1, . . . , τl).
Èíòåãðàë Fϕ áóäåì âû÷èñëÿòü ïî êóáàòóðíîé ôîðìóëå

Fϕ =
∫ ∫

∆0

ϕr(τ1, . . . , τl)

(τ 2
1 + · · ·+ τ 2

l )
p/2dτ1 · · · dτl+
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+
M−1∑

k=1

∑

i1,...,il

∫ ∫

∆k
i1,...,il

ϕr(τ1, . . . , τl)

(τ 2
1 + · · ·+ τ 2

l )
p/2dτ1 · · · dτl +RN(ϕ). (1.6)

Òåîðåìà 1.3. Ïóñòü Ψ = W̄ r,...,r(1). Ñðåäè âñåâîçìîæíûõ êóáàòóðíûõ
ôîðìóë âèäà (1.2) ôîðìóëà (1.6) ÿâëÿåòñÿ îïòèìàëüíîé ïî ïîðÿäêó. Åå
ïîãðåøíîñòü RN [Ψ] ³ n−r/l, ãäå n− ÷èñëî óçëîâ êóáàòóðíîé ôîðìóëû
(1.6).

Äîêàçàòåëüñòâî. Îöåíèì ïîãðåøíîñòü êóáàòóðíîé ôîðìóëû (1.6).
Î÷åâèäíî,

|RN(ϕ)| ≤
∣∣∣∣∣∣∣

∫ ∫

∆0

ψr(τ1, . . . , τl)

(τ 2
1 + · · ·+ τ 2

l )
p/2dτ1 · · · dτl

∣∣∣∣∣∣∣
+

+
M−1∑

k=1

∑

i1,...,il

∣∣∣∣∣∣∣∣∣

∫ ∫

∆k
i1,...,il

ψr(τ1, . . . , τl)

(τ 2
1 + · · ·+ τ 2

l )
p/2dτ1 · · · dτl

∣∣∣∣∣∣∣∣∣
= r1 + r2, (1.7)

ãäå ψr(τ1, . . . , τl) = ϕ(τ1, . . . , τl)− ϕr(τ1, . . . , τl).
Äëÿ îöåíêè ñóììû r2 ïðåäâàðèòåëüíî îöåíèì èíòåãðàë

∣∣∣∣∣∣∣∣∣

∫ ∫

∆k
i1,...,il

ψr(τ1, . . . , τl)dτ1 · · · dτl
(τ 2

1 + · · ·+ τ 2
l )
p/2

∣∣∣∣∣∣∣∣∣
≤

≤ Ahlk

(
M

k

)vp
max

τ∈∆k
i1,...,il

|ψr(τ1, . . . , τl)| ≤

≤ Ahl+rk

(
M

k

)vp
≤ A

M r+l .

Òàê êàê â ñóììó r2 âõîäèò íå áîëüøå m ñëàãàåìûõ, ïðèõîäèì ê íåðà-
âåíñòâó

r2 ≤ A

M r
. (1.8)

Îñòàëîñü îöåíèòü r1. Äëÿ ýòîãî âîñïîëüçóåìñÿ îïðåäåëåíèåì ìíîãî-
ìåðíîãî ãèïåðñèíãóëÿðíîãî èíòåãðàëà. Ïðåäâàðèòåëüíî ïðåäñòàâèì èí-
òåãðàë r1 â âèäå ñóììû

r1 ≤
∣∣∣∣∣∣∣∣

∫ ∫

∆0\R(0,h0)

ψr(τ1, . . . , τl)dτ1 · · · dτl
(τ 2

1 + · · ·+ τ 2
l )
p/2

∣∣∣∣∣∣∣∣
+
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+

∣∣∣∣∣∣∣∣

∫ ∫

R(0,h0)

ψr(τ1, . . . , τl)dτ1 · · · dτl
(τ 2

1 + · · ·+ τ 2
l )
p/2

∣∣∣∣∣∣∣∣
= r11 + r12,

ãäå R(0, h0)− øàð ðàäèóñà h0 ñ öåíòðîì â íà÷àëå êîîðäèíàò.
Íåòðóäíî âèäåòü, ÷òî

r11 ≤ Ahl−p0 max
τ∈∆0

|ψr(τ1, . . . , τl)| ≤ Ahr+l−p0 = AM−(r+l). (1.9)

Äëÿ îöåíêè r12 âîñïîëüçóåìñÿ îïðåäåëåíèåì ìíîãîìåðíîãî ãèïåðñèí-
ãóëÿðíîãî èíòåãðàëà è ïåðåéäåì ê ñôåðè÷åñêîé ñèñòåìå êîîðäèíàò

τ1 = ρ cosϕ1,

τ2 = ρ sinϕ1 cosϕ2,

· · · · · · · · · · · · · · · · · ·
τl−2 = ρ sinϕ1 sinϕ2 · · · sinϕl−3 cosϕl−2,

τl−1 = ρ sinϕ1 sinϕ2 · · · sinϕl−2 cosϕl−1,

τl = ρ sinϕ1 sinϕ2 · · · sinϕl−2 sinϕl−1,

0 ≤ ϕi ≤ π, i = 1, 2, . . . , l − 2, 0 ≤ ϕl−1 ≤ 2π. ßêîáèàí ïðåîáðàçîâàíèÿ
ðàâåí [53]

J(ρ, ϕ) = ρl−1 sinl−2 ϕ1 sinl−3 ϕ2 · · · sinϕl−2.

Â ðåçóëüòàòå èìååì

r12 =

∣∣∣∣∣∣∣∣
lim
η→0

∫ ∫

R(0,h0)\R(0,η)

ψr(τ1, . . . , τl)dτ1 · · · dτl
(τ 2

1 + · · ·+ τ 2
l )
p/2 +

B(ρ)

ρp−1

∣∣∣∣∣∣∣∣
=

=

∣∣∣∣∣∣∣
lim
η→0

2π∫

0

π∫

0

· · ·
π∫

0

h0∫

η

ψr(ρ, ϕ1, . . . , ϕl−1)J(ρ, ϕ)dρdϕ1 · · · dϕl−1

ρp
+
B(ρ)

ρp−1

∣∣∣∣∣∣∣
≤

≤
∣∣∣∣∣∣∣

2π∫

0

π∫

0

· · ·
π∫

0

p−l∑

v=0
Av
∂vψr(ρ, ϕ1, . . . , ϕl−1)

∂ρv

∣∣∣∣∣∣∣
ρ=h0

×

× 1

hp−l−v0
sinl−2 ϕ1 · · · sinϕl−2dϕ1 · · · dϕl−1

∣∣∣∣∣∣ ≤ Ahr−p+l0 = AM−(r+l). (1.10)

Èç íåðàâåíñòâ (1.7) − (1.10) ñëåäóåò, ÷òî |RN(ϕ)| ≤ AM−r.
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Òàê êàê ϕ− ïðîèçâîëüíàÿ ôóíêöèÿ èç ìíîæåñòâà Ψ, òî |RN(Ψ)| ≤
≤ AM−r. Îáîçíà÷èì ÷åðåç n ÷èñëî óçëîâ êóáàòóðíîé ôîðìóëû (1.6).
Î÷åâèäíî, n = mrl.

Èç ïîñëåäíèõ äâóõ íåðàâåíñòâ è îöåíêè (1.3) ñëåäóåò, ÷òî

|RN(Ψ)| ≤ A

nr/l
. (1.11)

Ñîïîñòàâëÿÿ íåðàâåíñòâî (1.11) è óòâåðæäåíèå òåîðåìû 1.1, çàâåðøà-
åì äîêàçàòåëüñòâî òåîðåìû.

Çàêàí÷èâàÿ ýòîò ðàçäåë, îñòàíîâèìñÿ íà ïîñòðîåíèè îïòèìàëüíûõ êó-
áàòóðíûõ ôîðìóë åùå äëÿ îäíîãî êëàññà ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ.

Ïóñòü ìíîãîìåðíûé èíòåãðàë âû÷èñëÿåòñÿ ïî êóáàòóðíîé ôîðìóëå
1∫

−1

. . .
1∫

−1

f(x1, . . . , xl)

xp1
dx1 . . . dxl =

=
n∑

k=1

r−1∑

|v|=0
pkvf

(v)(Mk) +Rn(f, pkv,Mk), (1.12)

ãäå Mk ∈ [−1, 1; . . . ,−1, 1]−óçëû, pkv− êîýôôèöèåíòû, v = (v1, . . . , vl),

|v| = v1 + . . .+ vl, f
(v)(x1, . . . , xl) =

∂vf

∂xv11 . . . ∂x
vl
l

.

Îáîçíà÷èì ÷åðåç ∆k ìíîæåñòâî òî÷åê M = (x1, . . . , xl) èç Ω, óäîâëå-
òâîðÿþùèõ íåðàâåíñòâó

(
k

N

)v
≤ ρ(x1,Γ) ≤

(
k + 1

N

)v
,

ãäå v =
r + l

r + l − p
,Γ − ãèïåðïëîñêîñòü x1 = 0, k = 1, 2, . . . , N − 1.

×åðåç ∆0 îáîçíà÷èì ìíîæåñòâî òî÷åê 0 ≤ ρ(x1,Γ) ≤ (
1
N

)v
.

Â êàæäîé îáëàñòè ∆k ðàçìåñòèì êóáû ∆k
i1,...,il

, ðåáðà êîòîðûõ ðàâíû

hk =

(
k + 1

N

)v
−

(
k

N

)v
, k = 1, . . . , N − 1,

à ãðàíè ïàðàëëåëüíû êîîðäèíàòíûì îñÿì. (Àíàëîãè÷íî, ÷åðåç ∆0
i1,...,il

îáîçíà÷åíû ïàðàëëåëåïèïåäû, ãðàíè êîòîðûõ ïàðàëëåëüíû êîîðäèíàò-
íûì ïëîñêîñòÿì; äëèíû ðåáåð, ïàðàëëåëüíûõ îñè OX1, ðàâíû 2h0, äëèíû
îñòàëüíûõ ðåáåð −h0.)
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Îáùåå ÷èñëî êóáîâ, êîòîðûå ìîæíî ðàçìåñòèòü â îáëàñòè Ω, ðàâíî

2l
N−1∑

k=0


 2N v

(k + 1)v − kv



l−1

≤ n ≤ 2l
N−1∑

k=0





 2N v

(k + 1)v − kv


 + 1



l−1

,

ãäå [α]− öåëàÿ ÷àñòü ÷èñëà α.
Íåòðóäíî âèäåòü, ÷òî

2l
N−1∑

k=0


 2N v

(k + 1)v − kv



l−1

≤ 2lN v(l−1) +
2lN v(l−1)

vl−1

N−1∑

k=1

1

k(v−1)(l−1) =

=





O(N v(l−1)), v >
l

l − 1
,

O(N l), v <
l

l − 1
,

O(N l lnN), v =
l

l − 1
.

Àíàëîãè÷íîå íåðàâåíñòâî èìååò ìåñòî è ïðè îöåíêå ñíèçó.
Îòñþäà ñëåäóåò, ÷òî

n ³





N v(l−1), v >
l

l − 1
,

N l, v <
l

l − 1
,

N l lnN, v =
l

l − 1
.

(1.13)

Ïóñòü

∆k
i1,...,il

= [bki1, b
k
i1+1; . . . ; b

k
il
, bkil+1],∆

0
i1,...,il

= [b0i1−1, b
0
i1+1; . . . ; b

0
il−1, b

0
il+1].

×åðåç Tr(f,M,∆k
i1,...,il

) îáîçíà÷èì îòðåçîê ðÿäà Òåéëîðà

Tr(f,M,∆k
i1,...,il

) = f(M
k
i1,...,il

)+ df(M
k
i1,...,il

)+ . . .+
1

(r − 1)!
dr−1f(M

k
i1,...,il

),

M
k
i1,...,il

= [(bki1 + bki1+1)/2; . . . ; (bkil + bkil+1)/2].

Îáîçíà÷èì
T r(f,M,∆0

i1,...,il
) =

= f(0, x2, . . . , xl) + f
′
x1

(0, x2, . . . , xl)x1 + . . .+
f (r−1)
x1

(0, x2, . . . , xl)

(r − 1)!
xr−1

1 .
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Äëÿ âû÷èñëåíèÿ èíòåãðàëà ââåäåì êóáàòóðíóþ ôîðìóëó
∫
. . .

∫

Ω

f(x1, . . . , xl)

xp1
dx1 . . . dxl =

=
r−1∑

s=0

r∑

k2=1
. . .

r∑

kl=1
ak2

. . . akl

b1∫

b−1

∂sf(0, xk2
, . . . , xkl

)

∂xs1

dx1

s!xp−s1
+

+
∑

k≥1

∑

i1,...,il

∫

∆k
i1,...,il

. . .
∫ Tr(f,M,∆k

i1,...,il
)

xp1
dx1 . . . dxl +Rn(f), (1.14)

ãäå aki
, xki

− óçëû è êîýôôèöèåíòû êâàäðàòóðíîé ôîðìóëû Ãàóññà.
Òåîðåìà 1.4. Ñðåäè âñåâîçìîæíûõ êóáàòóðíûõ ôîðìóë âèäà (1.12)

îïòèìàëüíîé ïî ïîðÿäêó íà êëàññå Cr
l (Ω, 1) (r ≥ l) ÿâëÿåòñÿ ôîðìóëà

(1.14). Åå ïîãðåøíîñòü ðàâíà

Rn(C
r
l (Ω, 1)) =

=





O(n−(r+1−p)/(l−1)), v >
l

l − 1
,

O((lnn)(r+l)/l/nr/l), v =
l

l − 1
,

O(n−r/l), v <
l

l − 1
,

(1.15)

ãäå v = (r + l)/(r + l − p).
Äîêàçàòåëüñòâî òåîðåìû 1.4. Íàéäåì îöåíêó ñíèçó ôóíêöèîíàëà

ζn[C
r
l (Ω, 1)]. Êóáàòóðíàÿ ôîðìóëà (1.12) ñîäåðæèò n óçëîâ. Îáîçíà÷èì

÷åðåç N ÷èñëî, ñâÿçàííîå ñ n ôîðìóëîé (1.13), ãäå v =
r + l

r + l − p
. Ïóñòü

N1 = 2N. Òî÷íî òàê æå, êàê ñòðîèëîñü ïîêðûòèå îáëàñòè Ω êóáàìè
∆k
i1,...,il

, ïîñòðîèì ïîêðûòèå îáëàñòè Ω êóáàìè ∆
k
i1,...,il

ñ äëèíîé ñòîðîíû

hk =

(
k + 1

N1

)v
−

(
k

N1

)v
.

Ïîñòðîåíèå ïðîâîäèòñÿ ïî àíàëîãèè ñ ïðåäûäóùèì, íî ñ èñïîëüçîâàíèåì
N1 âìåñòî N. Òîãäà ïîêðûòèå îáëàñòè Ω ñîäåðæèò, ïî êðàéíåé ìåðå, 2n
êóáîâ ∆

k
i1,...,il

= [b
k
i1
, b
k
i1+1; . . . ; b

k
il
, b
k
il+1]. Òàê êàê (1.11) ñîäåðæèò n óçëîâ,

à ÷èñëî êóáîâ ∆
k
i1,...,il

íå ìåíåå 2n, ïî êðàéíåé ìåðå, n êóáîâ íå ñîäåðæàò
óçëîâ êóáàòóðíîé ôîðìóëû (1.12). Îáîçíà÷èì ýòè êóáû ÷åðåç ∆

∗k
i1,...,il

.
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Ââåäåì ôóíêöèþ ψ(x) (x = (x1, . . . , xl) ∈ [−1, 1]l) ïî ôîðìóëå

ψ(x1, . . . , xl) =

=





A
[(x1 − b

k
i1
)(b

k
i1+1 − x1) . . . (xl − b

k
il
)(b

k
il+1 − xl)]

r

h
r(2l−1)
k

, x ∈ ∆
∗k
i1,...,il

,

0, x /∈ ∆
∗k
i1,...,il

,

ãäå êîíñòàíòà A ïîäáèðàåòñÿ èç òðåáîâàíèÿ ψ ∈ Cr
l (Ω, 1).

Ðàññìîòðèì èíòåãðàë
∫
. . .

∫

∆
∗k
i1,...,il

ψ(x1, . . . , xl)

xp1
dx1 . . . dxl ≥

≥ 1

(b
k
i1+1)

p

∫
. . .

∫

∆
∗k
i1,...,il

ψ(x1, . . . , xl)dx1 . . . dxl =

=
1

(b
k
i1+1)

p

∫
. . .

∫

∆
∗k
i1,...,il

[(x1 − b
k
i1
)(b

k
i1+1 − x1) . . . (xl − b

k
il
)(b

k
il+1 − xl)]

r×

× A

h
r(2l−1)
k

dx1 . . . dxl ≥

≥ A

(b
k
i1+1)

ph
r(2l−1)
k

(b
k
i1+1 − b

k
i1
)r

b
k

i1+1∫

b
k

i1

(b
k
i1+1 − x1)

rdx1 . . . (b
k
il+1 − b

k
il
)r×

×
b
k

il+1∫

b
k

il

(b
k
il+1 − xl)

rdxl =
A

(r + 1)lN r+l = A1N
−(r+l).

Ïîëó÷åííàÿ îöåíêà ñïðàâåäëèâà äëÿ ëþáîãî êóáà ∆
k
i1,...,il

, â êîòîðîì
îòñóòñòâóþò óçëû êóáàòóðíîé ôîðìóëû (1.11). Àíàëîãè÷íûå îöåíêè ñïðà-
âåäëèâû è äëÿ êóáîâ ∆0

i1,...,il
.
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Òàê êàê ÷èñëî òàêèõ êóáîâ íå ìåíüøå n,

ζn[C
r
l (Ω, 1)] ≥ O(nN−(r+l)) =





O(n−(r+1−p)/(l−1)), v >
l

l − 1
,

O((lnn)(r+l)/l/nr/l), v =
l

l − 1
,

O(n−r/l), v <
l

l − 1
.

Îöåíêà ñíèçó ïîëó÷åíà.
Ïðèñòóïèì ê îöåíêå ïîãðåøíîñòè êóáàòóðíîé ôîðìóëû (1.14). Â êàæ-

äîì êóáå ∆k
i1,...,il

, ïðè k ≥ 1 ñïðàâåäëèâà îöåíêà
∣∣∣∣∣∣∣∣∣

∫

∆k
i1,...,il

. . .
∫ f(x1, . . . , xl)− Tr(f,M,∆k

i1,...,il
)

xp1
dx1 . . . dxl

∣∣∣∣∣∣∣∣∣
≤

≤ 1

(bki1)
p

hrk
r!

sup
(ζ1,...,ζl)∈∆k

i1,...,il

|drf(ζ1, . . . , ζl)|
∫

∆k
i1,...,il

. . .
∫
dx1 . . . dxl =

= O



hr+lk

bkpi1


 = O(N−(r+l)). (1.16)

Ïîëó÷èì îöåíêó äëÿ êàæäîãî êóáà ∆0
i1, . . . , il

.

Äëÿ îïðåäåëåííîñòè âîçüìåì êóá ∆0
i1, . . . , il

= [b0i1−1, b
0
i1+1; . . . ;

b0il−1, b
0
il+1].

Òîãäà
∫

∆0
i1,...,il

. . .
∫ f(x1, . . . , xl)

xp1
dx1 . . . dxl−

−
r−1∑

s=0

r∑

k2=1
. . .

r∑

kl=1
ak2

. . . akl

b1∫

b−1

∂sf(0, xk2
, . . . , xkl

)

∂xs1

dx1

s!xp−s1
=

=

bil+1∫

bil−1

bil−1+1∫

bil−1−1

. . .

bi1+1∫

bi1−1

f(x1, . . . , xl)− T r(f,M,∆0
i1,...,il

)

xp1
dx1 . . . dxl+

+
r−1∑

s=0




∫

∆0
i1,...,il

. . .
∫ ∂sf(0, x2, . . . , xl)

∂xs1

dx1 . . . dxl

s!xp−s1
−
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−
r−1∑

s=0

r∑

k2=1
. . .

r∑

kl=1
ak2

. . . akl

bi1+1∫

bi1−1

∂sf(0, xk2
, . . . , xkl

)

∂xs1

dx1

s!xp−s1


 = I1 + I2.

Èñïîëüçóÿ îñòàòî÷íûé ÷ëåí ôîðìóëû Òåéëîðà â èíòåãðàëüíîé ôîðìå,
îöåíèì ïåðâîå ñëàãàåìîå:

|I1| =
∣∣∣∣∣∣∣∣

bil+1∫

bil−1

bil−1+1∫

bil−1−1

. . .

bi1+1∫

bi1−1

f(x1, . . . , xl)− T r(f,M,∆o
i1,...,il

)

xp1
dx1 . . . dxl

∣∣∣∣∣∣∣∣
=

=

∣∣∣∣∣∣∣∣

bil+1∫

bil−1

bil−1+1∫

bil−1−1

...

bi1+1∫

bi1−1

1

xp1

1

(r − 1)!

x1∫

0

∂rf(τ, x2, ..., xl)

∂τ r
(x1 − τ)r−1dτdx1...dxl

∣∣∣∣∣∣∣∣
≤

≤
∣∣∣∣∣∣∣∣

M

r!

bil+1∫

bil−1

bil−1+1∫

bil−1−1

. . .

bi1+1∫

bi1−1

xr−p1 dx1 . . . dxl

∣∣∣∣∣∣∣∣
=

=
M

r!(r − p+ 1)

(
1

N

)v(r−p+1)
hl−1

0 = O(N−(r+l)). (1.17)

Äëÿ òîãî ÷òîáû îöåíèòü âòîðîå ñëàãàåìîå I2, ââåäåì ôóíêöèþ

gs(x2, . . . , xl) =
h1∫

−h1

∂sf(0, x2, . . . , xl)

∂xs1

dx1

xp−s1
=

=
∂sf(0, x2, . . . , xl)

∂xs1

h1∫

−h1

dx1

xp−s1
dx1 =

=





2

1− p+ s

∂sf(0, x2, . . . , xl)

∂xs1

(
N

2

)(r+l)(p−s−1)/(r+l−p)
, p− s > 1,

0, p− s = 1.

Òàêèì îáðàçîì, ôóíêöèÿ gs(x2, . . . , xl) èìååò ÷àñòíûå ïðîèçâîäíûå äî
(r − s)-ãî ïîðÿäêà, îãðàíè÷åííûå êîíñòàíòîé

‖gs(x2, . . . , xl)‖ ≤ 2

1− p+ s

(
N

2

)(r+l)(p−s−1)/(r+l−p)
. (1.18)

Èíòåãðàëû
bi2+1∫

bi2

. . .

bil+1∫

bil

gs(x2, . . . , xl)dx2 . . . dxl
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âû÷èñëÿþòñÿ ïîñëåäîâàòåëüíûì (ïî ïåðåìåííûì x2, . . . , xl) ïðèìåíåíè-
åì ôîðìóëû Ãàóññà. Íåòðóäíî âèäåòü, ÷òî ïîãðåøíîñòü âû÷èñëåíèé ïðè
ýòîì îöåíèâàåòñÿ íåðàâåíñòâîì

∣∣∣∣∣∣∣∣

bi2+1∫

bi2

. . .

bil+1∫

bil

gs(x2, . . . , xl)dx2 . . . dxl−

−
r−1∑

s=0

r∑

k2=1
. . .

r∑

kl=1
ak2

. . . akl
gs(xk2

, . . . , xkl
)

∣∣∣∣∣∣ =

=

∣∣∣∣∣∣∣∣

bi2+1∫

bi2

. . .

bil+1∫

bil

gs(x2, . . . , xl)dx2 . . . dxl−

−
bi2+1∫

bi2

. . .

bil+1∫

bil

Lr . . . Lrgs(x2, . . . , xl)dx2 . . . dxl

∣∣∣∣∣∣∣∣
≤

≤ Ahr−s+l−1
0 ‖gs(x2, . . . , xl)‖ = O(N−(r+l)), (1.19)

ãäå Lr− îïåðàòîð ïðîåêòèðîâàíèÿ íà ïîëèíîìû Ëåæàíäðà. Èç îöåíîê
(1.16) − (1.19), ñîîòíîøåíèÿ (1.13) è èç òîãî îáñòîÿòåëüñòâà, ÷òî ïîêðû-
òèå êóáà Ω ñîñòîèò èç n ïàðàëëåëåïèïåäîâ ∆k

i1,...,il
(k = 0, 1, . . . , N − 1),

ñëåäóåò îöåíêà (1.15). Òåîðåìà äîêàçàíà.
Ðàññìîòðèì ìíîãîìåðíûé èíòåãðàë

1∫

−1

. . .
1∫

−1

f(x1, . . . , xl)

|x1|p+α dx1 . . . xl =

=
n∑

k=1

r−1∑

|v|=0
pkvf

v(Mk) +Rn(f, pkv,Mk). (1.20)

Ïóñòü èíòåãðàë (1.20) âû÷èñëÿåòñÿ ïî êóáàòóðíîé ôîðìóëå
∫

Ω

. . .
∫ f(x1, . . . , xl)

|x1|p+α dx1 . . . dxl =

=
∑

i1,...,il

∫

∆0
i1,...,il

. . .
∫ T r(f,M,∆0

i1,...,il
)

|x1|p+α dx1 . . . dxl+

+
∑

k≥1

∑

i1,...,il

∫

∆k
i1,...,il

. . .
∫ Tr(f,M,∆k

i1,...,il
)

|x1|p+α dx1 . . . dxl +Rn(f). (1.21)
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Ïîâòîðÿÿ ðàññóæäåíèÿ, àíàëîãè÷íûå ïðîâåäåííûì ïðè äîêàçàòåëü-
ñòâå òåîðåìû 1.4, ïðèõîäèì ê ñëåäóþùåìó óòâåðæäåíèþ.

Òåîðåìà 1.5. Ñðåäè âñåâîçìîæíûõ êóáàòóðíûõ ôîðìóë âèäà (1.20)
îïòèìàëüíîé ïî ïîðÿäêó íà êëàññå Cr

l (Ω, 1) ÿâëÿåòñÿ ôîðìóëà (1.21). Åå
ïîãðåøíîñòü ðàâíà

Rn(C
r
l (Ω, 1)) =





O(n−(r+1−p−α)/(l−1)), v >
l

l − 1
,

O((lnn)(r+l)/l/nr/l), v =
l

l − 1
,

O(n−r/l), v <
l

l − 1
,

(1.22)

ãäå v =
r + l

r + l − p− α
.

Äîêàçàòåëüñòâî òåîðåìû 1.5 ïðîâîäèòñÿ àíàëîãè÷íî äîêàçàòåëü-
ñòâó òåîðåìû 1.4.

Â ñëó÷àå, åñëè âû÷èñëåíèå ïðîèçâîäíûõ ôóíêöèè f(x1, x2, . . . , xl) ïî
ïåðåìåííîé x1 â àíàëèòè÷åñêîì âèäå âûçûâàåò çàòðóäíåíèÿ, òî äëÿ âû-
÷èñëåíèÿ ãèïåðñèíãóëÿðíîãî èíòåãðàëà

1∫

−1

· · ·
1∫

−1

f(x1, . . . , xl)

xp1
dx1 · · · dxl

ìîæåò áûòü ïîñòðîåíà êóáàòóðíàÿ ôîðìóëà, èñïîëüçóþùàÿ òîëüêî çíà-
÷åíèÿ ôóíêöèè f(x1, . . . , xl) íà íåêîòîðîé ñåòêå óçëîâ.

Ïîêðîåì îáëàñòü Ω êóáàìè ∆0
i1,...,il

,∆k
i1,...,il

, ïîñòðîåíèå êîòîðûõ îïè-
ñàíî âûøå. Â êàæäîì êóáå ∆k

i1,...,il
ôóíêöèþ f(x1, . . . , xl) áóäåì àïïðîê-

ñèìèðîâàòü èíòåðïîëÿöèîííûì ïîëèíîìîì Lr,...,r(f,∆
k
i1,...,il

), ïîñòðîåíèå
êîòîðîãî áûëî îïèñàíî â ðàçäåëå 3 ïðåäûäóùåé ãëàâû. Â ïàðàëëåëåïèïå-
äàõ ∆0

i1,...,il
ôóíêöèÿ f(x1, . . . , xl) àïïðîêñèìèðóåòñÿ èíòåðïîëÿöèîííûìè

ïîëèíîìàìè, ó êîòîðûõ ÷èñëî óçëîâ èíòåðïîëÿöèè ïî ïåðåìåííîé x1 ðàâ-
íî 2r+1, à ÷èñëî óçëîâ èíòåðïîëÿöèè ïî îñòàëüíûì ïåðåìåííûì − r+1.
Îáîçíà÷èì ýòè ïîëèíîìû ÷åðåç L2r,r,...,r(f,∆

0
i1,i2,...,il

).
Ñïëàéí, ñîñòàâëåííûé èç ïîëèíîìîâ Lr,...,r(f,∆k

i1,...,il
), k = 1, 2, . . . , N−

−1, L2r,r,...,r(f,∆
0
i1,...,il

), îáîçíà÷èì ÷åðåç fr,...,r(x1, . . . , xl).
Ïîñòðîèì êóáàòóðíóþ ôîðìóëó

1∫

−1

· · ·
1∫

−1

f(x1, . . . , xl)

xp1
dx1 · · · dxl =
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=
N−1∑

k=0

∑

i1,...,il

∫
· · ·

∫

∆k
i1,...,il

fr,···,r(x1, . . . , xl)

xp1
dx1 · · · dxl +RN(f). (1.23)

Ìîæíî ïîêàçàòü, ÷òî ïîãðåøíîñòü êóáàòóðíîé ôîðìóëû (1.23) îöå-
íèâàåòñÿ âûðàæåíèåì (1.22). Ïðè âû÷èñëåíèè èíòåãðàëîâ (1.23) ìîæ-
íî âîñïîëüçîâàòüñÿ ñëåäóþùèì ïðèåìîì. Ïîëèíîì Lr,...,r(f,∆

k
i1,...,il

), k =
= 1, 2, . . . , N − 1, ìîæíî ïðåäñòàâèòü â âèäå îòðåçêà ðÿäà Òåéëîðà äî
r ïîðÿäêà ïî ñòåïåíÿì ïîëèíîìà x1. Ôîðìàëüíî ýòî ìîæíî çàïèñàòü â
âèäå T x1

r (Lr,...,r(f,∆
k
i1,...,il

), x1).
Àíàëîãè÷íî, ïîëèíîì L2r,r,...,r(f,∆

0
i1,...,il

) ìîæíî ïðåäñòàâèòü â âèäå îò-
ðåçêà ðÿäà Òåéëîðà äî 2r ïîðÿäêà ïî ñòåïåíÿì ïîëèíîìà x1.

Ôîðìàëüíî ýòî ìîæíî çàïèñàòü â âèäå T x1
2r (L2r,r,...,r(f,∆

0
i1,...,il

), x1).
Òîãäà êóáàòóðíóþ ôîðìóëó (1.23) ìîæíî çàïèñàòü â âèäå ýêâèâàëåíò-

íîãî âûðàæåíèÿ
1∫

−1

· · ·
1∫

−1

f(x1, . . . , xl)

xp1
dx1 · · · dxl =

=
∑

i1,...,il

∫ ∫

∆0
i1,...,il

T x1
p (L2r,r,···,r(f,∆0

i1,...,il
), x1)

xp1
dx1 · · · dxl+

+
N−1∑

k=1

∑

i1,...,il

∫ ∫

∆k
i1,...,il

T x1
p (Lr,···,r(f,∆k

i1,...,il
), x1)

xp1
dx1 · · · dxl+

+
∑

i1,...,il

∫ ∫

∆0
i1,...,il

Pr

[
R2r,r···,r
xp1

; ∆0
i1,...,il

]
dx1 · · · dxl+

+
N−1∑

k=1

∑

i1,...,il

∫ ∫

∆k
i1,...,il

Pr

[
Rr,···,r
xp1

; ∆k
i1,...,il

]
dx1 · · · dxl +RN(f), (1.24)

ãäå R2r,r···,r = L2r,r,···,r(f,∆0
i1,...,il

)− T x1
p (L2r,r,···,r(f,∆0

i1,...,il
), x1), Rr,···,r =

= Lr,···,r(f,∆k
i1,...,il

) − T x1
p (Lr,···,r(f,∆k

i1,...,il
), x1), Pr(f,∆

k
i1,...,il

)− îïåðàòîð
ïðîåêòèðîâàíèÿ ôóíêöèè f(x1, . . . , xl) ïî êàæäîé ïåðåìåííîé xi, i =
= 1, 2, . . . , l, íà ìíîæåñòâî èíòåðïîëÿöèîííûõ ïîëèíîìîâ ïî r óçëàì, ÿâ-
ëÿþùèìèñÿ îáðàçàìè óçëîâ ïîëèíîìà Ëåæàíäðà ïðè îòîáðàæåíèè ñåã-
ìåíòà [−1, 1] íà ðåáðà îáëàñòåé ∆k

i1,...,il
, k = 0, 1, . . . , N − 1.
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Çàìå÷àíèå. Äðóãèìè ñëîâàìè, ∫ ∫
∆k

i1,...,il

Pr(f ; ∆k
i1,...,il

)dx1 · · · dxl îçíà÷àåò
êóáàòóðíóþ ôîðìóëó, êîòîðàÿ ïî êàæäîé ïåðåìåííîé ÿâëÿåòñÿ êâàäðà-
òóðíîé ôîðìóëîé Ãàóññà íàèâûñøåé àëãåáðàè÷åñêîé òî÷íîñòè.

Äëÿ âû÷èñëåíèÿ ïåðâûõ äâóõ èíòåãðàëîâ â ôîðìóëå (1.24) ìîæíî
èñïîëüçîâàòü ìåòîäû àíàëèòè÷åñêèõ âû÷èñëåíèé íà êîìïüþòåðàõ. Äëÿ
ýòîãî ïîëèíîì T x1

p (Lr,···,r(f,∆k
i1,...,il

, x1)) íóæíî ïðåäñòàâèòü â âèäå ïîëè-
íîìà ïî ñòåïåíÿì x1 è âû÷èñëèòü â îòäåëüíîñòè â àíàëèòè÷åñêîé ôîðìå
èíòåãðàë îò êàæäîãî ñëàãàåìîãî.

2. Îïòèìàëüíûå ìåòîäû âû÷èñëåíèÿ
ìíîãîìåðíûõ ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ

ñ ïåðåìåííîé ñèíãóëÿðíîñòüþ
Â ýòîì ðàçäåëå èññëåäóþòñÿ îïòèìàëüíûå ïî ïîðÿäêó êóáàòóðíûå

ôîðìóëû âû÷èñëåíèÿ ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ âèäà

Hϕ =
1∫

−1

· · ·
1∫

−1

ϕ(τ1, . . . , τl)dτ1 · · · dτl
((τ1 − t1)2 + · · ·+ (τl − tl)2)p/2

. (2.1)

Äëÿ âû÷èñëåíèÿ èíòåãðàëà (2.1) áóäåì èñïîëüçîâàòü êóáàòóðíûå ôîð-
ìóëû ñëåäóþùèõ âèäîâ:

Hϕ =
N1∑

k1=1
· · ·

Nl∑

kl=1

ρ1∑

j1=0
· · ·

ρl∑

jl=0
pk1···kli1···il(t1, . . . , tl)ϕ

(i1,...,il)(xk1
, · · · , xkl

)+

+RN(xk1
, · · · , xkl

; pk1···kli1···il;ϕ) (2.2)

è
Hϕ =

N∑

k=1
pk(t1, . . . , tl)ϕ(Mk) +RN(Mk, pk, ϕ). (2.3)

Çäåñü pk1···kli1···il(t1, . . . , tl), pk(t1, . . . , tl) − êîýôôèöèåíòû, à {xki
},

(−1 ≤ xki
≤ 1) ki = 1, 2, . . . , Nl, i = 1, 2, . . . , l, Mk, Mk ∈ Ω = [−1, 1]l,

k = 1, 2, . . . , N− óçëû ñîîòâåòñòâóþùèõ êóáàòóðíûõ ôîðìóë.
Íèæå äëÿ ïðîñòîòû îáîçíà÷åíèé â êóáàòóðíîé ôîðìóëå (2.2) áóäåì

ïîëàãàòü N1 = N2 = · · ·Nl = N è ρ1 = ρ2 = · · · = ρl = ρ, l = 2.
Ðàñïðîñòðàíåíèå ïîëó÷åííûõ ðåçóëüòàòîâ íà îáùèé ñëó÷àé íå âûçûâàåò
ïðèíöèïèàëüíûõ çàòðóäíåíèé.

Òåîðåìà 2.1. Ïóñòü Ψ ∈ W̄ r,r(r). Äëÿ âñåâîçìîæíûõ êóáàòóðíûõ
ôîðìóë âèäà (2.2) ñïðàâåäëèâà îöåíêà ζN [Ψ] ≥ AN−(r+2−p) = An−(r+2−p)/2,
ãäå n− ÷èñëî óçëîâ êóáàòóðíîé ôîðìóëû (2.2).
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Äîêàçàòåëüñòâî. Ïóñòü n = N 2− ÷èñëî óçëîâ êóáàòóðíîé ôîðìó-
ëû (2.2), m = [(2n)1/2] + 1. Ïîêðîåì îáëàñòü Ω = [−1, 1]2 êâàäðàòà-
ìè ∆kl = [xk, xk+1;xl, xl+1], k, l = 0, 1, . . . ,m − 1, xk = −1 + 2k/m,
k = 0, 1, . . . ,m. Îáùåå ÷èñëî êâàäðàòîâ ∆kl, k, l = 0, 1, . . . ,m− 1, ðàâíî
m2 ≥ 2n. Ñëåäîâàòåëüíî, ïî êðàéíåé ìåðå, n êâàäðàòîâ íå ñîäåðæàò óç-
ëîâ êóáàòóðíîé ôîðìóëû (2.2). Íàçîâåì ýòè êâàäðàòû îòìå÷åííûìè. Êàê
è ïðè äîêàçàòåëüñòâå òåîðåìû 3.1 èç ïðåäûäóùåé ãëàâû ââåäåì îïðåäå-
ëåíèÿ îòìå÷åííûõ ñòðîê è ñòîëáöîâ è âîñïîëüçóåìñÿ îïèñàííûìè òàì
îáîçíà÷åíèÿìè θ1(k, l) è θ2(k, l). Òî÷íî òàê æå, êàê ïðè äîêàçàòåëüñòâå
òåîðåìû 3.1 èç ïðåäûäóùåé ãëàâû, ìîæíî ïîêàçàòü, ÷òî îñóùåñòâëÿþò
òàêèå ÷èñëà k̄1 è k̄2 (k̄1 ≤ 3m/4, k̄2 ≤ 3m/4), ÷òî θ̄i(k̄1, l) > 1/3, i = 1, 2.
Ïîëîæèì xi = −1+2k̄i/m, i = 1, 2, è îïðåäåëèì ôóíêöèþ ϕ∗(τ1, τ2) ñëå-
äóþùèì îáðàçîì. Íà âñåõ êâàäðàòàõ ∆ij = [xi, xi+1;xj, xj+1], ó êîòîðûõ
èëè èíäåêñ i ≤ k̄1− 1 èëè èíäåêñ j ≤ k̄2− 1, ôóíêöèÿ ϕ∗(τ1, τ2) = 0. Îíà
òàêæå ðàâíà íóëþ íà êâàäðàòàõ, íå ÿâëÿþùèõñÿ ïåðåñå÷åíèåì îòìå÷åí-
íûõ ñòðîê è ñòîëáöîâ.

Íà êâàäðàòàõ, ó êîòîðûõ èíäåêñû i è j áîëüøå, ÷åì k̄1 è k̄2, è êî-
òîðûå ÿâëÿþòñÿ ïåðåñå÷åíèÿìè îòìå÷åííûõ ñòðîê è ñòîëáöîâ, ôóíêöèÿ
ϕ∗(τ1, τ2) îïðåäåëÿåòñÿ ïî ôîðìóëå

ϕ∗(τ1, τ2) = A((τ1 − xi)(xi+1 − τ1)(τ2 − xj)(xj+1 − τ2))
r

(
2

m

)3r
.

Êîíñòàíòà A ïîäáèðàåòñÿ èç óñëîâèÿ, ÷òîáû ϕ∗(τ1, τ2) ∈ Ψ. Íåòðóäíî
âèäåòü, ÷òî òàêàÿ êîíñòàíòà ñóùåñòâóåò è íå çàâèñèò îò èíäåêñîâ i è j.

Ïîäñòàâëÿÿ ôóíêöèþ ϕ∗(τ1, τ2) â èíòåãðàë Hϕ, èìååì:

Hϕ∗(xk̄1
, xk̄2

) =
m−1∑

k1=k̄1+1

′ m−1∑

k2=k̄2+1

′
∫ ∫

∆k1k2

ϕ∗(τ1, τ2)dτ1dτ2
((τ1 − xk̄1

)2 + (τ2 − xk̄2
)2)p/2

≥

≥ A

mr+2−p
m−1∑

k1=k̄1+1

′ m−1∑

k2=k̄2+1

′ 1

((k1 − k̄1)2 + (k2 − k̄2)2)p/2
≥

≥ A

mr+2−p =
A

n(r+2−p)/2 .

Òåîðåìà äîêàçàíà.
Òåîðåìà 2.2. Ïóñòü Ψ = Cr

2(1). Äëÿ âñåâîçìîæíûõ êóáàòóðíûõ ôîð-
ìóë âèäà (2.2) ñïðàâåäëèâà îöåíêà ζN [Ψ] ≥ AN−(r+2−p) = An−(r+2−p)/2,
ãäå n− ÷èñëî óçëîâ êóáàòóðíîé ôîðìóëû (2.2).
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Äîêàçàòåëüñòâî. Êàê è ïðè äîêàçàòåëüñòâå ïðåäûäóùåé òåîðåìû
ïîêðîåì îáëàñòü Ω êâàäðàòàìè ∆kl, k, l = 0, 1, . . . ,m, è ââåäåì îòìå÷åí-
íûå êâàäðàòû, îòìå÷åííûå ñòðîêè è îòìå÷åííûå ñòîëáöû.

Â îòìå÷åííûõ êâàäðàòàõ [xk, xk+1; yl, yl+1], èìåþùèõ íîìåðà k ≥ k1+1,
l ≥ k2 + 1, ââåäåì ôóíêöèþ:

ϕ∗(τ1, τ2) = A
((τ1 − xk)(xk+1 − τ1)(τ2 − xl)(xl+1 − τ2))

r

h3r ,

ãäå h = 2/m.
Â îñòàëüíûõ êâàäðàòàõ ïîëîæèì ϕ∗(τ1, τ2) = 0.
Êîíñòàíòà A âûáèðàåòñÿ òàêèì îáðàçîì, ÷òîáû ôóíêöèÿ ϕ∗(t1, t2) ∈

∈ Cr
2(1).
Ïîäñòàâëÿÿ ôóíêöèþ ϕ∗(τ1, τ2) â èíòåãðàë Hϕ è ïðîäåëûâàÿ ñîîòâåò-

ñòâóþùèå âû÷èñëåíèÿ, ïðèõîäèì ê îöåíêå: ζN [Ψ] = An−(r+2−p)/2.
Òåîðåìà äîêàçàíà.
Òåîðåìà 2.3. Ïóñòü Ψ = W̄ r,r(1). Äëÿ âñåâîçìîæíûõ êóáàòóðíûõ

ôîðìóë âèäà (2.3) ñïðàâåäëèâî íåðàâåíñòâî ζN [Ψ] ≥ AN−(r+2−p)/2.
Äîêàçàòåëüñòâî. Ïóñòü m = [

√
2N ] + 1. Ïîêðîåì îáëàñòü Ω =

= [−1, 1]2 êâàäðàòàìè ∆k,l = [xk, xk+1;xl, xl+1], k, l = 0, 1, . . . ,m − 1,
ãäå xk = −1 + 2k/m, k = 0, 1, . . . ,m. Òàêèì îáðàçîì, ÷èñëî êâàäðàòîâ,
ïîêðûâàþùèõ îáëàñòü Ω íå ìåíüøå 2N. Ñëåäîâàòåëüíî, ïî êðàéíåé ìåðå,
â N êâàäðàòàõ îòñóòñòâóþò óçëû êóáàòóðíîé ôîðìóëû (2.3). Íàçîâåì
ýòè êâàäðàòû îòìå÷åííûìè. Ïî àíàëîãèè ñ äîêàçàòåëüñòâîì òåîðåìû 3.3
èç ïðåäûäóùåé ãëàâû ââåäåì îïðåäåëåíèå îòìå÷åííûõ ñòðîê è ñòîëáöîâ.

Â îòìå÷åííûõ êâàäðàòàõ ∆k,l ñ èíäåêñàìè k ≥ k̄1+1 è l ≥ k̄2+1 ââåäåì
ôóíêöèþ ϕ∗(τ1, τ2), îïðåäåëåííóþ âûøå ïðè äîêàçàòåëüñòâå òåîðåìû 3.3
ïðåäûäóùåé ãëàâû.

Îöåíèâ ñíèçó èíòåãðàë

(Hϕ∗)(tk̄1+1, tk̄2+1) =
1∫

−1

1∫

−1

ϕ∗(τ1, τ2)dτ1dτ2
((τ1 − tk̄1+1)

2 + (τ2 − tk̄2+1)
2)p/2

,

ïðèõîäèì ê íåðàâåíñòâó |RN(ϕ∗)| ≥ AN−(r+2−p) = An−(r+2−p)/2,
ãäå n = N 2− ÷èñëî óçëîâ êóáàòóðíîé ôîðìóëû (2.3).

Òàê êàê ϕ∗ ∈ Ψ, RN [Ψ] ≥ sup
ϕ∈Ψ

|RN(ϕ)| ≥ |RN(ϕ∗)| ≥ An−(r+2−p)/2.

Òåîðåìà äîêàçàíà.
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Òåîðåìà 2.4. Ïóñòü Ψ = Cr
2(1). Äëÿ âñåâîçìîæíûõ êóáàòóðíûõ ôîð-

ìóë âèäà (2.3) ñïðàâåäëèâî íåðàâåíñòâî

ζN [Ψ] ≥ A
1

n(r+2−p)/2 .

Äîêàçàòåëüñòâî òåîðåìû ÿâëÿåòñÿ îáúåäèíåíèåì äîêàçàòåëüñòâ òåî-
ðåì 2.2 è 2.3.

Ïîñòðîèì îïòèìàëüíûå ïî ïîðÿäêó êóáàòóðíûå ôîðìóëû âû÷èñëåíèÿ
èíòåãðàëîâ âèäà (2.1) íà êëàññàõ ôóíêöèé W̄ r,r(1) è Cr

2(1).
Ïîêðîåì îáëàñòü Ω = [−1, 1]2 êâàäðàòàìè ∆kl = [xk, xk+1;xl, xl+1],

k, l = 0, 1, . . . , N − 1, xk = −1 + 2k/N, k = 0, 1, . . . , N. Â êâàäðàòå ∆kl

ôóíêöèþ ϕ(τ1, τ2) áóäåì àïïðîêñèìèðîâàòü èíòåðïîëÿöèîííûì ïîëèíî-
ìîì Lrr(ϕ,∆kl), k, l = 0, 1, . . . , N −1, ââåäåííûì â ïðåäûäóùåì ðàçäåëå.

Ïóñòü (t1, t2) ∈ ∆ij, 0 ≤ i, j ≤ N − 1. Áóäåì ñ÷èòàòü, ÷òî òî÷êà (t1, t2)
íå ïðèíàäëåæèò ãðàíèöå Γ îáëàñòè Ω.

Çàìå÷àíèå. Â ñëó÷àå, åñëè òî÷êà (t1, t2) ïðèíàäëåæèò ãðàíèöå Γ, íóæ-
íî âîñïîëüçîâàòüñÿ îïðåäåëåíèåì 1.16 ãèïåðñèíãóëÿðíîãî èíòåãðàëà, ïðè-
âåäåííûì â ðàçäåëå 1 ãëàâû 1.

Ïóñòü (t1, t2) ∈ ∆ij, i, j = 0, 1, . . . , N − 1. Èíòåãðàë (2.1) áóäåì âû÷èñ-
ëÿòü ïî êóáàòóðíîé ôîðìóëå

Hϕ =
N−1∑

k=0

N−1∑

l=0

′
∫ ∫

∆kl

Lrr(ϕ,∆kl)dτ1dτ2
((τ1 − t1)2 + (τ2 − t2)2)p/2

+

+
∫ ∫

∆∗
ij

Lrr(ϕ,∆
∗
ij)dτ1dτ2

((τ1 − t1)2 + (τ2 − t2)2)p/2
+RN(ϕ), (2.4)

ãäå ∆∗
ij = [xi−1, xi+2;xj−1, xj+2],

∑ ∑ ′ îçíà÷àåò ñóììèðîâàíèå ïî k è l

òàêèì, ÷òî ìåðà ïåðåñå÷åíèÿ êâàäðàòîâ ∆kl ñ êâàäðàòîì ∆∗
ij ðàâíà íóëþ.

Òåîðåìà 2.5. Ïóñòü Ψ = W̄ r,r(1). Ñðåäè âñåâîçìîæíûõ êóáàòóðíûõ
ôîðìóë âèäà (2.2) îïòèìàëüíîé ïî ïîðÿäêó ÿâëÿåòñÿ ôîðìóëà (2.4), èìå-
þùàÿ ïîãðåøíîñòü

RN [Ψ] ³ N−(r+2−p) ³ n−(r+2−p)/2,

ãäå n− ÷èñëî óçëîâ êóáàòóðíîé ôîðìóëû.
Äîêàçàòåëüñòâî. Îöåíèì ïîãðåøíîñòü êóáàòóðíîé ôîðìóëû (2.4).

Î÷åâèäíî,

|RN(ϕ)| =
N−1∑

k=0

N−1∑

l=0

′
∣∣∣∣∣∣∣

∫ ∫

∆kl

ψrr(ϕ,∆kl)dτ1dτ2
((τ1 − t1)2 + (τ2 − t2)2)p/2

∣∣∣∣∣∣∣
+
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+

∣∣∣∣∣∣∣∣

∫ ∫

∆∗
ij

ψrr(ϕ,∆
∗
ij)dτ1dτ2

((τ1 − t1)2 + (τ2 − t2)2)p/2

∣∣∣∣∣∣∣∣
= I1 + I2, (2.5)

ãäå ψrr(ϕ,∆kl) = ϕ(τ1, τ2)−Lrr(ϕ,∆kl), (τ1, τ2) ∈ ∆kl, k, l = 0, 1, . . . , N−1.
Îöåíèì êàæäîå èç âûðàæåíèé I1, I2 â îòäåëüíîñòè.
Íåòðóäíî âèäåòü, ÷òî

I1 ≤
i−2∑

k=0

j−2∑

l=0

1

((xi − xk)2 + (xj − xl)2)p/2

∫ ∫

∆kl

|ψrr(ϕ,∆kl)|dτ1dτ2+

+
i−2∑

k=0

N−1∑

l=j+2

1

((xi − xk)2 + (xl − xj+1)2)p/2

∫ ∫

∆kl

|ψrr(ϕ,∆kl)|dτ1dτ2+

+
N−1∑

k=i+2

j−2∑

l=0

1

((xk − xi+1)2 + (xj − xl)2)p/2

∫ ∫

∆kl

|ψrr(ϕ,∆kl)|dτ1dτ2+

+
N−1∑

k=i+2

N−1∑

l=j+2

1

((xk − xi+1)2 + (xl − xj+1)2)p/2

∫ ∫

∆kl

|ψrr(ϕ,∆kl)|dτ1dτ2 ≤

≤ A

N r+2



i−2∑

k=0

j−2∑

l=0

Np

(u1 + u2)p/2
+

i−2∑

k=0

N−1∑

l=j+2

Np

(u1 + u3)p/2
+

+
N−1∑

k=i+2

j−2∑

l=0

Np

(u4 + u2)p/2
+

N−1∑

k=i+2

N−1∑

l=j+2

N p

(u4 + u2)p/2


 ≤ A

N r+2−p , (2.6)

ãäå u1 = (i− k − 1)2, u2 = (j − l− 1)2, u3 = (l− j − 1)2, u4 = (k − i− 1)2.

Èíòåãðàë I2 ïðåäñòàâèì ñëåäóþùèì îáðàçîì:

I2 ≤
∣∣∣∣∣∣∣∣

∫ ∫

∆∗
ij\R(t12,δ0)

ψrr(ϕ,∆
∗
ij)dτ1dτ2

((τ1 − t1)2 + (τ2 − t2)2)p/2

∣∣∣∣∣∣∣∣
+

+

∣∣∣∣∣∣∣∣

∫ ∫

R(t12,δ0)

ψrr(ϕ,∆
∗
ij)dτ1dτ2

((τ1 − t1)2 + (τ2 − t2)2)p/2

∣∣∣∣∣∣∣∣
= I21 + I22, (2.7)

ãäå t12 = (t1, t2), δ0 = min(|t1 − xi−1|, |xi+2 − t1|, |t2 − xj−1|, |xj+2 − t2|).
Ó÷èòûâàÿ, ÷òî δ0 ≥ 2/N, èíòåãðàë I21 îöåíèâàåòñÿ íåðàâåíñòâîì

I21 ≤ ANp
∫ ∫

∆∗
ij

∣∣∣ψrr(ϕ,∆∗
ij)|dτ1dτ2

∣∣∣ ≤ A

N r+2−p . (2.8)
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Äëÿ îöåíêè èíòåãðàëà I22 âîñïîëüçóåìñÿ îïðåäåëåíèåì ãèïåðñèíãó-
ëÿðíûõ èíòåãðàëîâ:

I22 =

∣∣∣∣∣∣∣∣
lim
η→0

∫ ∫

R(t12,δ0)\R(t12,η)

ψrr(ϕ,∆
∗
ij)dτ1dτ2

((τ1 − t1)2 + (τ2 − t2)2)p/2

∣∣∣∣∣∣∣∣
.

Îöåíêà âûðàæåíèÿ I22 äîñëîâíî ïîâòîðÿåò îöåíêó âûðàæåíèÿ r12 (ôîð-
ìóëà (1.10)) èç ðàçäåëà 1 äàííîé ãëàâû. Ñëåäîâàòåëüíî,

I22 ≤ A

N r+2−p . (2.9)

Èç îöåíîê (2.4) � (2.9) ñëåäóåò íåðàâåíñòâî

|RN(ϕ)| ≤ A

N r+2−p =
A

n(r+2−p)/2 .

Èç ïðîèçâîëüíîñòè ôóíêöèè ϕ ∈ Ψ èìååì

RN [Ψ] ≤ A

n(r+2−p)/2 . (2.10)

Ñîïîñòàâëÿÿ íåðàâåíñòâî (2.10) ñ óòâåðæäåíèåì òåîðåìû 2.1, çàâåð-
øàåì äîêàçàòåëüñòâî òåîðåìû.

Òåîðåìà 2.6. Ïóñòü Ψ = Cr
2(1). Äëÿ âñåâîçìîæíûõ êóáàòóðíûõ ôîð-

ìóë âèäà (2.2) îïòèìàëüíîé ïî ïîðÿäêó ÿâëÿåòñÿ ôîðìóëà (2.4). Åå ïî-
ãðåøíîñòü ðàâíà

RN [Ψ] ³ 1

n(r+2−p)/2 ,

ãäå n− ÷èñëî óçëîâ êóáàòóðíîé ôîðìóëû.
Äîêàçàòåëüñòâî ïîäîáíî äîêàçàòåëüñòâó ïðåäûäóùåé òåîðåìû è ïî-

ýòîìó îïóñêàåòñÿ.
Ïóñòü m = [

√
N ]+1. Ïîêðîåì îáëàñòü Ω = [−1, 1]2 êâàäðàòàìè ∆kl =

= [xk, xk+1;xl, xl+1], k, l = 0, 1, . . . ,m−1, xk = −1+2k/m, k = 0, 1, . . . ,m.
Ïóñòü (t1, t2) ∈ ∆ij, 0 ≤ i, j ≤ m − 1. Èíòåãðàë (2.1) ïðè l = 2 áóäåì
âû÷èñëÿòü ïî êóáàòóðíîé ôîðìóëå

Hϕ =
m−1∑

k=0

m−1∑

l=0

′
∫ ∫

∆kl

Lrr(ϕ,∆kl)dτ1dτ2
((τ1 − t1)2 + (τ2 − t2)2)p/2

+

+
∫ ∫

∆∗
ij

Lrr(ϕ,∆
∗
ij)dτ1dτ2

((τ1 − t1)2 + (τ2 − t2)2)p/2
+RN(ϕ), (2.11)
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ãäå ∆∗
ij = [xi−1, xi+2;xj−1, xj+2]

⋂
Ω, Ω = [−1, 1]2,

∑ ∑ ′ îçíà÷àåò ñóììèðî-
âàíèå ïî êâàäðàòàì ∆kl, íå âõîäÿùèì â ∆∗

ij.
Òåîðåìà 2.7. Ïóñòü Ψ = Cr

2(1). Ñðåäè âñåâîçìîæíûõ êóáàòóðíûõ
ôîðìóë âèäà (2.3) îïòèìàëüíîé ïî ïîðÿäêó ÿâëÿåòñÿ ôîðìóëà (2.11). Åå
ïîãðåøíîñòü ðàâíà RN [Ψ] ³ N−(r+2−p)/2.

Äîêàçàòåëüñòâî òåîðåìû ïîäîáíî äîêàçàòåëüñòâàì òåîðåì 2.3 (îöåí-
êà ñíèçó) è 2.4 (îöåíêà ñâåðõó) è ïîýòîìó îïóñêàåòñÿ.

Ïîêðîåì îáëàñòü Ω êâàäðàòàìè ∆kl = [xk, xk+1;xl, xl+1], k, l = 0, 1, . . . ,
N − 1, xk = −1 + 2k/N, k = 0, 1, . . . , N.

Ïóñòü (t1, t2) ∈ ∆ij, i, j = 0, 1, . . . , N − 1.
Èíòåãðàë Hϕ áóäåì âû÷èñëÿòü ïî êóáàòóðíîé ôîðìóëå

Hϕ =
N−1∑

k=0

N−1∑

l=0

′
∫ ∫

∆kl

Lrr(ϕ,∆kl)dτ1dτ2
((τ1 − t1)2 + (τ2 − t2)2)p/2

+

+
∫ ∫

∆∗
ij

Lrr(ϕ,∆
∗
ij)dτ1dτ2

((τ1 − t1)2 + (τ2 − t2)2)p/2
+RN(ϕ), (2.12)

ãäå ∆∗
ij = [xi−1, xi+2; xj−1, xj+2]

⋂
Ω,

∑ ∑ ′ îçíà÷àåò ñóììèðîâàíèå ïî êâàä-
ðàòàì ∆kl, íå âêëþ÷åííûì â ∆∗

ij.

Òåîðåìà 2.8. Ïóñòü Ψ = W̄ r,r(1). Ñðåäè âñåâîçìîæíûõ êóáàòóðíûõ
ôîðìóë âèäà (2.3) îïòèìàëüíîé ïî ïîðÿäêó ÿâëÿåòñÿ ôîðìóëà (2.12). Åå
ïîãðåøíîñòü ðàâíà RN [Ψ] ³ N−(r+2−p) ³ n−(r+2−p)/2, ãäå n− ÷èñëî óçëîâ
êóáàòóðíîé ôîðìóëû.

Äîêàçàòåëüñòâî òåîðåìû îïóñêàåòñÿ, òàê êàê îíî ïîäîáíî äîêàçà-
òåëüñòâàì ïðåäûäóùèõ òåîðåì.

Îïèøåì òåïåðü èçìåíåíèÿ, êîòîðûå íóæíî âíåñòè â êóáàòóðíûå ôîð-
ìóëû è ôîðìóëèðîâêè òåîðåì ïðè âû÷èñëåíèè ãèïåðñèíãóëÿðíûõ èíòå-
ãðàëîâ ðàçìåðíîñòè l(l ≥ 2.) Äëÿ êðàòêîñòè îãðàíè÷èìñÿ ñëó÷àåì, êîãäà
Ψ = Cr

l (1).
Ïîêðîåì îáëàñòü Ω = [−1, 1]l êóáàìè ∆k1···kl

= [xk1
, xk1+1; · · · ;xkl

, xkl+1],
ki = 0, 1, . . . , N − 1, i = 1, 2, . . . , l, xki

= −1 + 2ki/N, ki = 0, 1, . . . , N,
i = 1, 2, . . . , l.

Ïóñòü (t1, . . . , tl) ∈ ∆i1,...,il, 0 ≤ ij ≤ N − 1, j = 1, 2, . . . , l. Èíòåãðàë
Hϕ áóäåì âû÷èñëÿòü ïî êóáàòóðíîé ôîðìóëå
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Hϕ =
N−1∑

k1=0
· · ·

N−1∑

kl=0

′
∫
· · ·

∫

∆k1···kl

Lr,...,r(ϕ,∆k1···kl
)dτ1 · · · dτl

((τ1 − t1)2 + · · ·+ (τl − tl)2)p/2
+

+
∫
· · ·

∫

∆∗
i1···il

Lr,...,r(ϕ,∆
∗
i1,...,il

)dτ1 · · · dτl
((τ1 − t1)2 + · · ·+ (τl − tl)2)p/2

+RN(ϕ), (2.13)

ãäå ∆∗
i1,...,il

= [xi1−1, xi1+2; · · · ;xil−1, xil+2],
∑ ∑ ′ îçíà÷àåò ñóììèðîâàíèå ïî

∆k1···kl
, íå âõîäÿùèì â îáëàñòü ∆∗

i1···il.
Òåîðåìà 2.9. Ïóñòü Ψ = W

r,...,r
(1). Ñðåäè âñåâîçìîæíûõ êóáàòóðíûõ

ôîðìóë âèäà (2.2) îïòèìàëüíîé ïî ïîðÿäêó ÿâëÿåòñÿ ôîðìóëà (2.13). Åå
ïîãðåøíîñòü ðàâíà

RN [Ψ] ³ N−(r+l−p) ³ n−(r+l−p)/l,

ãäå n− ÷èñëî óçëîâ êóáàòóðíîé ôîðìóëû.
Ïóñòü Ω = [−1, 1]l, l ≥ 2, m = [N 1/l] + 1. Ïîêðîåì îáëàñòü Ω êóáàìè

∆k1···kl
= [xk1

, xk1+1; · · · ;xkl
, xkl+1], kj = 0, 1, . . . ,m − 1, j = 1, 2, . . . , l,

xkj
= −1 + 2kj/m, kj = 0, 1, . . . ,m, j = 1, 2, . . . , l.
Ïóñòü (t1, . . . , tl) ∈ ∆i1,...,il. Èíòåãðàë Hϕ áóäåì âû÷èñëÿòü ïî êóáà-

òóðíîé ôîðìóëå

Hϕ =
m−1∑

k1=0
· · ·

m−1∑

kl=0

′
∫
· · ·

∫

∆k1···kl

Lr···r(ϕ,∆k1···kl
)dτ1 · · · dτl

((τ1 − t1)2 + · · ·+ (τl − tl)2)p/2
+

+
∫
· · ·

∫

∆∗
i1···il

Lr···r(ϕ,∆∗
i1···il)dτ1 · · · dτl

((τ1 − t1)2 + · · ·+ (τl − tl)2)p/2
+RN(ϕ), (2.14)

ãäå ∆∗
i1,...,il

= [xi1−1, xi1+2; · · · ;xil−1, xil+2]
⋂

Ω,
∑ ∑ ′ îçíà÷àåò ñóììèðîâà-

íèå ïî êóáàì ∆k1···kl
, íå âõîäÿùèì â îáëàñòü ∆∗

i1···il.
Òåîðåìà 2.10. Ïóñòü Ψ = Cr

l (1). Ñðåäè âñåâîçìîæíûõ êóáàòóðíûõ
ôîðìóë âèäà (2.3) îïòèìàëüíîé ïî ïîðÿäêó ÿâëÿåòñÿ ôîðìóëà (2.14). Åå
ïîãðåøíîñòü ðàâíà

RN [Ψ] ³ N−(r+l−p)/l.
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Ãëàâà 6

ÎÏÒÈÌÀËÜÍÛÅ ÌÅÒÎÄÛ ÀÏÏÐÎÊÑÈÌÀÖÈÈ
ÑÎÏÐßÆÅÍÍÛÕ ÔÓÍÊÖÈÉ

1. Ââåäåíèå

Â ãëàâå 1 îòìå÷àëîñü, ÷òî ãèïåðñèíãóëÿðíûå èíòåðàëû, ó êîòîðûõ îñî-
áàÿ òî÷êà ïðèíèìàåò ðàçëè÷íûå çíà÷åíèÿ â íåêîòîðîé îáëàñòè Ω, ìîæíî
ðàññìàòðèâàòü êàê ñîïðÿæåííûå ôóíêöèè, îïðåäåëåííûå â îáëàñòè Ω.

Â ñâÿçè ñ ýòèì âîçíèêàåò çàäà÷à ïîñòðîåíèÿ îïòèìàëüíûõ ìåòîäîâ àï-
ïðîêñèìàöèè ñîïðÿæåííûõ ôóíêöèé. Äàííàÿ ãëàâà ïîñâÿùåíà ðåøåíèþ
ýòîé çàäà÷è.

Âî âòîðîì ïàðàãðàôå äàí îáçîð ïîïåðå÷íèêîâ Áàáåíêî è Êîëìîãîðîâà
ôóíêöèîíàëüíûõ ìíîæåñòâ Qr,γ(Ω,M), Qu

r,γ(Ω,M), Q̄r,γ(Ω,M),
Q̄u
r,γ(Ω,M), îïðåäåëåííûõ íà ñåãìåíòå [−1, 1].
Â òðåòüåì ïàðàãðàôå äàí îáçîð ïîïåðå÷íèêîâ Áàáåíêî è Êîëìîãîðîâà

ôóíêöèîíàëüíûõ ìíîæåñòâ Qr,γ(Ω,M), Qu
r,γ(Ω,M), Q̄r,γ(Ω,M),

Q̄u
r,γ(Ω,M), îïðåäåëåííûõ â êóáå [−1, 1l], l = 2, 3, · · · .
Â ÷åòâåðòîì ïàðàãðàôå ïîñòðîåí íàèëó÷øèé ïî ïîðÿäêó (ïî òî÷íî-

ñòè) ìåòîä àïïðîêñèìàöèè ñîïðÿæåííûõ ôóíêöèé âèäà

ϕ̃(t) =
1∫

−1

ϕ(τ)

(τ − t)p
dτ, −1 ≤ t ≤ 1, p = 2, 3, . . . . (1.1)

Ïÿòûé ïàðàãðàô ïîñâÿùåí îïòèìàëüíûì ïî ïîðÿäêó (ïî òî÷íîñòè)
ìåòîäàì àïïðîêñèìàöèè ñîïðÿæåííûõ ôóíêöèé, îïðåäåëÿåìûõ ãèïåð-
ñèíãóëÿðíûìè èíòåãðàëàìè âèäà

ϕ̃(t1, t2) =
1∫

−1

1∫

−1

ϕ(τ1, τ2)dτ1dτ2
((τ1 − t1)2 + (τ2 − t2)2)p/2

, (1.2)

ãäå (t1, t2) ∈ [−1, 1]2, pi = 3, 4, . . . .
Êàê îòìå÷àëîñü â ãëàâå 1 äëÿ ïîñòðîåíèÿ îïòèìàëüíûõ ìåòîäîâ àï-

ïðîêñèìàöèè ñîïðÿæåííûõ ôóíêöèé ϕ̃ âíà÷àëå íåîáõîäèìî îïðåäåëèòü
êëàññ Ψ̃, ê êîòîðîìó ïðèíàäëåæàò ôóíêöèè ϕ̃, åñëè ôóíêöèè ϕ ïðèíàäëå-
æàò êëàññó ôóíêöèé Ψ, è ïîñòðîèòü îïòèìàëüíûå ìåòîäû ïðèáëèæåíèÿ
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ýëåìåíòîâ ôóíêöèîíàëüíûõ ìíîæåñòâ Ψ̃. Ãëàäêîñòü ñîïðÿæåííûõ ôóíê-
öèé, ïðåäñòàâèìûõ ãèïåðñèíãóëÿðíûìè èíòåãðàëàìè âèäîâ (1.1), (1.2),
èññëåäîâàíà â ãëàâå 2.

Òàì æå îòìå÷àëîñü, ÷òî äëÿ ïîñòðîåíèÿ îïòèìàëüíûõ ìåòîäîâ àï-
ïðîêñèìàöèè ñîïðÿæåííûõ ôóíêöèé âíà÷àëå íåîáõîäèìî âû÷èñëèòü ïî-
ïåðå÷íèêè Áàáåíêî è Êîëìîãîðîâà ñîîòâåòñòâóþùèõ ôóíêöèîíàëüíûõ
ìíîæåñòâ è ïîñòðîèòü ëîêàëüíûå ñïëàéíû, ïîãðåøíîñòè êîòîðûõ ñîâïà-
äàþò ïî ïîðÿäêó ñî çíà÷åíèÿìè ïîïåðå÷íèêîâ. Ýòîìó ïîñâÿùåí
ðàçäåë 2 äàííîé ãëàâû.

Îòìåòèì, ÷òî ðåçóëüòàòû ýòîé ãëàâû ðàñïðîñòðàíÿþòñÿ è íà ñîïðÿ-
æåííûå ôóíêöèè, ïðåäñòàâèìûå èíòåãðàëàìè:

ϕ̃(t) =
1∫

−1

ϕ(τ)

|τ − t|p+λ , −1 ≤ t ≤ 1, p = 1, 2, . . . , 0 < λ < 1;

ϕ̃(t1, t2) =
1∫

−1

1∫

−1

ϕ(τ1, τ2)dτ1dτ2
|τ1 − t1|p1+λ1|τ2 − t2|p2+λ2

,

(t1, t2) ∈ [−1, 1]2, p1, p2 = 1, 2, . . . , 0 < λi < 1, i = 1, 2;

ϕ̃(t1, t2) =
1∫

−1

1∫

−1

ϕ(τ1, τ2)dτ1dτ2
((τ1 − t1)2 + (τ2 − t2)2)(p+λ)/2 ,

(t1, t2) ∈ [−1, 1]2, p = 2, 3, . . . , 0 < λi < 1.
Îòìåòèì òàêæå, ÷òî ðåçóëüòàòû, ïðèâåäåííûå â äàííîé ãëàâå, ìîãóò

áûòü ðàñïðîñòðàíåíû è íà ñîïðÿæåííûå ôóíêöèè ñ ÷èñëîì èçìåðåíèé,
áîëüøèì äâóõ.

2. Ïîïåðå÷íèêè ôóíêöèé îäíîé ïåðåìåííîé

Â íà÷àëå ýòîãî ðàçäåëà ïðèâåäåì êðàòêèé îáçîð ðåçóëüòàòîâ àâòî-
ðà ïî âû÷èñëåíèþ ïîïåðå÷íèêîâ Áàáåíêî è Êîëìîãîðîâà íà êëàññàõ
Qr,γ(Ω,M), Ω = [−1, 1].

Òåîðåìà 2.1 [12], [13], [15]. Ïóñòü Ω = [−1, 1]. Ñïðàâåäëèâà îöåíêà
δn(Qr(Ω,M)) ³ dn(Qr(Ω,M), C) ³ n−2r−1.

Òåîðåìà 2.2. Ïóñòü Ω = [−1, 1]. Òîãäà ñïðàâåäëèâà îöåíêà

δn(Qr,γ(Ω,M)) ³ dn(Qr,γ(Ω,M), C) ³ n−s.
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Òåîðåìà 2.3. Ïóñòü Ω = [−1, 1],∞ ≥ p ≥ q ≥ 1, γ− öåëîå ÷èñëî.
Ñïðàâåäëèâà îöåíêà dn(Qr,γ,p(Ω,M), Lq) ³ n−s.

Òåîðåìà 2.4. Ïóñòü Ω = [−1, 1]. Ñïðàâåäëèâû îöåíêè

dn(Qr,γ,p(Ω,M), Lq) ≥ A





n−s+1/p−1/q, q ≤ 2,

n−s+1/p−1/2, p ≤ 2, q > 2,
n−s, p > 2.

Òåîðåìà 2.5. Ïóñòü Ω = [−1, 1], 1 ≤ p < q ≤ 2, γ− öåëîå ÷èñëî.
Ñïðàâåäëèâà îöåíêà dn(Qr,γ,p(Ω,M), Lq) ³ n−s+1/p−1/q.

Òåîðåìà 2.6. Ïóñòü Ω = [−1, 1],∞ > p ≥ q ≥ 1. Ñïðàâåäëèâà îöåíêà
dn(Qr,γ,p(Ω,M, Lq)) ³ n−s.

Òåîðåìà 2.7. Ïóñòü Ω = [−1, 1], p ≤ 2, q > 2, γ− öåëîå ÷èñëî. Ñïðà-
âåäëèâà îöåíêà dn(Qr,γ,p(Ω,M), Lq) ³ n−s−1/2+1/p.

Òåîðåìà 2.8. Ïóñòü Ω = [−1, 1], 2 ≤ p ≤ q, γ− öåëîå ÷èñëî. Ñïðàâåä-
ëèâà îöåíêà

dn(Qr,γ,p(Ω,M), Lq) ³ n−s.

Òåîðåìà 2.9. Ïóñòü Ω = [−1, 1], u = 1, 2, . . . . Ñïðàâåäëèâà îöåíêà

δn(Q̄
u
r,γ(Ω,M)) ³ dn(Q̄

u
r,γ(Ω,M), C) ³ n−s.

Äîêàçàòåëüñòâî. Oöåíêà δn(Q̄u
r,γ(Ω,M)) ≥ An−s ñëåäóåò èç îöåíêè

δn(Qr,γ(Ω,M)) ≥ An−s, ïîëó÷åííîé â òåîðåìå 2.2, òàê êàê ìíîæåñòâî
ôóíêöèé Qr,γ(Ω,M) âëîæåíî â ìíîæåñòâî ôóíêöèé Q̄u

r,γ(Ω,M).
Äëÿ îöåíêè ñâåðõó ïîïåðå÷íèêà Êîëìîãîðîâà dn(Q̄r,γ(Ω,M), C) ïî-

ñòðîèì íåïðåðûâíûé ëîêàëüíûé ñïëàéí, èìåþùèé ðàçìåðíîñòü O(n)
è àïïðîêñèìèðóþùèé ôóíêöèè, ïðèíàäëåæàùèå êîìïàêòó Q̄r,γ(Ω,M) ñ
òî÷íîñòüþ O(n−s).

Ðàññìîòðèì äâà ñëó÷àÿ: 1) u = 1; 2) u 6= 1.
Âíà÷àëå ðàññìîòðèì ñëó÷àé, êîãäà u = 1.
Ïîêðîåì ñåãìåíò [−1, 1] áîëåå ìåëêèìè ñåãìåíòàìè ∆k = [tk, tk+1] è

∆∗
k = [τk+1, τk], ãäå tk = −1 + (k/n)v, τk = 1 − (k/n)v, k = 0, 1, . . . , n,

v = s/r. Ñåãìåíòû ∆0 è ∆∗
0 ïîêðîåì åùå áîëåå ìåëêèìè ñåãìåíòàìè

∆0,j = [t0,j, t0,j+1], t0,j = −1 + j(1/n)v/L, ∆∗
0,j = [τ0,j+1, τ0,j], τ0,j = 1−

− j(1/n)v/L, j = 0, 1, . . . , L− 1, L = [lnn].
Â êàæäîì èç ñåãìåíòîâ ∆0,j, j = 0, 1, . . . , L− 1, ∆k, ∆∗

k, k =
= 1, 2, . . . , n−1, ∆∗

0,j, j = 0, 1, . . . , L−1, ôóíêöèÿ f(t) àïïðîêñèìèðóåòñÿ
èíòåðïîëÿöèîííûì ïîëèíîìîì Ps(f,∆0,j), j = 0, 1, . . . , L− 1, Ps(f,∆k),
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Ps(f,∆
∗
k), k = 1, 2, . . . , n−1, Ps(f,∆

∗
0,j), j = 0, 1, . . . , L−1, ñîîòâåòñòâåí-

íî. Îïèøåì ïîñòðîåíèå ýòèõ ïîëèíîìîâ. Íà ñåãìåíòå [a, b] ôóíêöèÿ f
ïðèáëèæàåòñÿ èíòåðïîëÿöèîííûì ïîëèíîìîì Ps(t, [a, b]), êîòîðûé ñòðî-
èòñÿ ñëåäóþùèì îáðàçîì. Îáîçíà÷èì ÷åðåç ζk(k = 1, 2, . . . , s) íóëè ïî-
ëèíîìà ×åáûøåâà ïåðâîãî ðîäà ñòåïåíè s, íàèìåíåå óêëîíÿþùåãîñÿ îò
íóëÿ íà ñåãìåíòå [−1, 1]. Îòîáðàçèì ñåãìåíò [ζ1, ζs] ⊂ [−1, 1] íà ñåãìåíò
[a, b] òàêèì îáðàçîì, ÷òîáû òî÷êè ζ1 è ζs ïåðåøëè â òî÷êè a è b . Òî÷-
êè, ÿâëÿþùèåñÿ îáðàçàìè òî÷åê ζi ïðè îòîáðàæåíèè ñåãìåíòà [ζ1, ζs] íà
ñåãìåíò [a, b], îáîçíà÷èì ÷åðåç ζi′, i = 1, 2, . . . , s. Ïî óçëàì {ζ ′i} ñòðîèòñÿ
èíòåðïîëÿöèîííûé ïîëèíîì ñòåïåíè r − 1, êîòîðûé îáîçíà÷àåòñÿ ÷åðåç
Ps(t, [a, b]).

Ôóíêöèÿ f(t), t ∈ [−1, 1] àïïðîêñèìèðóåòñÿ èíòåðïîëÿöèîííûìè ïî-
ëèíîìàìè Ps(f, [t0,j, t0,j+1]), j = 0, 1, . . . , L−1, Ps(f, [tk, tk+1]), k = 1, 2, . . . ,
N − 1, Ps(f, [τ0,j+1, τ0,j]), j = 0, 1, . . . , L− 1, Ps(f, [τk+1, τk]), k = 1, 2, . . . ,
N − 1.

Ëîêàëüíûé ñïëàéí fN(t) ñîñòîèò èç ïîëèíîìîâ:
Ps(f, [tk, tk+1]), Ps(f, [τk+1, τk]), k = 1, 2, . . . , N − 1;
Ps(f, [t0,j, t0,j+1]), Ps(f, [τ0,j+1, τ0,j]), j = 0, 1, . . . , L− 1.

Îöåíèì íîðìó ‖f(t)− fN(t)‖C(Ω). Äëÿ 1 ≤ k ≤ N − 1 èìååì

‖f(t)− fN(t)‖C(∆1
k) ≤

BM(tk+1 − tk)
s

(k/N)vγs!
= BN−s, (2.1)

ãäå ∆1
k = [tk, tk+1]. Çäåñü è âñþäó íèæå ÷åðåç B îáîçíà÷åíû êîíñòàíòû,

íå çàâèñÿùèå îò N. Àíàëîãè÷íûå îöåíêè èìåþò ìåñòî íà ñåãìåíòàõ ∆2
k =

= [τk+1, τk], k = 1, 2, . . . , N − 1.
Îñòàëîñü îöåíèòü ‖f(t)−fN(t)‖C íà ñåãìåíòàõ ∆0,j, ∆

∗
0,j, j = 0, 1, . . . ,

L− 1. Âíà÷àëå îöåíèì ‖f(t)− fN(t)‖C íà ñåãìåíòå ∆0,0. Î÷åâèäíî,
‖f(t)−fN(t)‖C(∆0,0) ≤ AEs−1(f,∆0,0)λs, ãäå Es(f,∆0,0)− íàèëó÷øåå ïðè-
áëèæåíèå ôóíêöèè f(t) íà ñåãìåíòå ∆0,0 ïîëèíîìàìè ñòåïåíè íå âûøå s;
λs− êîíñòàíòà Ëåáåãà ïðè èíòåðïîëÿöèè ïî s óçëàì ïîëèíîìà ×åáûøåâà.

Èçâåñòíû [70] îöåíêè íàèëó÷øèõ ïðèáëèæåíèé äëÿ ôóíêöèé, ïðîèç-
âîäíûå êîòîðûõ èìåþò ñòåïåííûå è ëîãàðèôìè÷åñêèå îñîáåííîñòè.

Îäíàêî äëÿ íàøåé öåëè äîñòàòî÷íî îãðàíè÷èòüñÿ îöåíêîé ïðèáëèæå-
íèÿ ôóíêöèè f(t) îòðåçêîì ðÿäà Òåéëîðà

Tr−1(f,∆0,0,−1) = f(−1) +
f ′(−1)

1!
(t+ 1) + · · ·+ f (r−1)(−1)

(r − 1)!
(t+ 1)r−1.
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Âîñïîëüçîâàâøèñü îñòàòî÷íûì ÷ëåíîì ôîðìóëû Òåéëîðà â èíòåãðàëü-
íîé ôîðìå, èìååì ïðè t ∈ ∆00:

|f(t)− Tr−1(f,∆0,0,−1)| ≤ 1

(r − 1)!
|

t∫

−1

f (r)(v)(t− v)r−1dv| ≤

≤ M

(r − 1)!
|

t∫

−1

(1 + | ln(1 + v)|)(t− v)r−1dv| ≤

≤ B(hr00| lnh00|+ hr00) ≤ B
1

ns lnr−1 n
,

ãäå h0k = |t0,k+1 − t0,k|, k = 0, 1, . . . , L− 1.
Òàêèì îáðàçîì,

Er−1(f,∆0,0) ≤ B

ns lnr−1 n
è, ñëåäîâàòåëüíî,

‖f(t)− Ps(f,∆0,0)‖C(∆0,0) ≤
B

ns lnr−1 n
.

Ïåðåéäåì òåïåðü ê îöåíêå òî÷íîñòè àïïðîêñèìàöèè ôóíêöèè f(t) ∈
∈ Qr,γ(Ω,M) ñïëàéíîì fn(t) íà ñåãìåíòàõ ∆0,k, k = 1, 2, . . . , L− 1.

Î÷åâèäíî,
‖f(t)− fn(t)‖C(∆0,k) ≤

Mλs
(1 + t0k)γ

hs0k ≤

≤ Mλs
kγ

(nv lnn)γ
(

1

nv lnn

)s
=

B

ns lnr n
.

Òàêèì îáðàçîì, ïîñòðîåí íåïðåðûâíûé ëîêàëüíûé ñïëàéí fn(t), àï-
ïðîêñèìèðóþùèé ôóíêöèþ f(t) ñ òî÷íîñòüþ ‖f(t)− fn(t)‖C ≤ Bn−s.

Ðàçìåðíîñòü ñïëàéíà fn(t) ïðè öåëîì γ íå ïðåâîñõîäèò 4sn. Ïîýòîìó
d4(s+1)n(Q̄r,γ(Ω,M), C) ≤ Bn−s è, ñëåäîâàòåëüíî, dn(Q̄r,γ(Ω,M), C) ≤
≤ Bn−s.

Èç ïðîâåäåííûõ âûøå âûêëàäîê ñëåäóåò, ÷òî ñïðàâåäëèâû íåðàâåí-
ñòâà δn(Q̄r,γ(Ω,M)) ≥ Bn−s; dn(Q̄r,γ(Ω,M), C) ≤ Bn−s.

Èç ýòèõ íåðàâåíñòâ è ëåììû 2.1 ãëàâû 1 ñëåäóåò, ÷òî

δn(Q̄r,γ(Ω,M)) ³ dn(Qr,γ(Ω,M), C) ³ n−s.

Â ñëó÷àå u = 1 òåîðåìà äîêàçàíà.
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Ðàññìîòðèì ñëó÷àé, êîãäà 2 ≤ u. Ðàçäåëèì ñåãìåíò [−1, 1] íà 2N
÷àñòåé òî÷êàìè tk = −1+

(
k
N

)v
, τk = 1−(

k
N

)v
, k = 0, 1, . . . , N, v = s/(s−

−γ). Îáîçíà÷èì ÷åðåç ∆1
k è ∆2

k ñåãìåíòû ∆1
k = [tk, tk+1] è ∆2

k = [τk+1, τk],
k = 0, 1, . . . , N − 1. Ââåäåì ÷èñëà M0 = [lnu/rN ] è Mk = [ln(u−1)/s(N/k)],
k = 1, 2, . . . , N. Â ñëó÷àå, åñëè ln(u−1)/s(N/k) ≤ 1, ïîëàãàåì Mk = 1.
Êàæäûé èç ñåãìåíòîâ ∆1

k è ∆2
k ðàçäåëèì íà Mk ðàâíûõ ÷àñòåé, k =

= 0, 1, . . . , N−1. Ñåãìåíòû, ïîëó÷åííûå â ðåçóëüòàòå äåëåíèÿ, îáîçíà÷èì
÷åðåç ∆i

k,j, i = 1, 2, j = 0, 1, . . . ,Mk − 1, k = 0, 1, . . . , N − 1.
Â êàæäîì ñåãìåíòå ∆i

k,j ôóíêöèþ f(t) áóäåì ïðèáëèæàòü èíòåðïîëÿ-
öèîííûì ïîëèíîìîì Ps(f,∆

i
k,j), i = 1, 2, k = 0, 1, . . . , N − 1, j =

= 0, 1, . . . ,Mk − 1. Ñïëàéí, ñîñòàâëåííûé èç ïîëèíîìîâ Ps(f,∆i
k,j), i =

= 1, 2, j = 0, 1, . . . ,Mk − 1, k = 0, 1, . . . , N − 1, îáîçíà÷èì ÷åðåç fN(t).
Îöåíèì òî÷íîñòü àïïðîêñèìàöèè ôóíêöèè f(t) ñïëàéíîì fN(t).
Ïóñòü t ∈ ∆i

0, i = 1, 2. Î÷åâèäíî,

‖f(t)− fN(t)‖C(∆1
0,0) ≤ AEs−1(f,∆

1
0,0)λs,

ãäå ∆1
0,0 = [t0,0, t0,1], Es(f, [a, b])− íàèëó÷øåå ïðèáëèæåíèå ôóíêöèè f(t)

íà ñåãìåíòå [a, b] ïîëèíîìîì s-ãî ïîðÿäêà; λs− êîíñòàíòà Ëåáåãà.
Èñïîëüçóÿ îòðåçîê ðÿäà Òåéëîðà Tr−1(f,∆

1
0,0,−1), ïîêàæåì, ÷òî

Er−1(f,∆
1
0,0) ≤ ‖f(t)− Tr−1(f,∆

1
0,0,−1)‖C(∆0,0) ≤

≤ 1

(r − 1)!
max
t∈∆1

0,0

|
t∫

−1

f (r)(τ)(t− τ)r−1dτ | ≤

≤ M

(r − 1)!
max
t∈∆1

0,0

|
t∫

−1

(1 + | lnu(1 + τ)|)(t− τ)r−1dτ | ≤

≤ B(hr00| lnu h00|) ≤ B

(
1

N vM0

)r ∣∣∣∣∣ln
u

(
1

N vM0

)∣∣∣∣∣ ≤

≤ B
1

N s lnuN
(lnuN + lnu lnN) = B

1

N s
,

ãäå h00 = h0/M0, h0 = t11 − t0.

Àíàëîãè÷íûì îáðàçîì îöåíèâàþòñÿ çíà÷åíèÿEr−1(f,∆
1
0,j), j = 1, 2, . . . ,

M0 − 1 è Er−1(f,∆
2
0,j), j = 0, 1, . . . ,M0 − 1.

Òàê êàê êîíñòàíòà Ëåáåãà ïî óçëàì ïîëèíîìîâ ×åáûøåâà ïåðâîãî ðîäà
λs ≤ B ln s, îêîí÷àòåëüíî èìååì ‖f(t)− fN(t)‖C(∆i

0) ≤ BN−s, i = 1, 2.
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Îöåíèì ‖f(t)− fN(t)‖C(∆i
kj)
, i = 1, 2, j = 0, 1, . . . , Mk − 1, k =

= 1, 2, . . . , N − 1.
Î÷åâèäíî,

‖f(t)− fN(t)‖C(∆1
k,1) ≤

≤ B(t1k,1 − t1k,0)
s

s!

(
N

k

)vγ (
1 +

∣∣∣∣∣ln
u−1

(
N

k

)vγ ∣∣∣∣∣

)
≤

≤ B

(
hk
Mk

)s (
N

k

)vγ (
1 + lnu−1 N

k

)
≤

≤ B




((
k + 1

N

)v
−

(
k

N

)v) 1
(
ln N

k

)(u−1)/s



s (
N

k

)vγ (
1 + lnu−1 N

k

)
≤

≤ B
(k + θ)(v−1)s−vγ

N s
≤ B

N s
.

Àíàëîãè÷íûì îáðàçîì îöåíèâàþòñÿ íîðìû

‖f(t)− fN(t)‖C(∆1
k,j), j = 1, 2, . . . ,Mk − 1, k = 1, 2, . . . , N − 1;

‖f(t)− fN(t)‖C(∆2
k,j), j = 0, 1, . . . ,Mk − 1, k = 1, 2, . . . , N − 1.

Ñîáèðàÿ ïîëó÷åííûå âûøå îöåíêè, èìååì:

‖f(t)− fN(t)‖C([−1,1]) ≤ BN−s.

Îöåíèì ÷èñëî óçëîâ, èñïîëüçóåìûõ ïðè ïîñòðîåíèè ëîêàëüíîãî ñïëàé-
íà.

Äëÿ ýòîãî îöåíèì ÷èñëî ñåãìåíòîâ ∆i
k,j, i = 1, 2, j = 0, 1, . . . ,Mk − 1,

k = 0, 1, . . . , N − 1.
Î÷åâèäíî, ïðè u− 1 ≤ s èìååì

m = 2
N−1∑

k=0
Mk ≤ 2


ln

u
r N +

N−1∑

k=1
ln

u−1
s
N

k


 ≤

≤ 2


ln

u
r N +

N−1∑

k=1
ln
N

k


 = BN.

Ðàññìîòðèì îáùèé ñëó÷àé.
Ïóñòü q = (u− 1)/s. Òîãäà

m = 2
N−1∑

k=0
Mk ≤ 2


ln

u
r N +

N−1∑

k=1
ln

u−1
s
N

k


 ≤
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≤ B


N +

N−1∑

k=2
lnq

N

k


 = B


N +

N−1∑

k=2

∣∣∣∣∣ln
q N

k

∣∣∣∣∣


 ≤

≤ B


N +

N∫

1

∣∣∣∣∣ln
q N

x

∣∣∣∣∣ dx


 ≤

≤ B


N +N

N∫

1

lnq t

t2
dt


 ≤ BN.

Ñëåäîâàòåëüíî, îáùåå ÷èñëî óçëîâ, èñïîëüçóåìûõ ïðè ïîñòðîåíèè ëî-
êàëüíîãî ñïëàéíà fN(t), ðàâíî n = sm = BN.

Îòñþäà ñëåäóåò, ÷òî

‖f(t)− fN(t)‖C([−1,1]) ≤ BN−s.

Ñîïîñòàâëÿÿ ýòî íåðàâåíñòâî ñ îöåíêîé (2.1) è èñïîëüçóÿ ëåììó 2.1
èç ãëàâû 1, çàâåðøàåì äîêàçàòåëüñòâî òåîðåìû ïðè 2 ≤ u.

Òåîðåìà 2.10. Ïóñòü Ω = [−1, 1], r, u− íàòóðàëüíûå ÷èñëà; γ−
ïîëîæèòåëüíîå íåöåëîå ÷èñëî. Ñïðàâåäëèâà îöåíêà

δn(Q
u
rγ(Ω,M)) ³ dn(Q

u
rγ(Ω,M), C) ³ n−s.

Äîêàçàòåëüñòâî. Âíà÷àëå îöåíèì ñíèçó âåëè÷èíó δn(Qu
rγ(Ω,M)).

Äëÿ ýòîãî çàìåòèì, ÷òî êëàññ ôóíêöèé Qr,γ(Ω,M) âëîæåí â êëàññ ôóíê-
öèé Qu

r,γ(Ω,M). Òåîðåìà 1.1 óòâåðæäàåò, ÷òî δn(Qrγ(Ω,M)) ≥ An−s. Ñëå-
äîâàòåëüíî, δn(Qu

rγ(Ω,M)) ≥ An−s. Îöåíêà ñíèçó ïîëó÷åíà.
Ðàçäåëèì ñåãìåíò [−1, 1] íà 2N ÷àñòåé òî÷êàìè tk = −1 + (k/N)v è

τk = 1 − (k/N)v, ãäå k = 0, 1, . . . , N è v = s/(s − γ). Ðàçäåëèì ñåãìåíò
[t0, t1] íàM0 (M0 = [lnu/(r+1−µ) N

k ]) ÷àñòåé òî÷êàìè t0,j = t0+(t1−t0)j/M0,

j = 0, 1, . . . ,M0. Àíàëîãè÷íî ðàçäåëèì ñåãìåíò [τ1, τ0] íà M0 ÷àñòåé
òî÷êàìè τ0,j = τ0 − (τ0 − τ1)j/M0, j = 0, 1, . . . ,M0. Ðàçäåëèì ñåãìåí-
òû ∆1

k = [tk, tk+1] íà Mk (Mk = [lnu/sN/k]) ÷àñòåé òî÷êàìè tk,j = tk+
+(tk+1 − tk)j/Mk, j = 0, 1, . . . ,Mk. Àíàëîãè÷íî, ðàçäåëèì ñåãìåíò ∆2

k =
= [τk+1, τk] íà Mk ÷àñòåé òî÷êàìè τkj = τk+1 + (τk − τk+1)j/Mk, j =
= 0, 1, . . . ,Mk.

Ôóíêöèþ f(t), t ∈ [−1, 1] áóäåì àïïðîêñèìèðîâàòü èíòåðïîëÿöèîí-
íûìè ïîëèíîìàìè Ps(f,∆

1
0), ∆1

0 = [t0,j, t0,j+1], j = 0, 1, . . . ,M0 − 1,
Ps(f,∆

1
k,j), ∆1

k,j = [t1k,j, t
1
k,j+1]), j = 0, 1, · · · ,Mk, k = 1, 2, . . . , N − 1,

Ps(f,∆
2
0,j), ∆2

0,j = [τ0,j+1, τ0,j], j = 0, 1, . . . ,M0−1, Ps(f,∆
2
k,j), ∆2

k,j =
= [τk+1,j+1, τk+1,j], j = 0, 1, · · · ,Mk, k = 1, 2, . . . , N − 1.
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Ëîêàëüíûé ñïëàéí fN(t) ñîñòîèò èç ïîëèíîìîâ Ps(f,∆1
0j), j = 0, 1, . . . ,

M0 − 1, Ps(f,∆
1
k,j) , j = 0, 1, · · · ,Mk, k = 1, 2, . . . , N − 1, Ps(f,∆0,j),

j = 0, 1, . . . ,M0 − 1, Ps(f,∆
2
k,j), j = 0, 1, · · · ,Mk, k = 1, 2, . . . , N − 1.

Îöåíèì âåëè÷èíó ||f(t)− fN(t)||C .
Ïðè 1 ≤ k ≤ N − 1 èìååì

||f(t)− fN(t)||C(∆1
k) ≤

BM(tk+1 − tk)
s

s!

(
N

k

)vγ (
1 +

∣∣∣∣∣ln
u

(
k

N

)v∣∣∣∣∣

)
≤

≤ B

(((
k + 1

N

)v
−

(
k

N

)v) 1

Mk

)s (
N

k

)vγ (
1 +

∣∣∣∣∣ln
u

(
N

k

)v∣∣∣∣∣

)
≤

≤ B

((
k + 1

N

)v
−

(
k

N

)v)s (
N

k

)vγ 
 1

1 + ln
u
s N
k



s (

1 +

∣∣∣∣∣ln
u

(
N

k

)v∣∣∣∣∣

)
≤ B

N s
.

Àíàëîãè÷íûì îáðàçîì îöåíèâàþòñÿ íîðìû ||f(t)− fN(t)||C(∆2
k) ≤ B

Ns ,
k = 1, 2, . . . , N − 1.

Ïðè k = 0 èìååì ||f(t) − fN(t)||C(∆1
00) ≤ MEr(f,∆

1
00)λs, ãäå ∆1

00 =
= [t00, t0,1], Es(f, [a, b])− íàèëó÷øåå ïðèáëèæåíèå ôóíêöèè f(t) íà ñåã-
ìåíòå [a, b] ïîëèíîìîì s-ãî ïîðÿäêà; λs− êîíñòàíòà Ëåáåãà.

Èñïîëüçóÿ îòðåçîê ðÿäà Òåéëîðà Tr(f,∆1
0,0,−1), îöåíèì

Er(f,∆
1
0,0) ≤ ||f(t)− Tr−1(f,∆

1
0,0,−1)||C(∆1

0,0) ≤

≤ M

(r − 1)!
max
t∈∆1

0,0

∣∣∣∣∣∣∣

t∫

−1

(1 + | lnu(1 + τ)|)
(1 + τ)µ

(t− τ)rdτ ≤

≤ Bhr+1−µ
00 | lnu h00| ≤ B

1

N s
.

Çäåñü h00 =
(

1
N

)v 1
(1+| ln( 1

N )v|)u/(r+1−µ) .

Àíàëîãè÷íûì îáðàçîì îöåíèâàþòñÿ íîðìû ||f(t)−fN(t)||C(∆1
0,j), j =

= 1, 2, . . . ,M0 − 1 è ||f(t)− fN(t)||C(∆2
0,j), j = 0, 1, . . . ,M0 − 1.

Òàêèì îáðàçîì, ïîëó÷åíà îöåíêà

||f(t)− fN(t)||C(Ω) ≤
B

N s
. (2.2)

Îöåíèì ÷èñëî n óçëîâ ëîêàëüíîãî ñïëàéíà fN(t).
Ïîâòîðÿÿ ðàññóæäåíèÿ, ïðèâåäåííûå ïðè äîêàçàòåëüñòâå ïðåäûäó-

ùåé òåîðåìû, óáåæäàåìñÿ â òîì, ÷òî n ³ N. Îòñþäà è èç (2.2) ñëåäóåò
ñïðàâåäëèâîñòü òåîðåìû.

217



Çàêàí÷èâàÿ ýòîò ðàçäåë, âû÷èñëèì ïîïåðå÷íèêè Áàáåíêî è Êîëìîãî-
ðîâà ôóíêöèîíàëüíûõ ìíîæåñòâ Ψ̃, îïðåäåëÿåìûõ ãèïåðñèíãóëÿðíûìè
èíòåãðàëàìè

ϕ̃(t) =
1∫

−1

ϕ(τ)

(τ − t)p
dτ, p = 2, 3, . . . , −1 ≤ t ≤ 1,

â ïðåäïîëîæåíèè, ÷òî ôóíêöèè ϕ(t) ïðèíàäëåæàò ôóíêöèîíàëüíîìó ìíî-
æåñòâó Ψ. Â êà÷åñòâå Ψ âîçüìåì ìíîæåñòâà ôóíêöèé W r(1), W r

q (1),
r = 1, 2, . . . , q = 0, 1, . . . , r.

Âî âòîðîé ãëàâå áûëà èññëåäîâàíà ãëàäêîñòü ñîïðÿæåííûõ ôóíêöèé
ϕ̃(t) â ïðåäïîëîæåíèè, ÷òî ϕ(t) ∈ W r(1) è ϕ(t) ∈ W r

q (1). Áûëî ïîêàçàíî,
÷òî â ýòèõ ñëó÷àÿõ ñîïðÿæåííûå ôóíêöèè ïðèíàäëåæàò ôóíêöèîíàëü-
íûì ìíîæåñòâàì L0,s,γ(Ω,M), L0,s,γ(Ω,M) è Q̄r,γ(Ω,M).

Ïîïåðå÷íèêè Êîëìîãîðîâà íà êëàññàõ L0,s,γ(Ω,M), L̄0,s,γ(Ω,m) ïðè
γ > 0 â ìåòðèêå ïðîñòðàíñòâà C(Ω) ðàâíû áåñêîíå÷íîñòè è, ñëåäîâàòåëü-
íî, ðàâíîìåðíàÿ àïïðîêñèìàöèÿ ôóíêöèé èç ýòèõ êëàññîâ â ìåòðèêå ïðî-
ñòðàíñòâà C(Ω) íåâîçìîæíà. Ïîïåðå÷íèêè êëàññîâ ôóíêöèé Qr(Ω,M),
Q̄r(Ω,M) âû÷èñëåíû âûøå.

3. Ïîïåðå÷íèêè ôóíêöèé ìíîãèõ ïåðåìåííûõ

Â íà÷àëå ýòîãî ðàçäåëà ïðèâåäåì êðàòêèé îáçîð ðåçóëüòàòîâ àâòî-
ðà ïî âû÷èñëåíèþ ïîïåðå÷íèêîâ Áàáåíêî è Êîëìîãîðîâà íà êëàññàõ
Qr,γ(Ω,M), Ω = [−1, 1]l, îïóáëèêîâàííûõ â [11], [13], [15].

Òåîðåìà 3.1. Ïóñòü Ω = [−1, 1]l, l ≥ 2. Òîãäà ñïðàâåäëèâà îöåíêà

δn(Qr(Ω,M)) ³ dn((Qr(Ω,M)), C) ³ n−r/(l−1).

Òåîðåìà 3.2. Ïóñòü Ω = [−1, 1]l, l ≥ 2. Ñïðàâåäëèâû îöåíêè

dn(Qr,γ(Ω,M), C) ³ δn(Qr,γ(Ω,M)) ³

³





n−(s−γ)/(l−1) v > l/(l − 1),

n−s/l(lnn)s/l v = l/(l − 1),

n−s/l v < l/(l − 1),

ãäå v = s/(s− γ).
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Òåîðåìà 3.3. Ïóñòü Ω = [−1, 1]l, l ≥ 2, γ− öåëîå ÷èñëî, v = (s−
− l/p+ l/q)/(s− l/p+ l/q − γ). Ñïðàâåäëèâû îöåíêè

dn(Qr,γ,p(Ω,M), Lq) ≥ B





n−(s−γ−l/p+l/q)/(l−1), q ≤ 2,

n−(s−γ−l/p+l/q)/(l−1)+1/q−1/2, p ≤ 2, q > 2,

n−(s−γ−l/p+l/q)/(l−1)−1/p+1/q, p > 2

ïðè v > l/(l − 1);

dn(Qr,γ,p(Ω,M), Lq) ≥ B





n−s/l+1/p−1/q, q ≤ 2,

n−s/l+1/p−1/2, p ≤ 2, q > 2,

n−s/l, p > 2

ïðè v < l/(l − 1);

dn(Qr,γ,p(Ω,M), Lq) ≥ B





( lnn
n )s/l−1/p+1/q, q ≤ 2,

(lnn)s/l−1/p+1/q

ns/l−1/p+1/2 , p ≤ 2, q > 2,
(lnn)s/l+1/p−1/q

ns/l , p > 2

ïðè v = l/(l − 1).
Òåîðåìà 3.4. Ïóñòü Ω = [−1, 1]l, l ≥ 2. Ñïðàâåäëèâà îöåíêà

δn(Qr,γ,p(Ω,M)) ≥ B





n−(s−γ−1/p)/(l−1), v > l/(l − 1),

n−s/l, v < l/(l − 1),

n−s/l(lnn)s/l−1/p, v = l/(l − 1),

ãäå v = (s− l/p)/(s− γ − l/p).
Òåîðåìà 3.5. Ïóñòü Ω = [−1, 1]l, l ≥ 2, q ≤ p, γ− öåëîå ÷èñëî.
Ñïðàâåäëèâà îöåíêà

dn(Qr,γ,p(Ω,M), Lq) ³





n−r/(l−1), v > l/(l − 1),

n−s/l, v < l/(l − 1),

(n/ lnn)−s/l, v = l/(l − 1),

ãäå v = s/(s− γ).
Òåîðåìà 3.6. Ïóñòü Ω = [−1, 1]l, l ≥ 2, p < q ≤ 2, v = (s− l/p+

+l/q)/(s− l/p+ l/q − γ), γ− öåëîå ÷èñëî. Ñïðàâåäëèâà îöåíêà

dn(Qr,γ,p(Ω,M), Lq) ³





n−(r−l/p+l/q)/(l−1), v > l/(l − 1),

n−(s−l/p+l/q)/l, v < l/(l − 1),

(n/ lnn)−(s−l/p+l/q)/l, v = l/(l − 1).
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Òåîðåìà 3.7. Ïóñòü Ω = [−1, 1]l, l ≥ 2, p ≤ 2, q > 2, γ− öåëîå ÷èñëî.
Ñïðàâåäëèâà îöåíêà

dn(Qr,γ(Ω,M), Lq) ³

³



n−(r−l/p+l/q)/(l−1)+1/q−1/2, v > l/(l − 1),

n−(s/l−1/p+1/2), v < l/(l − 1),

v = (s− l/p+ l/q)/(s− l/p+ l/q − γ).
Òåîðåìà 3.8. Ïóñòü Ω = [−1, 1]l, l ≥ 2, u = 1, 2, · · · , v = s/(s − γ).

Òîãäà ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà:

δn(Q̄
u
rγ(Ω,M)) ≥

≥



n−s/l, v < l/(l − 1),

(lnn/n)s/l, v = l/(l − 1).

Äîêàçàòåëüñòâî.Îöåíèì ñíèçó âåëè÷èíó ïîïåðå÷íèêà δn(Q̄u
rγ(Ω,M)).

Çàìåòèì, ÷òî ôóíêöèîíàëüíîå ìíîæåñòâîQrγ(Ω,M) âêëàäûâàåòñÿ â ôóíê-
öèîíàëüíîå ìíîæåñòâî Q̄u

rγ(Ω,M) ïðè ïðîèçâîëüíûõ u, u = 1, 2, . . . .
Â òåîðåìå 3.1 áûëî ïîêàçàíî, ÷òî

δn(Qrγ(Ω,M)) ³

³



n−s/l, v < l/(l − 1),

(lnn/n)s/l, v = l/(l − 1).

Ñëåäîâàòåëüíî,

δn(Q̄
u
rγ(Ω,M)) ≥ δn(Qrγ(Ω,M)) ³

³



n−s/l, v < l/(l − 1),

(lnn/n)s/l, v = l/(l − 1).
(3.1)

Èç ýòîãî íåðàâåíñòâà è ëåììû 2.1 ãëàâû 1 ñëåäóåò ñïðàâåäëèâîñòü
òåîðåìû.

Ïîñòðîèì íåïðåðûâíûé ñïëàéí, àïïðîêñèìèðóþùèé ôóíêöèè, ïðè-
íàäëåæàùèå ôóíêöèîíàëüíîìó êëàññó Q̄1

rγ(Ω,M) ïðè v < l/(l−1) è ïðè
v = l/(l − 1), r ≥ l.

Îáîçíà÷èì ÷åðåç ∆k ìíîæåñòâî òî÷åê t = (t1, . . . , tl) ∈ Ω, òàêèõ, ÷òî
èõ ðàññòîÿíèå d(t,Γ) äî ãðàíèöû Γ îáëàñòè Ω óäîâëåòâîðÿåò íåðàâåíñòâó
(k/N)v ≤ d(t,Γ) ≤ ((k + 1)/N)v, k = 0, 1, . . . , N − 1. Çäåñü d(t,Γ) =
= min1≤i≤l min(|ti − 1|, |ti + 1|).
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Êàæäóþ îáëàñòü ∆k, k = 0, 1, . . . , N − 1, ïîêðîåì êóáàìè è ïàðàë-
ëåëåïèïåäàìè ∆k

i1,...,il
, ðåáðà êîòîðûõ ïàðàëëåëüíû êîîðäèíàòíûì ïëîñ-

êîñòÿì è äëèíû êîòîðûõ ðàâíû èëè ìåíüøå ÷åì hk = ((k + 1)/N)v−
−(k/N)v, k = 0, 1, . . . , N − 1.

Çàìåòèì, ÷òî îáëàñòü ∆k−1 ïîêðûâàåòñÿ êóáàìè ∆k−1
i1,...,il òàêèì îáðà-

çîì, ÷òî âåðøèíû êóáîâ ∆k
i1,...,il

, ëåæàùèå íà ñîîòâåòñòâóþùèõ ãðàíÿõ,
âõîäÿò â ÷èñëî âåðøèí êóáîâ ∆k−1

i1,...,il.

Ïîêðîåì êàæäûé êóá ∆0
i1,...,il

áîëåå ìåëêèìè êóáàìè ∆0
i1,...,il;j1,...,jl, ðåá-

ðà êîòîðûõ ïàðàëëåëüíû êîîðäèíàòíûì ïëîñêîñòÿì è äëèíû êîòîðûõ íå
áîëüøå ÷åì h∗0 = h0/M0, ãäå M0 = [(lnN)1/r].

Çàìåòèì, ÷òî îáëàñòü ∆0 ïîêðûâàåòñÿ êóáàìè ∆0
i1,...,il,j1,...,jl

òàêèì îá-
ðàçîì, ÷òîáû âåðøèíû êóáîâ ∆1

i1,...,il
âõîäèëè â ÷èñëî òî÷åê ðàçáèåíèÿ.

Îáîçíà÷èì ÷åðåç n ÷èñëî êóáîâ ∆k
i1,...,il

ïîêðûâàþùèõ îáëàñòü Ω. Ýòî
÷èñëî ðàâíî

n ³



N l, v < l/(l − 1),
N l lnN, v = l/(l − 1).

(3.2)

Â ðàçäåëå 2 áûë ïîñòðîåí èíòåðïîëÿöèîííûé ïîëèíîì Ps(f, [a, b]). Â
ñëó÷àå ôóíêöèé l ïåðåìåííûõ f(t1, . . . , tl) ââåäåì èíòåðïîëÿöèîííûé ïî-
ëèíîì Ps,...,s(f, [a1, b1; . . . ; al, bl]) = P t1

s [P t2
s [· · ·P tl

s [f ; [al, bl]], [al−1, bl−1]], · · · ,
[a1, b1]] ñòåïåíè (s− 1) ïî êàæäîé ïåðåìåííîé t1, . . . , tl. Ïîëèíîì
P tl
l [f ; [al, bl]] èíòåðïîëèðóåò ôóíêöèþ f(t1, . . . , tl) ïî ïåðåìåííîé tl íà ñåã-

ìåíòå [al, bl], ïîëèíîì P tl−1

l−1 [P tl
l [f ; [al, bl]; [al−1, bl−1]]] èíòåðïîëèðóåò ôóíê-

öèþ P tl
s [f, [al, bl]] ïî ïåðåìåííîé tl−1 íà ñåãìåíòå [al−1, bl−1] è ò. ä.

Ïîêðûòèå îáëàñòè Ω êóáàìè ∆k
i1,···,il îïèñàíî âûøå. Ðàññìîòðèì êóá

∆N−1. Â ýòîì êóáå ôóíêöèÿ f(t1, . . . , tl) àïïðîêñèìèðóåòñÿ èíòåðïîëÿ-
öèîííûì ïîëèíîìîì fN(t1, . . . , tl) = Ps,...,s(f(t1, . . . , tl); ∆N−1).

Ðàññìîòðèì îáëàñòü ∆N−2. Ýòà îáëàñòü ïîêðûòà êóáàìè è ïàðàëëå-
ëåïèïåäàìè ∆N−2

i1,...,il, äëèíû ðåáåð êîòîðûõ íå áîëüøå hN−2.
Íàïîìíèì, ÷òî îáëàñòü ∆N−2 ïîêðûòà êóáàìè ∆N−2

i1,...,il òàêèì îáðàçîì,
÷òî âåðøèíû êóáà ∆N−1, ëåæàùèå íà ñîîòâåòñòâóþùèõ ãðàíÿõ, âõîäÿò
â ÷èñëî òî÷åê ðàçáèåíèÿ.

Â êàæäîì êóáå ∆N−2
i1,...,il ïîëèíîì fN(t1, . . . , tl; ∆

N−2
i1,...,il) îïðåäåëÿåòñÿ ôîð-

ìóëîé
fN(t1, . . . , tl; ∆

N−2
i1,...,il

) = Ps,...,s(f̃(t1, . . . , tl),∆
N−2
i1,...,il

),

ãäå ôóíêöèÿ f̃(t1, . . . , tl) ðàâíà f(t1, . . . , tl) âî âñåõ óçëàõ èíòåðïîëÿöèè,
êðîìå óçëîâ, ðàñïîëîæåííûõ íà ãðàíÿõ êóáà ∆N−1. Â çòèõ óçëàõ âåëè÷è-
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íà f̃(t1, . . . , tl) ïîëàãàåòñÿ ðàâíîé çíà÷åíèÿì ïîëèíîìà Ps,...,s(f(t1, . . . , tl),
∆N−1). Â êàæäîì êóáå ∆0

i1,...,il;j1,...,jl,∆
k
i1,...,il

áóäåì àïïðîêñèìèðîâàòü ôóíê-
öèþ f(t) èíòåðïîëÿöèîííûì ïîëèíîìîì Ps,...,s(f,∆

0
i1,...,il;j1,...,jl), Ps,...,s(f,

∆k
i1,...,il

), k = 1, 2, . . . , N−1, êîòîðûé ñòðîèòñÿ àíàëîãè÷íî. Íåïðåðûâíûé
ëîêàëüíûé ñïëàéí fN(t) ñîñòîèò èç ïîëèíîìîâ Ps,...,s(f,∆0

i1,...,il;j1,...,jl),
Ps,...,s(f,∆

k
i1,...,il

), k = 1, 2, . . . , N − 1.
Îáùåå ÷èñëî êóáîâ ∆k

i1,...,il
è ∆0

i1,...,il,j1,...,jl
, êîòîðûå ïîêðûâàþò Ω, ðàâíî

n ³



N l, v < l/(l − 1),
N l lnN, v = l/(l − 1), r ≥ l.

(3.3)

Ëåãêî ïîêàçàòü, ÷òî äëÿ k ≥ 1

‖f(t)− fN(t)‖C(∆k
i1,...,il

) ≤ BN−s. (3.4)

Ïóñòü k = 0. Â ýòîì ñëó÷àå èìååì

‖f(t)− fN(t)‖C(∆0
i1,...,il;j1,...,jl

) ≤

≤ BEr−1,...,r−1(f ; ∆0
i1,...,il;j1,...,jl)λ

l
r, (3.5)

ãäå Er,...,r(f ; ∆0
i1,...,il;j1,...,jl)−íàèëó÷øåå ïðèáëèæåíèå ôóíêöèè f ïîëèíî-

ìàìè r-ãî ïîðÿäêà ïî êàæäîé ïåðåìåííîé â êóáå ∆0
i1,...,il;j1,...,jl.

Îöåíèì âåëè÷èíóEr,...,r(f,∆
0
i1,...,il;j1,...,jl).Äëÿ ýòîãî âîñïîëüçóåìñÿ ôîð-

ìóëîé Òåéëîðà ñ îñòàòî÷íûì ÷ëåíîì â èíòåãðàëüíîé ôîðìå. Èçâåñòíî
[66], ÷òî

f(t1, . . . , tl) =
r∑

k=0

1

k!

l∑

j1=1
· · ·

l∑

jk=1
(tj1 − t0j1) · · · (tjk − t0jk)

∂kf(t0)

∂tj1 · · · ∂tjk
+

+Rr+1(t), (3.6)

ãäå

Rr+1(t) =
1

r!

1∫

0

(1− τ)r
l∑

j1=1
· · ·

l∑

jr+1=1
(tj1 − t0j1) · · ·

· · · (tjr+1
− t0jr+1

)
∂r+1f(t0 + τ(t− t0))

∂tj1 · · · ∂tjr+1

dτ =

= l
∑

|k|=r+1

(t− t0)k

k!

1∫

0

(1− τ)rf (k)(t0 + τ(t− t0))dτ.
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Îöåíèì |Rr(t)| äëÿ ôóíêöèé f(t) ∈ Q̄1
rγ(Ω,M). Î÷åâèäíî, ïðè t ∈

∈ ∆0
i1,...,il;j1,...,jl èìååì

|Rr(t)| ≤ B|
1∫

0

(1− τ)r−1M |t+ 1|r(1 + | ln τ(t+ 1)|)dτ ≤

≤ Bhr00| lnh00| ≤ B

(
1

N v

1

ln1/rN

)r
lnN ≤ B

1

N s
.

Ñëåäîâàòåëüíî,

‖f(t)− fN(t)‖C(∆0
i1,...,il;j1,...,jl

) ≤ BN−s. (3.7)

Îáúåäèíÿÿ íåðàâåíñòâà (3.4), (3.5), (3.7), ïîëó÷àåì îöåíêó:

‖f(t)− fN(t)‖C(Ω) ≤ BN−s.

Èñïîëüçóÿ ýòó îöåíêó, íåðàâåíñòâà (3.1), (3.3) è ëåììó 2.1 èç ãëàâû 1,
çàâåðøàåì äîêàçàòåëüñòâî ñëåäóþùåãî óòâåðæäåíèÿ.

Òåîðåìà 3.9. Ïóñòü Ω = [−1, 1]l, l ≥ 2, v = s/(s − γ), v < l/(l − 1)
èëè v = l/(l − 1) è r ≥ l. Òîãäà

δn(Q̄
1
rγ(Ω,M)) ³ dn(Q̄

1
rγ(Ω,M), C) ³




N−s/l, v < l/(l − 1),

(lnn/n)s/l, v = l/(l − 1), r ≥ l.

Ðàññìîòðèì ñëó÷àé, êîãäà v > l/(l − 1).
Òåîðåìà 3.10. Ïóñòü Ω = [−1, 1]l, l ≥ 2, v = s/(s− γ), v > l/(l − 1).

Òîãäà ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà: δn(Q̄1
rγ(Ω,M)) ≥ Bn−(s−γ)/(l−1).

Äîêàçàòåëüñòâî. Íåòðóäíî âèäåòü, ÷òî êëàññ ôóíêöèé Qrγ(Ω,M)
âëîæåí â êëàññ ôóíêöèé Q̄1

rγ(Ω,M). Èç òåîðåìû 3.2 ñëåäóåò íåðàâåí-
ñòâî δn(Qrγ(Ω,M)) ≥ Bn−(s−γ)/(l−1). Ñëåäîâàòåëüíî, δn(Q̄1

rγ(Ω,M)) ≥
≥ Bn−(s−γ)/(l−1).

Òåîðåìà äîêàçàíà.
Ïîñòðîèì íåïðåðûâíûé ëîêàëüíûé ñïëàéí äëÿ àïïðîêñèìàöèè ôóíê-

öèé f(t) ∈ Q̄u
rγ(Ω,M) ïðè v > l/(l − 1).

Ïîêðîåì êóá Ω îáëàñòÿìè ∆k
i1,···,il, k = 0, 1, · · · , N − 1, ïîñòðîåíèå êî-

òîðûõ îïèñàíî âûøå ïðè äîêàçàòåëüñòâå òåîðåìû 3.9.
Íåòðóäíî âèäåòü, ÷òî îáùåå ÷èñëî n êóáîâ ∆k

i1,···,il îöåíèâàåòñÿ âûðà-
æåíèåì

n ³ N v(l−1). (3.10)
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Ðàññìîòðèì êóá ∆N−1. Â ýòîì êóáå ôóíêöèÿ f(t1, . . . , tl) àïïðîêñèìè-
ðóåòñÿ ïîëèíîìîì fN(t1, . . . , tl) = Ps,...,s(f(t1, . . . , tl); ∆N−1).

Ðàññìîòðèì îáëàñòü ∆N−2. Ýòó îáëàñòü ïîêðîåì êóáàìè è ïàðàëëåëå-
ïèïåäàìè ∆N−2

i1,...,il, äëèíû ðåáåð êîòîðûõ íå ïðåâûøàþò hN−2.

Îòìåòèì, ÷òî îáëàñòü ∆N−2 ïîêðûâàåòñÿ êóáàìè è ïàðàëëåëåïèïåäà-
ìè ∆N−2

i1,...,il òàêèì îáðàçîì, ÷òî âåðøèíû êóáà ∆N−1 âõîäÿò â ìíîæåñòâî
âåðøèí êóáîâ ∆N−2

i1,···,il.
Â êàæäîì êóáå ∆N−2

i1,...,il ïîëèíîì fN(t1, . . . , tl; ∆
N−2
i1,...,il) îïðåäåëÿåòñÿ ôîð-

ìóëîé
fN(t1, . . . , tl; ∆

N−2
i1,...,il

) = Ps,...,s(f̃(t1, . . . , tl),∆
N−2
i1,...,il

),

ãäå ôóíêöèÿ f̃(t1, . . . , tl) ðàâíà f(t1, . . . , tl) âî âñåõ òî÷êàõ èíòåðïîëÿöèè,
çà èñêëþ÷åíèåì òî÷åê, ðàñïîëîæåííûõ íà ãðàíÿõ îáëàñòè ∆N−1. Â ýòèõ
òî÷êàõ ôóíêöèÿ f̃(t1, . . . , tl) ïîëàãàåòñÿ ðàâíîé Ps,...,s(f(t1, . . . , tl),∆N−1).
Âî âñåõ îáëàñòÿõ ∆i, i ≥ 0, èíòåðïîëÿöèîííûå ïîëèíîìû ñòðîÿòñÿ àíàëî-
ãè÷íî. Ëîêàëüíûé ñïëàéí, ñîñòàâëåííûé èç ýòèõ ïîëèíîìîâ, îáîçíà÷èì
÷åðåç fN(t1, . . . , tl).

Îöåíèì íîðìó ‖f(t)− fN(t)‖C(∆k
i1,...,il

) ïðè 1 ≤ k ≤ N − 1.

Ëåãêî âèäåòü, ÷òî ïðè 1 ≤ k ≤ N − 1

‖f(t)− fN(t)‖C(∆k
i1,...,il

) ≤ AN−s(lnN)u−1. (3.11)

Äåéñòâèòåëüíî,

‖f(t)− fN(t)‖C(∆k
i1,...,il

) ≤ Bhsk
M | ln( kN )v|u−1

((k/N)v)γ
≤

≤ Bhsk

(
N

k

)vγ
(lnN)u−1 =

B

N s
(lnN)u−1.

Ðàññìîòðèì ñëó÷àé, êîãäà k = 0. Îãðàíè÷èìñÿ ðàññìîòðåíèåì êóáà
∆0

0,...,0 = [−1, t1;−1, t1; . . . ;−1, t1], ãäå t1 = −1 +
(

1
N

)v
.

Èñïîëüçóÿ ôîðìóëó Òåéëîðà (3.6) ñ îñòàòî÷íûì ÷ëåíîì â èíòåãðàëü-
íîé ôîðìå, èìååì:

‖f(t)− fN(t)‖C(∆0
0,...,0) ≤ BλlrEr−1,...,r−1(f,∆

0
0,...,0) ≤

≤ max
t∈∆0

0,...,0

∣∣∣∣∣∣∣

∑

|k|=r

B

k!

1∫

0

(1− τ)r−1(tk + 1)k(1 + | lnu d(−1 + τ(tk + 1)),Γ)|)dτ
∣∣∣∣∣∣∣
≤
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≤ B max
t∈∆0

0,...,0

| ∑

|k|=r

1

k!

1∫

0

(1− τ)r−1(tk + 1)k| lnu τ(tk + 1)|dτ | ≤ Bhr0| lnh0| ≤

≤ Bhr0| lnu h0| ≤ B
lnuN

N s
.

Èòàê, äîêàçàíî ñëåäóþùåå óòâåðæäåíèå.
Òåîðåìà 3.11. Ïóñòü Ω = [−1, 1]l, l ≥ 2, v = s/(s− γ), v > l/(l − 1).

Ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà:

dn(Q̄
u
rγ(Ω,M)) ≤ B

lnu n

n(s−γ)/(l−1) .

Èç ðåçóëüòàòîâ òåîðåì 3.3, 3.4 è ëåììû 2.1 ãëàâû 1 âûòåêàåò ñëåäóþ-
ùåå óòâåðæäåíèå.

Òåîðåìà 3.12. Ïóñòü Ω = [−1, 1]l, l ≥ 2, v = s/(s− γ), v > l/(l − 1).
Ñïðàâåäëèâû ñëåäóþùèå îöåíêè:

A

n(s−γ)/(l−1) ≤ δn(Q̄
1
rγ(Ω,M)) ³ dn(Q̄

1
rγ(Ω,M), C) ≤ B lnn

n(s−γ)/(l−1) .

Ïåðåéäåì ê âû÷èñëåíèþ ïîïåðå÷íèêîâ Q̄u
r,γ(Ω,M), v = s/(s−γ)u, v ≤

≤ l/(l − 1) ïðè u ≥ 2.
Òåîðåìà 3.13. Ïóñòü Ω = [−1, 1]l, l ≥ 2, 2 ≤ u, v = s/(s − γ).

Ñïðàâåäëèâû îöåíêè

δn(Q̄
u
rγ(Ω,M)) ³ dn(Q̄

u
rγ(Ω,M), C) ³

(
1

n

)s/l
, v < l/(l − 1),

dn(Q̄
u
rγ(Ω,M), C) ≤ B

(
lnn

n

)s/l
(lnn)u−1, v = l/(l − 1), ul/r ≤ 1.

Äîêàçàòåëüñòâî. Êàê è â ñëó÷àå, êîãäà u = 1, ïîêðîåì êóá Ω áîëåå
ìåëêèìè êóáàìè ∆k

i1,...,il
, k = 0, 1, . . . , N − 1.

Ââåäåì ÷èñëà

M0 = [(lnN)u/r], Mk = [(ln
N

k
)(u−1)/s], k = 1, 2, . . . , N − 1.

Â ñëó÷àå, åñëè ïðè íåêîòîðûõ çíà÷åíèÿõ k ln N
k ≤ 1, òî ñîîòâåòñòâó-

þùåå ÷èñëî Mk ïîëàãàåì ðàâíûì 1. Êàæäóþ èç ñòîðîí êóáà ∆k
i1,...,il

,

k = 0, 1, . . . , N − 1 äåëèì íà Mk ðàâíûõ ÷àñòåé è ÷åðåç òî÷êè äåëåíèÿ
ïðîâîäèì ïëîñêîñòè, ïàðàëëåëüíûå êîîðäèíàòíûì ïëîñêîñòÿì.
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Â ðåçóëüòàòå êàæäûé êóá ∆k
i1,...,il

, k = 0, 1, . . . , N − 1, îêàçûâàåòñÿ ïî-
êðûòûìM l

k áîëåå ìåëêèìè êóáàìè, êîòîðûå îáîçíà÷èì ÷åðåç ∆k
i1,...,il;j1,...,jl

,

k = 0, 1, . . . , N − 1. Â êàæäîì êóáå ∆k
i1,...,il;j1,...,jl

, k = 0, 1, . . . , N − 1

ôóíêöèþ f(t) áóäåì àïïðîêñèìèðîâàòü èíòåðïîëÿöèîííûì ïîëèíîìîì
Ps,...,s(f,∆

k
i1,...,il;j1,...,jl

), ïîñòðîåíèå êîòîðîãî îïèñàíî âûøå.
Ñïëàéí, ñîñòàâëåííûé èõ ýòèõ ïîëèíîìîâ, îáîçíà÷èì ÷åðåç fN(t).
Îöåíèì òî÷íîñòü àïïðîêñèìàöèè ôóíêöèè f(t) ∈ Q̄u

r,γ(Ω,M) ñïëàé-
íîì fN(t).

Ïóñòü 1 ≤ k ≤ N − 1. Òîãäà,

‖f(t)− Ps,...,s(f,∆
k
i1,...,il;j1,...,jl

)‖ ≤

≤ B




((
k + 1

N

)v
−

(
k

N

)v) 1

(ln N
k )(u−1)/s



s
(1 + | ln( kN )v|)u−1

(
k
N

)vγ ≤

≤ B

((
k + 1

N

)v
−

(
k

N

)v)s (
N

k

)vγ
≤ B

N s
. (3.12)

Ïðè k = 0 èìååì îöåíêó

‖f(t)− Ps,...,s(f,∆
0
i1,...,il;j1,...,jl

)‖ ≤

≤ BEr−1,...,r−1(f,∆
0
i1,...,il;j1,...,jl

)λls.

Êàê è âûøå, äëÿ îöåíêè Er−1,...,r−1(f,∆
0
i1,...,il;j1,...,jl

) âîñïîëüçóåìñÿ ôîð-
ìóëîé Òåéëîðà ñ îñòàòî÷íûì ÷ëåíîì â èíòåãðàëüíîé ôîðìå.

Â ðåçóëüòàòå èìååì

Er−1,...,r−1(f,∆
0
i1,...,il;j1,...,jl

) ≤

≤ Bhr00

1∫

0

(1− τ)r−1M(1 + | lnu(τh00)|)dτ ≤

≤ Bhr00 lnu h00 ≤ B

(
1

N

)vr
= B

(
1

N

)s
,

ãäå h00 = h0/M0, h0 =
(

1
N

)v
.

Ñëåäîâàòåëüíî,

‖f(t)− Ps,...,s(f,∆
0
i1,...,il;j1,...,jl

)‖ ≤ B

(
1

N

)s
. (3.13)
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Ñîáèðàÿ îöåíêè (3.12) � (3.13), èìååì:

‖f(t)− fN(t)‖ ≤ B

(
1

N

)s
. (3.14)

Îöåíèì ÷èñëî óçëîâ, èñïîëüçóåìûõ ïðè ïîñòðîåíèè ëîêàëüíîãî ñïëàé-
íà fN(t).

Âíà÷àëå îöåíèì ñëó÷àé, êîãäà v < l(l − 1).
Îöåíêà ñâåðõó ñëåäóåò èç öåïî÷êè íåðàâåíñòâ:

n ≤ m
N−1∑

k=1


 2− 2( kN )v

(k+1
N )v − ( kN )v



l−1

M l
k +mN v(l−1)[lnN ]lu/r ≤

≤ BN v(l−1)(lnN)lu/r +
N−1∑

k=1


 2N v − 2kv

v(k + θ)v−1



l−1


1 +

(
ln
N

k

)u−1
s



l

≤

≤ BN v(l−1)(lnN)lu/r +B
N−1∑

k=1

N v(l−1)

k(v−1)(l−1)




(
ln
N

k

) (u−1)l
s

+ 1


 ,

ãäå m− ÷èñëî ãðàíåé êóáà Ω.
Ïðåäïîëîæèì âíà÷àëå, ÷òî (u− 1)l ≤ s.

Òîãäà

n ≤ BN v(l−1)(lnN)lu/r +BN v(l−1)
N−1∑

k=1

1

k(v−1)(l−1)

(
ln
N

k
+ 1

)
≤

≤ BN l +BN v(l−1)
N−1∑

k=1

1

k(v−1)(l−1) ln
N

k
=

= BN l +BN v(l−1) 1

N (v−1)(l−1)

N−1∑

k=1

(
N

k

)(v−1)(l−1)

ln
N

k
.

Îöåíèì ñóììó
N−1∑

k=1

(
N

k

)(v−1)(l−1)

ln
N

k
.

Î÷åâèäíî, (v − 1)(l − 1) > 0 è ìîæåò ïðèíèìàòü çíà÷åíèÿ, ìåíüøèå
1, ðàâíûå 1 è áîëüøèå 1. Èññëåäóåìîìó ñëó÷àþ îòâå÷àåò
(v − 1)(l − 1) < 1 :

N−1∑

k=1

(
N

k

)(v−1)(l−1)

ln
N

k
≤ N (v−1)(l−1) lnN+
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+
N−1∑

k=2

(
N

k

)(v−1)(l−1)

ln
N

k
≤ N (v−1)(l−1) lnN +

N∫

1

(
N

x

)(v−1)(l−1)

ln
N

x
dx =

= N (v−1)(l−1) lnN +N
N∫

1

y(v−1)(l−1)−2 ln ydy = BN (v−1)(l−1) lnN.

Ñëåäîâàòåëüíî, n ≤ BN l +BN v(l−1) lnN = BN l.

Òàêèì îáðàçîì, n ≤ BN l.

Ðàññìîòðèì òåïåðü áîëåå îáùèé ñëó÷àé, êîãäà (u − 1)l > s. Ââåäåì
îáîçíà÷åíèå q = [(u− 1)l/s] + 1. Â ýòîì ñëó÷àå

n ≤ BN v(l−1)(lnN)lu/r +B
N−1∑

k=1

N v(l−1)

k(v−1)(l−1)

(
1 + lnq

N

k

)
≤

≤ BN l +B
N−1∑

k=1

N v(l−1)

k(v−1)(l−1) lnq
N

k
.

Îöåíèì ïîñëåäíþþ ñóììó. Î÷åâèäíî,
N−1∑

k=1

N v(l−1)

k(v−1)(l−1) lnq
N

k
=

=
N v(l−1)

N (v−1)(l−1)

N−1∑

k=1

(
N

k

)(v−1)(l−1)

lnq
N

k
.

Çäåñü íóæíî ðàññìîòðåòü ñëó÷àé (v − 1)(l − 1) < 1.
Î÷åâèäíî,

N−1∑

k=1

(
N

k

)(v−1)(l−1)

lnq
N

k
≤ N (v−1)(l−1) lnqN+

+
N∫

1

(
N

x

)(v−1)(l−1)

lnq
N

x
dx ≤ N (v−1)(l−1) lnqN+

+
N (v−1)(l−1) lnqN

(v − 1)(l − 1)− 1
+O(N (v−1)(l−1) lnq−1N).

Ñëåäîâàòåëüíî, â ýòîì ñëó÷àå

n ≤ BN l +
N v(l−1)

N (v−1)(l−1)

N−1∑

k=1

(
N

k

)(v−1)(l−1)

lnq
N

k
≤ BN l.
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Òàêèì îáðàçîì, â îáîèõ ñëó÷àÿõ

n ≤ BN l. (3.15)

Èç îöåíîê (3.14), (3.15) ñëåäóåò, ÷òî dn(Q̄u
r,γ(Ω,M)) ≤ Bns/l. Èç ñî-

ïîñòàâëåíèÿ ýòîé îöåíêè ñ îöåíêîé ñíèçó ïîïåðå÷íèêà Áàáåíêî ñëåäóåò
ñïðàâåäëèâîñòü ïåðâîé ÷àñòè òåîðåìû.

Ðàññìîòðèì òåïåðü ñëó÷àé, êîãäà v = l/(l − 1).
Êàê è â ñëó÷àå, êîãäà v < l/(l − 1), îöåíêà ñâåðõó ÷èñëà êóáîâ, ïî-

êðûâàþùèõ îáëàñòü Ω, ñëåäóåò èç öåïî÷êè íåðàâåíñòâ

n ≤ m
N−1∑

k=1


 2− 2( kN )v

(k+1
N )v − ( kN )v



l−1

M l
k +mN v(l−1)[lnN ]lu/r ≤

≤ BN l lnN +B
N−1∑

k=1

(
N v

kv−1

)l−1 [
ln
N

k

](u−1)l/s

≤

≤ BN l lnN +
BN l

N (v−1)(l−1)

N−1∑

k=1

N (v−1)(l−1)

k(v−1)(l−1)

(
ln
N

k

)(u−1)l/s

=

= BN l lnN +BN l−1
N∫

1

N

x

(
ln
N

x

)(u−1)l/s

dx ≤ BN l(lnN)((u−1)l/s)+1.

Ñëåäîâàòåëüíî,
n ≤ BN l(lnN)(u−1)l/s+1. (3.16)

Èç îöåíîê (3.14), (3.16) ñëåäóåò, ÷òî

‖f(t)− fN(t)‖ ≤ B

(
1

n

)s/l
(lnn)u−1+s/l,

ãäå n− ÷èñëî óçëîâ ëîêàëüíîãî ñïëàéíà.
Èç ýòîãî íåðàâåíñòâà ñëåäóåò ñïðàâåäëèâîñòü âòîðîé ÷àñòè òåîðåìû.
Òåîðåìà äîêàçàíà.
Ïåðåéäåì ê âû÷èñëåíèþ ïîïåðå÷íèêîâ Qu

r,γ(Ω,M).
Òåîðåìà 3.14. Ïóñòü Ω = [−1, 1]l, l ≥ 2, u = 1, 2, · · · , v = s/(s − γ).

Ñïðàâåäëèâû ñëåäóþùèå îöåíêè:

δn(Q
u
rγ(Ω,M)) ≥

≥



n−s/l, v < l/(l − 1),

(lnn/n)s/l, v = l/(l − 1).
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Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî òåîðåìû ïîäîáíî äîêàçàòåëüñòâó
òåîðåìû 3.8 è ïîýòîìó îïóñêàåòñÿ.

Ïåðåéäåì ê âû÷èñëåíèþ ïîïåðå÷íèêîâ Êîëìîãîðîâà dn(Qu
r,γ(Ω,M), C)

ïðè u = 1, 2, · · · , . Èç îïðåäåëåíèÿ 3.2 ãëàâû 1 ñëåäóåò, ÷òî äëÿ äàííîãî
êëàññà ôóíêöèé γ = s− r − 1 + µ.

Òåîðåìà 3.15. Ïóñòü Ω = [−1, 1]l, l ≥ 2, 1 ≤ u, v = s/(s − γ).
Ñïðàâåäëèâû îöåíêè

δn(Q
u
rγ(Ω,M)) ³ dn(Q

u
rγ(Ω,M), C) ³

(
1

n

)s/l
,

åñëè v < l/(l − 1);

dn(Q
u
r,γ(Ω,M) ≤ B

(lnn)us/r

ns/l

ïðè lu/r ≥ ul/s+ 1;

dn(Q
u
r,γ(Ω,M) ≤ B

(lnn)(ul+s)/l

ns/l

ïðè lu/r < ul/s+ 1, åñëè v = l/(l − 1).
Äîêàçàòåëüñòâî. Ïîêðîåì êóá Ω áîëåå ìåëêèìè êóáàìè ∆k

i1,...,il
,

k = 0, 1, . . . , N−1, ïîñòðîåíèå êîòîðûõ íåîäíîêðàòíî îïèñûâàëîñü âûøå.
Ââåäåì ÷èñëà M0 = [(lnN)u/(r+1−µ)], Mk = [(ln N

k )u/s], k = 1, 2, . . . ,
N − 1.

Â ñëó÷àå, åñëè ïðè íåêîòîðûõ çíà÷åíèÿõ k ln N
k ≤ 1, òî ñîîòâåòñòâó-

þùåå ÷èñëî Mk ïîëàãàåì ðàâíûì 1. Êàæäóþ èç ñòîðîí êóáà ∆k
i1,...,il

,

k = 0, 1, . . . , N − 1, äåëèì íà Mk ðàâíûõ ÷àñòåé è ÷åðåç òî÷êè äåëåíèÿ
ïðîâîäèì ïëîñêîñòè, ïàðàëëåëüíûå êîîðäèíàòíûì ïëîñêîñòÿì.

Â ðåçóëüòàòå êàæäûé êóá ∆k
i1,...,il

, k = 0, 1, . . . , N − 1, îêàçûâàåòñÿ ïî-
êðûòûìM l

k áîëåå ìåëêèìè êóáàìè, êîòîðûå îáîçíà÷èì ÷åðåç ∆k
i1,...,il;j1,...,jl,

k = 0, 1, . . . , N − 1. Â êàæäîì êóáå ∆k
i1,...,il;j1,...,jl, k = 0, 1, . . . , N − 1

ôóíêöèþ f(t) áóäåì àïïðîêñèìèðîâàòü èíòåðïîëÿöèîííûì ïîëèíîìîì
Ps,...,s(f,∆

k
i1,...,il;j1,...,jl), ïîñòðîåíèå êîòîðîãî îïèñàíî âûøå.

Ñïëàéí, ñîñòàâëåííûé èõ ýòèõ ïîëèíîìîâ, îáîçíà÷èì ÷åðåç fN(t).
Îöåíèì òî÷íîñòü àïïðîêñèìàöèè ôóíêöèè f(t) ∈ Qu

r,γ(Ω,M) ñïëàé-
íîì fN(t).

Ïóñòü 1 ≤ k ≤ N − 1. Òîãäà

‖f(t)− Ps,...,s(f,∆
k
i1,...,il;j1,...,jl)‖ ≤
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≤ B




((
k + 1

N

)v
−

(
k

N

)v) 1

(ln N
k )u/s



s
(1 + | ln( kN )v|)u

(
k
N

)vγ ≤

≤ B

((
k + 1

N

)v
−

(
k

N

)v)s (
N

k

)vγ
≤ B

N s
. (3.17)

Ïðè k = 0 èìååì îöåíêó

‖f(t)− Ps,...,s(f,∆
0
i1,...,il;j1,...,jl)‖ ≤

≤ BEr,...,r(f,∆
0
i1,...,il;j1,...,jl)λ

l
s.

Êàê è âûøå, äëÿ îöåíêè Er,...,r(f,∆
0
i1,...,il;j1,...,jl) âîñïîëüçóåìñÿ ôîðìó-

ëîé Òåéëîðà ñ îñòàòî÷íûì ÷ëåíîì â èíòåãðàëüíîé ôîðìå.
Â ðåçóëüòàòå èìååì

Er,...,r(f,∆
0
i1,...,il;j1,...,jl) ≤

≤ Bhr+1−µ
00

1∫

0

(1− τ)r−1M(1 + | lnu(τh00)|)dτ ≤

≤ Bhr+1−µ
00 lnu h00 ≤ B

(
1

N

)v(r+1−µ)
= B

(
1

N

)s
,

ãäå h00 = h0

M0
, h0 =

(
1
N

)v
.

Ñëåäîâàòåëüíî,

‖f(t)− Ps,...,s(f,∆
0
i1,...,il;j1,...,jl

)‖ ≤ B

(
1

N

)s
. (3.18)

Ñîáèðàÿ îöåíêè (3.17) � (3.18), èìååì:

‖f(t)− fN(t)‖ ≤ B

(
1

N

)s
.

Îöåíèì ÷èñëî óçëîâ, èñïîëüçóåìûõ ïðè ïîñòðîåíèè ëîêàëüíîãî ñïëàé-
íà fN(t).

Âíà÷àëå îöåíèì ñëó÷àé, êîãäà v < l(l − 1).
Îöåíêà ñâåðõó ñëåäóåò èç öåïî÷êè íåðàâåíñòâ:

n ≤ m
N−1∑

k=1


 2− 2( kN )v

(k+1
N )v − ( kN )v



l−1

M l
k +mN v(l−1)[lnN ]lu/(r+1−µ) ≤
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≤ BN v(l−1)(lnN)lu/(r+1−µ) +
N−1∑

k=1


 2N v − 2kv

v(k + θ)v−1



l−1 

1 +

(
ln
N

k

)u
s



l

≤

≤ BN v(l−1)(lnN)lu/(r+1−µ) +B
N−1∑

k=1

N v(l−1)

k(v−1)(l−1)




(
ln
N

k

)ul
s

+ 1


 ,

ãäå m− ÷èñëî ãðàíåé êóáà ∆k
i1,···,il.

Ïðåäïîëîæèì âíà÷àëå, ÷òî ul ≤ s.
Òîãäà

n ≤ BN v(l−1)(lnN)lu/(r+1−µ) +BN v(l−1)
N−1∑

k=1

1

k(v−1)(l−1)

(
ln
N

k
+ 1

)
≤

≤ BN l +BN v(l−1)
N−1∑

k=1

1

k(v−1)(l−1) ln
N

k
=

= BN l +BN v(l−1) 1

N (v−1)(l−1)

N−1∑

k=1

(
N

k

)(v−1)(l−1)

ln
N

k
≤ BN l. (3.19)

Ðàññìîòðèì òåïåðü áîëåå îáùèé ñëó÷àé, êîãäà ul > s. Ââåäåì îáîçíà-
÷åíèå q = [ul/s] + 1. Â ýòîì ñëó÷àå

n ≤ BN v(l−1)(lnN)lu/(r+1−µ) +B
N−1∑

k=1

N v(l−1)

k(v−1)(l−1)

(
1 + lnq

N

k

)
≤

≤ BN l +B
N−1∑

k=1

N v(l−1)

k(v−1)(l−1) lnq
N

k
.

Îöåíèì ïîñëåäíþþ ñóììó. Î÷åâèäíî,
N−1∑

k=1

N v(l−1)

k(v−1)(l−1) lnq
N

k
=

=
N v(l−1)

N (v−1)(l−1)

N−1∑

k=1

(
N

k

)(v−1)(l−1)

lnq
N

k
<

< B
N v(l−1)

N (v−1)(l−1)

N∫

1

(
N

x

)(v−1)(l−1)

lnq
N

x
dx = BN v(l−1) lnqN.

Ñëåäîâàòåëüíî,
n ≤ BN l. (3.20)

Èç îöåíîê (3.18) � (3.20) ñëåäóåò, ÷òî ‖f(t)− fN(t)‖ ≤ Bn−s/l, ãäå n−
÷èñëî óçëîâ ëîêàëüíîãî ñïëàéíà.
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Èç ýòîãî íåðàâåíñòâà, ëåììû 2.1 èç ãëàâû 1 è òåîðåìû 3.14 ñëåäóåò
ñïðàâåäëèâîñòü ïåðâîé ÷àñòè òåîðåìû.

Ðàññìîòðèì òåïåðü ñëó÷àé, êîãäà v = l/(l − 1).
Êàê è â ñëó÷àå, êîãäà v < l/(l − 1), îöåíêà ñâåðõó ÷èñëà êóáîâ, ïî-

êðûâàþùèõ îáëàñòü Ω, ñëåäóåò èç öåïî÷êè íåðàâåíñòâ

n ≤ m
N−1∑

k=1


 2− 2( kN )v

(k+1
N )v − ( kN )v



l−1

M l
k +mN v(l−1)[lnN ]lu/r ≤

≤ BN l(lnN)lu/r +B
N−1∑

k=1

(
N v

kv−1

)l−1 [
ln
N

k

]ul/s
≤

≤ BN l(lnN)lu/r +
BN l

N (v−1)(l−1)

N−1∑

k=1

N (v−1)(l−1)

k(v−1)(l−1)

(
ln
N

k

)ul/s
=

= BN l(lnN)lu/r +BN l−1
N−1∑

k=1

N

k

(
ln
N

k

)ul/s
=

= BN l(lnN)lu/r +BN l−1
N∫

1

N

x

(
ln
N

x

)ul/s
dx =

= BN l(lnN)lu/r +BN l
N∫

1

1

y
(ln y)ul/sdy ≤

≤ BN l(lnN)lu/r +BN l(lnN)(ul/s)+1.

Âûðàçèì N ÷åðåç n. Çäåñü íóæíî ðàññìîòðåòü äâà ñëó÷àÿ: 1) lu/r ≥
≥ ul/s + 1; 2) lu/r < ul/s + 1. Â ïåðâîì ñëó÷àå N ≤ n1/l/(lnn)u/r. Âî
âòîðîì ñëó÷àå N ≤ n1/l/(lnn)(ul+s)/(sl). Âûøå áûëî ïîêàçàíî, ÷òî

‖f(t)− fN(t)‖C ≤ BN−s,

ãäå fN(t)− íåïðåðûâíûé ëîêàëüíûé ñïëàéí. Òàêèì îáðàçîì, ïðè lu/r ≥
≥ ul/s+ 1,

dn(Q
u
r,γ(Ω,M)) ≤ B

(lnn)us/r

ns/l
,

à ïðè lu/r < ul/s+ 1

dn(Q
u
r,γ(Ω,M)) ≤ B

(lnn)(ul+s)/l

ns/l
.

Òåîðåìà äîêàçàíà.
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Òåîðåìà 3.16. Ïóñòü Ω = [−1, 1]l, l ≥ 2, v = s/(s− γ), v > l/(l − 1).
Ñïðàâåäëèâû ñëåäóþùèå îöåíêè:

dn(Q
u
rγ(Ω,M)) ≤ B

lnu n

n(s−γ)/(l−1) .

Äîêàçàòåëüñòâî òåîðåìû ïîäîáíî äîêàçàòåëüñòâó òåîðåìû 3.11.
Â ãëàâå 2 áûëà èññëåäîâàíà ãëàäêîñòü ñîïðÿæåííûõ ôóíêöèé, ïðåä-

ñòàâèìûõ ãèïåðñèíãóëÿðíûìè èíòåãðàëàìè âèäà

ϕ̃(t1, t2) =
∫ ∫

Ω

ϕ(τ1, τ2)dτ1dτ2
((τ1 − t1)2 + (τ2 − t2)2)p/2

, (3.21)

ãäå Ω = [−1, 1]2, â ïðåäïîëîæåíèè, ÷òî ôóíêöèè ϕ(t1, t2) ïðèíàäëåæàò
êëàññàì ôóíêöèé W r,s(M), Cr

2(M), Ŵ r,s
q (M), Cr

2,q(M).
Áûëî ïîêàçàíî, ÷òî ïðè ýòèõ ïðåäïîëîæåíèÿõ ñîïðÿæåííûå ôóíê-

öèè ïðèíàäëåæàò êëàññàì ôóíêöèé Qr,γ(Ω,M1), Q
u
r,γ(Ω,M1), Q

u
r,γ(Ω,M),

L0,s,γ(Ω,M), L0,s,γ(Ω,M).
Â äàííîì ðàçäåëå âû÷èñëåíû ïîïåðå÷íèêè Áàáåíêî è Êîëìîãîðîâà

êëàññîâ ôóíêöèé Qr,γ(Ω,M), Qu
r,γ(Ω,M), Q

u
r,γ(Ω,M) è, òàêèì îáðàçîì,

âû÷èñëåíû ïîïåðå÷íèêè Áàáåíêî è Êîëìîãîðîâà ñîïðÿæåííûõ ôóíêöèé,
ïðåäñòàâèìûõ èíòåãðàëàìè (3.21).

Àïïðîêñèìàöèÿ ôóíêöèé, ïðèíàäëåæàùèõ êëàññàì L0,s,γ(Ω,M) è
L0,s,γ(Ω,M), â ìåòðèêå ïðîñòðàíñòâà C(Ω) íåâîçìîæíà, òàê êàê íà ãðàíè-
öå îáëàñòè ïðè ëþáîì ñïîñîáå àïïðîêñèìàöèè ïîãðåøíîñòü â ïðîñòðàí-
ñòâå C(Ω) ðàâíà áåñêîíå÷íîñòè.

Âîçìîæíà àïïðîêñèìàöèÿ ôóíêöèé èç êëàññîâ L0,s,γ(Ω,M),
L0,s,γ(Ω,M) â ìåòðèêå ïðîñòðàíñòâà Lp(Ω) ïðè p < 1/γ. Ýòè âîïðîñû â
äàííîé ðàáîòå íå ðàññìàòðèâàþòñÿ.

4. Îïòèìàëüíûå ìåòîäû âîññòàíîâëåíèÿ
îäíîìåðíûõ ñîïðÿæåííûõ ôóíêöèé

Â äàííîì ðàçäåëå èññëåäóþòñÿ îïòèìàëüíûå ìåòîäû âîññòàíîâëåíèÿ
ñîïðÿæåííûõ ôóíêöèé, ïðåäñòàâèìûõ ãèïåðñèíãóëÿðíûìè èíòåãðàëàìè

ϕ̃(t) =
1∫

−1

ϕ(τ)

(τ − t)p
dτ, −1 < t < 1, p = 2, 3, . . . . (4.1)

â ïðåäïîëîæåíèè, ÷òî ôóíêöèè ϕ(t) ïðèíàäëåæàò êëàññàì ôóíêöèé
W s(M), W s

q (M).
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Êàê îòìå÷àëîñü âûøå, â ñëó÷àå, åñëè ϕ(t) ∈ W s(M), íåâîçìîæíî
ïîñòðîèòü ðàâíîìåðíóþ àïïðîêñèìàöèþ ôóíêöèé ϕ̃(t) ïðè t ∈ (−1, 1).

Ïîýòîìó ðàññìîòðèì ñëó÷àé, êîãäà ϕ(t) ∈ Ŵ s
q (M), ïðè q ≥ p − 1. Â

ýòîì ñëó÷àå ϕ̃(t) ∈ Q̄1
r,γ(Ω,M), ãäå r = q − p + 1, γ = r − p + 1 ïðè

p− 1 ≤ q ≤ r − 2, ϕ̃(t) ∈ W r−pHα(M) ïðè q = r − 1.
Â ðàññìàòðèâàåìîì ñëó÷àå îïòèìàëüíûé ìåòîä âîññòàíîâëåíèÿ ñîïðÿ-

æåííûõ ôóíêöèé ñîñòîèò èç íåñêîëüêèõ ýòàïîâ.
Ïóñòü ôóíêöèè ϕ(t) ïðèíàäëåæàò êëàññó ôóíêöèè Ψ. Òîãäà ñîïðÿ-

æåííûå ôóíêöèè ϕ̃(t) ïðèíàäëåæàò êëàññó ôóíêöèé, ñîïðÿæåííîìó ñ
êëàññîì ôóíêöèé Ψ. Îáîçíà÷èì ýòîò êëàññ ÷åðåç Ψ̃.

Íà ïåðâîì ýòàïå îïðåäåëÿþòñÿ óçëû ëîêàëüíîãî ñïëàéíà, íàèëó÷-
øèì îáðàçîì àïïðîêñèìèðóþùåãî ñîïðÿæåííûå ôóíêöèè, ïðèíàäëåæà-
ùèå êëàññó ôóíêöèé Ψ̃.

Íà âòîðîì ýòàïå ïî îïòèìàëüíûì êâàäðàòóðíûì ôîðìóëàì, ïîñòðî-
åííûì â ãëàâå 3, âû÷èñëÿþòñÿ çíà÷åíèÿ ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ
â óçëàõ ëîêàëüíûõ ñïëàéíîâ.

Íà òðåòüåì, çàêëþ÷èòåëüíîì ýòàïå, ïî äàííûì çíà÷åíèÿì ãèïåðñèí-
ãóëÿðíûõ èíòåãðàëîâ ñòðîÿòñÿ ëîêàëüíûå ñïëàéíû, ðàâíîìåðíî àïïðîê-
ñèìèðóþùèå ñîïðÿæåííûå ôóíêöèè â îáëàñòè Ω.

Ïîãðåøíîñòü àïïðîêñèìàöèè ñîïðÿæåííûõ ôóíêöèé ñîñòîèò èç òðåõ
ñîñòàâëÿþùèõ: ïîãðåøíîñòè îïòèìàëüíûõ êâàäðàòóðíûõ ôîðìóë íà êëàñ-
ñå ôóíêöèéW s(M), ïîãðåøíîñòè àïïðîêñèìàöèè ñîïðÿæåííûõ ôóíêöèé
èç êëàññà Qr,γ(Ω,M) ëîêàëüíûìè ñïëàéíàìè è ïîãðåøíîñòè, âíîñèìîé
íåòî÷íûì çàäàíèåì çíà÷åíèé ñîïðÿæåííûõ ôóíêöèé â óçëàõ ëîêàëüíîãî
ñïëàéíà. Íåòðóäíî âèäåòü, ÷òî â ñëó÷àå ϕ(t) ∈ Ŵ s

q (M), ýòà ïîãðåøíîñòü
ðàâíà O(N−s).

Òàê êàê âîçìîæíîñòü ðàâíîìåðíîãî âîññòàíîâëåíèÿ ñîïðÿæåííûõ ôóíê-
öèé âîçìîæíà òîëüêî â ñëó÷àå, åñëè ϕ(t) ∈ W r

q (M), òî âîçíèêàåò çàäà÷à
ïðåîáðàçîâàíèÿ èñõîäíîãî ãèïåðñèíãóëÿðíîãî èíòåãðàëà.

Ïðåäñòàâèì ôóíêöèþ ϕ(t) â âèäå ϕ(t) = ϕ1(t) + ϕ2(t), ãäå ϕ2(t)−
ïîëèíîì ïîðÿäêà 2(q + 1), óäîâëåòâîðÿþùèé ñëåäóþùèì óñëîâèÿì:

ϕ
(v)
2 (±1) = 0, v = 0, 1, . . . , q.

Îäèí èç ñïîñîáîâ ïîñòðîåíèÿ ïîäîáíûõ ïîëèíîìîâ çàêëþ÷àåòñÿ â ñëå-
äóþùåì. Áóäåì èñêàòü ïîëèíîì ϕ2(t) â âèäå ϕ2(t) = a0 + a1t+ · · ·+
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+ a2q+1t
2q+1, êîýôôèöèåíòû αk, k = 0, 1, . . . , 2q + 1, îïðåäåëÿþòñÿ èç ñè-

ñòåìû óðàâíåíèé

a0 + a1 + · · ·+ a2q+1 = ϕ(1),

a0 − a1 + · · ·+ (−1)q+1a2q+1 = ϕ(−1)

· · ·
q!a2q + (q + 1)!a2q+1 = ϕ(q)(1),

q!a2q − (q + 1)!a2q+1 = ϕ(q)(−1). (4.2)

Èç âèäà ñèñòåìû (4.2) ñëåäóåò, ÷òî äàííàÿ ñèñòåìà èìååò åäèíñòâåííîå
ðåøåíèå.

Ïðåäñòàâèì ãèïåðñèíãóëÿðíûé èíòåãðàë (4.1) â âèäå

ϕ̃(t) =
1∫

−1

ϕ1(τ)

(τ − t)p
dτ +

1∫

−1

ϕ2(τ)dτ

(τ − t)p
.

Ïîñëåäíèé èíòåãðàë ëåãêî âû÷èñëÿåòñÿ àíàëèòè÷åñêè.
Ôóíêöèÿ ϕ1(t) ∈ Ŵ s

q (M) è, ñëåäîâàòåëüíî, ôóíêöèÿ

ϕ̃1(t) =
1∫

−1

ϕ1(τ)

(τ − t)p
dτ

ïðèíàäëåæàò êëàññó ôóíêöèéQr,γ(Ω,M) è äëÿ âîññòàíîâëåíèÿ ýòîé ôóíê-
öèè ìîæåò áûòü èñïîëüçîâàí îïèñàííûé â íà÷àëå ðàçäåëà àëãîðèòì.

5. Îïòèìàëüíûå ìåòîäû âîññòàíîâëåíèÿ
ñîïðÿæåííûõ ôóíêöèé, ïðåäñòàâèìûõ

ìíîãîìåðíûìè ãèïåðñèíãóëÿðíûìè èíòåãðàëàìè

Â äàííîì ðàçäåëå èññëåäóþòñÿ îïòèìàëüíûå ìåòîäû âîññòàíîâëåíèÿ
ñîïðÿæåííûõ ôóíêöèé, ïðåäñòàâèìûõ ãèïåðñèíãóëÿðíûìè èíòåãðàëàìè
âèäà

ϕ̃(t1, t2) =
1∫

−1

1∫

−1

ϕ(τ1, τ2)dτ1dτ2
((τ1 − t1)2 + (τ2 − t2)2)p/2

, ϕ(τ1, τ2) ∈ Ψ. (5.1)

Â êà÷åñòâå êëàññà ôóíêöèé Ψ â ýòîì ðàçäåëå áåðóòñÿ ìíîæåñòâà ôóíê-
öèé W s1,s2(M), Ŵ s1,s2

q (M), Cs
2(M), Cs

2,q(M).
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Äâóìåðíûå ãèïåðñèíãóëÿðíûå èíòåãðàëû ðàññìàòðèâàþòñÿ òîëüêî ðà-
äè êðàòêîñòè îáîçíà÷åíèé è îïèñàíèÿ. Àíàëîãè÷íûå ðåçóëüòàòû ñïðàâåä-
ëèâû è äëÿ ìíîãîìåðíûõ ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ áîëüøåé ðàçìåð-
íîñòè. Îïòèìàëüíûå ìåòîäû àïïðîêñèìàöèè ôóíêöèé ìíîãèõ ïåðåìåí-
íûõ ñ ëþáîé êîíå÷íîé ðàçìåðíîñòüþ ðàññìîòðåíû â ðàçäåëå 3 äàííîé
ãëàâû.

Ìíîæåñòâî ôóíêöèé ϕ̃(t1, t2), ÿâëÿþùèõñÿ îáðàçîì ìíîæåñòâà ôóíê-
öèé Ψ ïðè îòîáðàæåíèè (5.1), îáîçíà÷èì ÷åðåç Ψ̃.

Âî âòîðîé ãëàâå áûëà èññëåäîâàíà ãëàäêîñòü ñîïðÿæåííûõ ôóíêöèé
ϕ̃(t1, t2) â ïðåäïîëîæåíèè, ÷òî ϕ(t1, t2) ∈ W s1,s2(M), Ŵ s1,s2

q (M), Cs
2(M),

Cs
2,q(M).
Áûëî ïîêàçàíî, ÷òî ïðè ϕ ∈ W s1,s2(M) è ϕ ∈ Cs

2(M) ôóíêöèè ϕ̃(t1, t2)
ïðèíàäëåæàò êëàññó L0,s,γ(Ω,M) è èõ ðàâíîìåðíàÿ àïïðîêñèìàöèÿ â
ìåòðèêå ïðîñòðàíñòâà C íåâîçìîæíà.

Â ñëó÷àå, åñëè ϕ(t1, t2) ∈ Ŵ s1,s2
q (M) èëè ϕ(t1, t2) ∈ Cs

2,q(M), òî, êàê
ïîêàçàíî â ãëàâå 2, ôóíêöèÿ ϕ̃(t1, t2) ∈ Qr,γ(Ω,M). Â ýòîì ñëó÷àå âîç-
ìîæíà ðàâíîìåðíàÿ àïïðîêñèìàöèÿ ôóíêöèé ϕ̃(t1, t2) â îáëàñòè Ω.

Îïòèìàëüíîå âîññòàíîâëåíèå ñîïðÿæåííûõ ôóíêöèé ñîñòîèò èç
íåñêîëüêèõ ýòàïîâ.

Âíà÷àëå îïðåäåëÿþòñÿ ïàðàìåòðû r, γ êëàññà ôóíêöèé Qr,γ(Ω,M), ê
êîòîðîìó ïðèíàäëåæèò ñîïðÿæåííàÿ ôóíêöèÿ ϕ̃(t1, t2). Ïîñëå òîãî, êàê
îïðåäåëåí êëàññ ôóíêöèé Qr,γ(Ω,M), ê êîòîðîìó ïðèíàäëåæàò ôóíêöèè
ϕ̃(t1, t2), íàõîäÿòñÿ óçëû ëîêàëüíîãî ñïëàéíà, îñóùåñòâëÿþùåãî íàèëó÷-
øóþ àïïðîêñèìàöèþ ôóíêöèé èç êëàññà Qr,γ(Ω,M). Âçÿâ óçëû ëîêàëü-
íîãî ñïëàéíà â êà÷åñòâå ïàðàìåòðîâ (t1, t2) ïî îïòèìàëüíûì êóáàòóðíûì
ôîðìóëàì, ïîñòðîåííûì â ãëàâå 5, âû÷èñëÿþòñÿ ãèïåðñèíãóëÿðíûå èí-
òåãðàëû îò ôóíêöèé ϕ(t1, t2), ïðèíàäëåæàùèõ ñîîòâåòñòâåííîìó êëàñ-
ñó ôóíêöèé Ψ. Çàòåì ïî âû÷èñëèòåëüíûì çíà÷åíèÿì ãèïåðñèíãóëÿðíûõ
èíòåãðàëîâ â óçëàõ ëîêàëüíûõ ñïëàéíîâ ñòðîÿòñÿ óæå ñàìè ëîêàëüíûå
ñïëàéíû, êîòîðûå ÿâëÿþòñÿ îïòèìàëüíûì ìåòîäîì âîññòàíîâëåíèÿ ñî-
ïðÿæåííûõ ôóíêöèé, ïðåäñòàâèìûõ ãèïåðñèíãóëÿðíûìè èíòåãðàëàìè
(5.1) ïðè ϕ ∈ Ψ, Ψ ∈ Cs

2,q(M).
Îñòàíîâèìñÿ íà âîïðîñå ñîãëàñîâàíèÿ ÷èñëà óçëîâ èñïîëüçóåìûõ êó-

áàòóðíîé ôîðìóëû è ñïëàéíà. Ïîäîáíîå ñîãëàñîâàíèå çàâèñèò îò êëàññà
ôóíêöèé Ψ, ê êîòîðîìó ïðèíàäëåæèò èíòåãðèðóåìàÿ ôóíêöèÿ ϕ.

Ïðåäïîëîæèì, ÷òî ϕ ∈ Ψ = Cs
2,q(1), q ≥ p− 1.
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Â ãëàâå 5 áûëî ïîêàçàíî, ÷òî íà ýòîì êëàññå ôóíêöèé âåëè÷èíà ïî-
ãðåøíîñòè ðàâíà RN [Ψ] ³ N−(s+2−p) ³ n−(s+2−p)/2, ãäå n− ÷èñëî óçëîâ
êóáàòóðíîé ôîðìóëû.

Â ãëàâå 2 áûëî ïîêàçàíî, ÷òî åñëè ϕ ∈ Cs
2,q(1), òî ôóíêöèÿ ϕ̃ ∈ Ψ̃,

ãäå Ψ̃ = Qr,γ(Ω,M) ïðè p − 1 ≤ q < r − 1 è Ψ = Cs−p+1
2 ïðè q = r − 1.

Ïàðàìåòðû r è γ çàâèñÿò îò âåëè÷èí p, q, s. Ýòà çàâèñèìîñòü âûðàæåíà
òåîðåìîé 2.3 èç ãëàâû 2. Â ñëó÷àå, åñëè Ψ̃ = Qr,γ(Ω,M), òî ïîãðåø-
íîñòü ëîêàëüíîãî ñïëàéíà, àïïðîêñèìèðóþùåãî ôóíêöèþ ϕ̃(t1, t2), îïðå-
äåëÿåòñÿ òåîðåìîé 3.2, à â ñëó÷àå Ψ̃ = Q

1
r,γ(Ω,M)− òåîðåìîé 3.12. Äëÿ

ϕ ∈ Cr
2(M) ïîïåðå÷íèêè Áàáåíêî è Êîëìîãîðîâà âû÷èñëåíû â [69].

Åñòåñòâåííî ïîòðåáîâàòü, ÷òîáû ïîãðåøíîñòü èñïîëüçóåìûõ â ìåòîäå
êóáàòóðíûõ ôîðìóë è ñïëàéíîâ áûëà ñîãëàñîâàíà ñ âåëè÷èíîé ε, ñ êîòî-
ðîé òðåáóåòñÿ âîññòàíîâèòü ñîïðÿæåííóþ ôóíêöèþ. Òîãäà ÷èñëî óçëîâ
êóáàòóðíîé ôîðìóëû îïðåäåëÿåòñÿ èç ðàâåíñòâà ε

2 = λRN [Ψ], à ÷èñëî
óçëîâ ëîêàëüíîãî ñïëàéíà − èç ðàâåíñòâà ε

2 = γ(Ψ̃, C), ãäå λ− êîíñòàíòà
Ëåáåãà ïîëèíîìîâ, èñïîëüçóåìûõ ïðè ïîñòðîåíèè ëîêàëüíîãî ñïëàéíà;
γ(Ψ̃, C)− ïîãðåøíîñòü ëîêàëüíûõ ñïëàéíîâ íà êëàññå ôóíêöèé Ψ̃ â ìåò-
ðèêå ïðîñòðàíñòâà C. Ñëàãàåìîå λRN [Ψ] âîçíèêàåò èç-çà òîãî, ÷òî çíà-
÷åíèÿ ñîïðÿæåííîé ôóíêöèè ψ̃(t1, t2) çàäàíû íå òî÷íî, à âû÷èñëåíû ïî
îïòèìàëüíûì êóáàòóðíûì ôîðìóëàì, èìåþùèì ïîãðåøíîñòü RN [Ψ].

Òîãäà ïîëíàÿ ïîãðåøíîñòü àïïðîêñèìàöèè ñîïðÿæåííîé ôóíêöèè
ϕ̃(t1, t2) ∈ Ψ̃ ðàâíà ε = γ(Ψ̃, C) + λRN [Ψ].

238



Çàêëþ÷åíèå

Â ìîíîãðàôèè èçëîæåíû ïðèáëèæåííûå ìåòîäû âû÷èñëåíèÿ ãèïåð-
ñèíãóëÿðíûõ èíòåãðàëîâ ðàçëè÷íûõ âèäîâ. Ðàññìîòðåíû ïðèáëèæåííûå
ìåòîäû âû÷èñëåíèÿ îäíîìåðíûõ ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ, ïîëèãè-
ïåðñèíãóëÿðíûõ èíòåãðàëîâ, ìíîãîìåðíûõ ãèïåðñèíãóëÿðíûõ èíòåãðà-
ëîâ.

Îñîáîå âíèìàíèå óäåëÿåòñÿ ïîñòðîåíèþ îïòèìàëüíûõ êâàäðàòóðíûõ
è êóáàòóðíûõ ôîðìóë âû÷èñëåíèÿ ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ. Äëÿ
îäíîìåðíûõ ãèïåðñèíãóëÿðíûõ èíòåãðàëîâ ñ ôèêñèðîâàííûìè îñîáåííî-
ñòÿìè ïîñòðîåíû àñèìïòîòè÷åñêè îïòèìàëüíûå êâàäðàòóðíûå ôîðìóëû,
äëÿ âñåõ îñòàëüíûõ ðàñìîòðåííûõ â êíèãå âèäîâ ãèïåðñèíãóëÿðíûõ èí-
òåãðàëîâ − îïòèìàëüíûå ïî ïîðÿäêó êâàäðàòóðíûå è êóáàòóðíûå ôîð-
ìóëû. Èññëåäîâàí íîâûé ïîäõîä ê âû÷èñëåíèþ ãèïåðñèíãóëÿðíûõ èíòå-
ãðàëîâ, îñíîâàííûé íà íàèëó÷øåì ïî ïîðÿäêó àëãîðèòìó âîññòàíîâëåíèÿ
ñîîòâåòñòâóþùèõ ñîïðÿæåííûõ ôóíêöèé.

Â ëþáîé êíèãå èìåþòñÿ îïèñêè è óïóùåíèÿ. Àâòîð áóäåò ïðèçíàòå-
ëåí, åñëè î âñåõ çàìå÷åííûõ íåäîñòàòêàõ åìó áóäåò ñîîáùåíî ïî àäðåñó:
440026, Ïåíçà, óë. Êðàñíàÿ, 40, Ïåíçåíñêèé ãîñóäàðñòâåííûé óíèâåðñè-
òåò, êàôåäðà âûñøåé è ïðèêëàäíîé ìàòåìàòèêè.
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